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.",/+6,$,# #%'"." "/ 7)#() $" 7,'+(,/ %(+/+6,$) ',., #% G&,&7+,7+8&Q V+& "-E,.<)0 "/

,/7,&7" $" ,2%"/ )E:"(+*) ."2%+"." $+."77+)&,. ()$,# /,# N.",# $" /, 7)-',UM, $" (,/

-,&"., 2%" #" +$"&(+G2%"& /,# -"(,# 9 ."#(.+77+)&"#0 /, &,(%.,/"6, " +-').(,&7+, $" /)#

E"&"G7+)#0 7)-'."&$". /)# +&7"&(+*)# 9 /)# -".7,$)#0 7)&#+$".,. "/ *,/). $"/ $+&".) "&

"/ (+"-') 9 '). X/(+-)0 ,'/+7,. "/ ,&N/+#+# -,.<+&,/Q =Y,9"0 JKKAC

!"7+$+. 2%F '.)9"7()# $" +&*".#+8& $"E" .",/+6,.0 7)&#+$".,&$) /, /+-+(,7+8& $" /)#

."7%.#)# 9 "/ 7)#() $" %(+/+6,./)# "#(N& $"(".-+&,$)# '). /)# 7)&7"'()# $"/ W,'+(,/ Y%$T

<"(+&< ) S."#%'%"#() $" W,'+(,/0 H#(.%7(%., $" W,'+(,/ 9 W,'+(,/ $" Z.,E,:) =[)##

"( ,/Q0 JK?KCQ V+& "-E,.<)0 /, /+(".,(%., "& G&,&6,# 7).').,(+*,# ."#(, +-').(,&7+, , /,

."/,7+8& "&(." /)# ,&(".+)."# 7)&7"'()# 9 "& ,/<%&)# 7,#)# #" 7)&#+$".,& +&$"'"&$+"&("#0

"& "/ '."#"&(" (.,E,:) #" ,G.-, 2%" "/ '."#%'%"#() $" 7,'+(,/ "# "/ ":" 7"&(.,/ "& /,
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!"#$%$&'(!)$*% +%!%)$,(! -.,&'/ 0., -,(#$', ,1!2.!( 2! 3,&'$*% 3,(,%)$!2 4 ",',(#$%!(

,2 1!2/( $%'(5%&,)/ ", 2!& )/#-!65!&7

8, )/%&$",(! 0., 2!& '(!%&!))$/%,& )/%'!92,& ", .%! )/#-!65! ,% ,2 -,($/"/ +&)!2 t

&!'$&:!),% 2! &$3.$,%', ,).!)$*% -!'($#/%$!2 / ,0.$2$9($/ )/%'!92,; ,&'/ ,&<

At = Lt + St =>7?@

"/%", At; Lt 4 St &, ",+%,% )/#/ 2/& !)'$1/&; ,2 -!&$1/ 4 -!'($#/%$/ ,% ,2 -,($/"/ t

(,&-,)'$1!#,%',7

8$% ,#9!(3/; ,A$&', .%! &,).,%)$! ", ",)$&$/%,& ", $%1,(&$*%; +%!%)$!)$*% 4 "$1$",%B

"/& ",'(C& ", 2!& 2!& '(!%&!))$/%,& )/%'!92,& (,!2$D!"!& ,% ,% -,($/"/ +&)!2 t; 2!& ).!2,&

&, !3(.-!% 4 ",+%,% )/#/ ,2 E&'!"/ ", :.,%', 4 !-2$)!)$*% ", :/%"/&BEFGF / E0.$2$9($/

",2 #/1$#$,%'/ ", (,).(&/& ,% ,2 -,($/"/ t; 1,!#/&<

(FCPt −ACPt) + (FLPt −ALPt) + (GIFt −DIVt) = 0 =>7>@

"/%", FCPt; FLPt 4 GIFt &/% 2! :.,%',& ", )/('/ -2!D/; 2!(3/ -2!D/ 4 3,%,(!)$*%

$%',(%! ", :/%"/&H ACPt; ALPt 4 DIVt &/% 2!& !-2$)!)$/%,& ", )/('/ -2!D/; 2!(3/ -2!D/

4 "$1$",%"/& ,% ,2 -,($/"/ tH -,(#$'$,%"/ ,1!2.!( 2! )!2$"!" ", 2!& ",)$&$/%,& 3,(,%)$!2,&

,% :.%)$*% ", 2/& /9I,'$1/&; ,&'(!',3$!& 4 -/25'$)!& ", 2! ,#-(,&!7

 !"#$%$&# '()() =J($%)$-$/ ", K/%:/(#$"!" F$%!%)$,(!@(  ! "#$%&$'$( )* &(%+(#,$)-)

.%-%&$*#- */ 0%- '(!12$&- .%-%&$*#- *% )(%)* !-/ +0*%2*/ )* &(#2( '!-3( FCPt )*4*%

.%-%&$-# !-/ -'!$&-&$(%*/ )* &(#2( '!-3( ACPt5 !-/ +0*%2*/ )* !-#6( '!-3( FLPt )*4*%

.%-%&$-# !-/ -'!$&-&$(%*/ )* !-#6( '!-3( ALPt 7 !- 6*%*#-&$8% $%2*#%- )* +(%)(/ GIFt

)*4* .%-%&$-# '#$,*#( 90* 2()( !(/ )$:$)*%)(/ DIVt 7 !( #*/2-%2* )*4* -'!$&-#/* - &(#2(

7;( !-#6( '!-3( )*'*%)$*%)( )* !- '(!12$&- )* &#*&$,$*%2( )* !- *,'#*/-<

máx Zt = (ACPt − FCPt) + (ALPt − FLPt) =>7L@

s.a. ACPt ≥ FCPt

ALPt ≥ FLPt

J/( 2/ '!%'/; .%! !",).!"! 3,&'$*% ", +%!%)$,(! ", 2! ,#-(,&! &, (,&.#, ,% #!A$B

#$D!( 2! "$:,(,%)$! ,%'(, 2! GIF 4 2/& DIV =M!()5!; ?NNN@7

2! M,%,(!)$*% O%',(%! ", F/%"/&; GIF ; ,& .%/ ", 2/& -$2!(,& ", 2! !"#$%$&'(!)$*%

+%!%)$,(!; &/% 2/& (,).(&/& -(/-$/& 0., :.,(/% 3,%,(!"/& ,% 2! /-,(!)$*% ",2 %,3/)$/ 4

"!% 2! -!.'! -!(! ,1!2.!( 2!& -/&$9$2$"!",& ! 2!(3/ -2!D/ ", 2! ,#-(,&! '!2,& )/#/ 2!&

-/&$9$2$"!",& ", )(,)$#$,%'/; ", (,-!('/ ", "$1$",%"/& 4 (,).-,(!)$*% ,)/%*#$)!; ,%'(,
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!"#!$% &!#'()'*+"*,

GIFt = Ut +Dept -.%/0

1!+1*, Ut, 2"3)31(1 +*"( 1*) 4*#3!1! t 5 Dept, 1*4#*63(637+, ('!#"38(637+, 4#!93$3!+*$,

9*+"( 1* 4#!43*1(1 4)(+"( 5 *:234! -;;<0, #2=#!$ +! *>*6"39!$ *+ *) 4*#3!1! t%

?3+ *'=(#@!, ( 4*$(# 1* :2* *) <&A& 4*#'3"* (+()38(# () '!93'3*+"! @)!=() 1* )!$

#*62#$! -'!+*"(#3!$ 5 +! '!+*"(#3!$0, +! 42*1* $*# !=B*"! 1* *$"213! 1* )( *6!+!'C(

D+(+63*#(E 3+6)2$39*, +! *$ $2D63*+"* 6!+ )( FG& 4(#( *$"(=)*6*# 2+( '*131( '!+*"(#3( !

1* #*+13'3*+"! 6!#4!#("39! :2* $* (1(4"* () 6!+6*4"! 1*) 9()!# 1*) 13+*#! *+ *) "3*'4!, )!

:2* !=)3@( ( #*()38(# (B2$"*$ ( "() 4)(+"*('3*+"! 4(#( :2* )( 3+>!#'(637+ D+(+63*#( 1* )($

6!'4(HC($ $*( 4#*$*+"(1( *+ >2+637+ 1*) *>*6"39!% I( $3@23*+"* 1*D+3637+ 5 4#!4!$3637+

>2* 4)(+"*(1( *+ -F#**+J!!1, .KLK0%

 !"#$%$&# '()(' -&#** M($N &)!J0(  ! "#$$ %&'( "!)* ) "!+,) -$ %&,& !./#$ $' !&

0&12.-&- -$ 3)1-)' -.'4)1./!$' $1 $3$02.5) 4&#& 2)-)' !)' .15$#'.)1.'2&' -$ +1& $64#$'&

-$'4+7' -$ 4&8&# .64+$'2)' 9 0+64!.# 0)1 !&' 1$0$'.-&-$' -$ .15$#'.:1;

FCFt = CFSales
t − CFG

t −Opext − Capxt − CF Taxes
t -.%O0

-)1-$< CFSales
t < CFG

t < Opext< Capxt 9 CF
Taxes
t $' $! 6)5.6.$12) -$ $3$02.5) 4)# !&'

5$12&'< 4)# 0)'2) -$ 5$12&'< 4)# $! 8&'2) -$ )4$#&0.:1< 4)# $! 6)5.6.$12) -$ 0&4.2&!< 9

4)# $! 8&'2) $1 .64+$'2)'< #$'4$02.5&6$12$;

5 62'4)* 6!+ *$"!P

*+,-,.$%$&# )( =1& $64#$'& 4#.5&-& 0)1 >1$' -$ !+0#) $ .1-$4$1-.$12$ -$ '+ $'2#+0?

2+#& >1&10.$#& 4)'$$ +1 "!+,) -$ %&,& @./#$ 2&! A+$B

FCFt = (1− τ)× EBITt +Dept − Capxt −∆NWCt -.%Q0

-)1-$B τ < 2&'& -$ .64+$'2)'C EBITt< +2.!.-&- &12$' -$ .12$#$'$' $ .64+$'2)'C Dept<

-$4#$0.&0.:1< &6)#2.D&0.:1< 4#)5.'.)1$' 9 6)5.6.$12)' 1) $3$02.5)'C Capxt< 8&'2)' -$

0&4.2&!C 4)# E!2.6)< ∆NWCt< 5&#.&0.:1 -$ 0&4.2&! -$ 2#&/&,) 1$2) )4$#&2.5);

F$6)'2#&0.:1; M!+$31*#(+1! )( 1*D+3637+ (+"*#3!# 1*) &)2B! 1* M(B( I3=#*, *$"! *$P

FCFt = CFSales
t − CFG

t −Opext − Capxt − CF Taxes
t

A1*'R$, $(=3*+1! :2* *) *>*6"39! @*+*#(1! 4!# )($ 9*+"($, CFt, *$"( *+ >2+637+ 1* )($

9*+"($, Sales, 5 )($ 62*+"($ 4!# 6!=#(#, AR,

CFSales
t = Salest − (ARt −ARt−1)
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!" !#!$%&'( )!*!+,-( .(+ !" $(/%( -! '!*%,/ CFG
t 0

CFG
t = COGSt + (Invt − Invt−1)− (APt −APt−1)

1 "(/ &2.3!/%(/ CF Taxes
t 0 .(+4

CF Taxes
t = τ × (Salest − COGSt −Opext −Dept)

!*%(*$!/4

FCFt = CFSales
t − CFG

t −Opext − Capxt − CF Taxes
t

= Salest − (ARt −ARt−1)− COGSt − (Invt − Invt−1)
+ (APt −APt−1)−Opext − Capxt − τ × (Salest − COGSt −Opext −Dept)
= (Salest − COGSt −Opext −Dept) +Dept −∆ARt −∆Invt +∆APt

− τ × (Salest − COGSt −Opext −Dept)− Capxt
= (1− τ)× (Salest − COGSt −Opext −Dept)− Capxt
+ Dept −∆ARt −∆Invt +∆APt

FCFt = (1− τ)× EBITt +Dept − Capxt −∆NWCt

 !"#$%$&# '()(* 56/%,-( -! 7"38( -! 6#!$%&'(9676:(  ! "# "!$%&' ()%)*+",' -." /."!0

$,% "# "1"*$+2' 3")",%&' 4 .$+#+5%&' ") #%! %*$+2+&%&"! &" '6",%*+7) EGOt8 +)2",!+7) FIt

4 ()%)*+%*+7) FFt9 /."!$,% ")$,%&%!8 !%#+&%! 4 *%/:+' )"$' ") "# "1"*$+2' &" #%! &+1"0

,")$"! %*$+2+&%&"! &" .)% "/6,"!% &.,%)$" .) 6",;'&' *')$%:#"8 &" $%# /%)",% -." !"

*')*+#+" "# !%#&' &" "1"*$+2' 4 "-.+2%#")$" &" "1"*$+2' +)+*+%# 4 ()%# &" #% *'/6%<;%=

∆EFEt = FIt + FFt + EGOt 5;<=:

> $32."! $(* !/%(4

+,-.-/$%$&# '( >'! *%/:+'! ") "# ?.@' &" "1"*$+2' "!$A ") 1.)*+7) &"# ?.@' &" *%@%

#+:," 4 #'! *%/:+'! ") #%! 1.")$"! &" ()%)*+%*+7) *',6',%$+2%8 "!$' "!B

∆EFEt = FCFt +∆FFt 5;< :

C"/'!$,%*+7)= ?,+%&!*-( -!" .+&*$&.&( -! $(*#(+2&-,- @*,*$&!+, !* 5;<A: 1 /! +!,"&B, ",

-!.3+,$&C* -! "(/ 2('&2&!*%( -! !#!$%&'( !* ",/ #3!*%!/ 1 !* ",/ ,."&$,$&(*!/ -! #(*-(/0
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!" #$%&"'" ()"*

∆EFEt = Ut +Dept +∆ARt +∆Invt −∆APt +∆PPEt +∆FFt

+)",# !" -,.)/-' %0.1&'#!2

∆EFEt = (Ut +Dept) + (∆ARt +∆Invt −∆APt) + ∆PPEt +∆FFt

3" %-+ 1-'".- ()" "+ EFE /)"3" !". "4/."!-3# "' 5)'6&7' 3"+ "5"6%&8# #/".-6&#'-+2 3"

&'8".!&7' 9 3" :'-'6&-6&7'; "!%# "!*

∆EFEt = (Ut +Dept) + (∆ARt +∆Invt −∆APt) + ∆PPEt +∆FFt

= (GIFt +∆NWCt) + ∆PPEt +∆FFt

= (EGOt +∆PPEt) + ∆FFt

∆EFEt = FCFt +∆FFt

<' 3":'&%&8-2 "+ =)># 3" 6->- +&$." FCF ."!)1" "' )'- !#+- 6&5.- 1#'"%-.&- +-!

6#'!"6)"'6&-! 3" +-! 3"6&!&#'"! %#1-3-! /#. +- ,"."'6&- "'%#.'# - +- &'8".!&7' 9 :'-'?

6&-6&7' "' )' /".&#3# :!6-+ 3"%".1&'-3#2 "+ /-/"+ ()" 3"!"1/"@- "+ "!%-3# 3" =)># 3"

"5"6%&8# EFE 9 "+ "!%-3# 3" 5)"'%"! 9 -/+&6-6&7' 3" 5#'3#! EFAF !" "'5#6- "' -/#9-.

+-! 6#'6+)!&#'"! 3"+ FCF 2 /".1&%&"'3# "8-+)-. +- 6-+&3-3 3" %-+"! 3"6&!&#'"! 3"!3" )'-

/".!/"6%&8- 3" 1#8&1&"'%# 3" ."6).!#! 9 3"+ /.&'6&/&# 3" 6#'5#.1&3-3 :'-'6&".-A

 !"!#! $% &'() *+ ,-(- %./0+ 1 %- 0+23-/.%.*-* ,)04)0-3.5-

B#'!&3".-'3# +- /.#/#!&6&7' CDAEADF 3"+ =)># 3" 6->- +&$."2 !" /)"3" -/."6&-. ()" '#

"! !7+# "+ ."!)+%-3# 3" +- -/+&6-6&7' 3"+ /.&'6&/&# 3" 6-)!-6&7' 6#'%-$+"2 "! 1G! ()" "!#2

"! "+ ."'3&1&"'%# :'-'6&".# ()" !" #$%&"'" 6#1# 6#'!"6)"'6&- 3" )'- !".&" 3" &'8".!&#'"!

."-+&H-3-! /#. +#! 3)"@#!2 "' )' /".&#3# 3" %&"1/# 3"%".1&'-3#A <! 3"6&.2 "+ FCF "!

"+ 3&'".# 3&!/#'&$+" /-.- +#! 3)"@#! 9 !)! -6.""3#."! :'-'6&".#! 6#1# ."%#.'# 3" !)!

&'8".!&#'"!A

B#' +- -'%".&#. /."1&!- !" /)"3" -/+&6-. %#3# "+ /#%"'6&-+ 3" +- "6#'#1I- :'-'6&".-

- +- "1/."!-2 3"!%-6-'3# !) "!%."6J- ."+-6&7' 6#' +#! 10%#3#! 3" 8-+#.-6&7' %#1-3#!

3" +- 1-%"1G%&6- :'-'6&".- 9 -/+&6-3#! "' "+ 1".6-3# 3" 6-/&%-+"!A

K"- "+ ."'3&1&"'%# :'-'6&".# 3" )'- "1/."!-! FCFt "' "+ /".&#3# t ,"'".-3# /#. )'

/.#9"6%# "' "+ 6)-+ !" &'8&.%&7 It−1 )'&3-3"! 1#'"%-.&-! u.m; "'%#'6"!2 !& 6#'!&3".-1#!
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"# $%&'(&$&) *"# +,#)% *"# *&'"%) "' "# -&".$) /" -&"'" 0', ."*&*, %"#,-&+, *"# %"'*&1

.&"'-) 2','(&"%) ()%$)%,-&+) 3 40" *"').&',%".)/ ().) #, %"'-,5&#&*,* &'-%6'/"(, )

()%$)%,-&+,7

 !"#"$%&%'( )*  ! "#$ %&'(%)$ '*)%% +",* -% .$,$ /!0(%1 FCF 1 2 $-%&3) '*)%% .*)4

5*) 6"#-!-*) * !#7%()!*#%) '(%7!$)1 I1 %#5*#.%) /$ (%/$.!8# %#5(% $&0*) ("0(*) %) "#$

(%#5$0!/!-$- .*('*($5!7$1 Rc1 5$/ 9"%:

Rct =
FCFt

It−1
897:;

;%&*)5($.!8#< <",

V f = V p(1 +Rt)
t

=)'*"> FCFt : "/ "# ?%"" (,/@ A)B "' "# $"%&)*) t " It−1 : "/ #, &'+"%/&C' "' "# $"%&)*)

t− 17

<& V p = It−1D V f = It−1 + FCFt 3 Rt = RctD "'-)'("/>

It−1 + FCFt = It−1(1 +Rct)
t

It−1 + FCFt

It−1
= (1 +Rct)

t

1 +
FCFt

It−1
= (1 +Rct)

t

E@)%,D

1 +
FCF1

I0
= 1 +Rc1

Rc1 =
FCF1

I0

<&' ".5,%F)D /& /" -&"'" 0', /"(0"'(&, *" A0G)/ FCF = (FCF1, FCF2 . . .) *" 0'

$%)3"(-) (03, &'+"%/&C' &'&(&,# ?0" *" I0 0'&*,*"/ .)'"-,%&,/D "'-)'("/ #, %"'-,5&#&*,*

&'-%6'/"(, "/-H *,*, $)% #, /)#0(&C' , #, /&F0&"'-" "(0,(&C' @).)FI'",D ()')(&*, ().)

#, J,/, K'-"%', *" L"-)%')1KLL 8M,N"'D 9!!O;>

0 = I0 + FCF1z + FCF2z
2 + · · ·+ FCFtz

t + · · · 897 !;

(03, P'&(, /)#0(&C' *&?"%"'-" *" ("%) /" )5-&"'" (0,'*) I0 < 0 3 FCFk ≥ 0 $,%, -)*)

k ≥ 1Q ,*".H/D z = (1 +Rc)−1 = (1 + IRR)−17
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!" #$%&' (&)"*&+ ,#-."* /0/%'&*#10 ")  234 "' 50)5"/60 7"' 5&/#6&' 856#5#0

 

90*(%'&70

/0* :&*; ") "' &<0 7"  =2>+ ? '0 7")0(#)@ "'  !"#$ %$&'&()& *&)#+*% A,#-."*+  234B

NPV =
∞∑

i=0

fi
(1 + r)i

, r > −1 ACD  B

70)7"E f + *")7#(#")60F R+ *")6&G#'#7&7 ? i+ "' 6#"(/0 7#-5*"60D

H&'"- #7"&-+ *"/*"-")6&7&- /0* '&- ";/*"-#0)"- ACD 3B ? ACD  B 706&*0) 7" ."**&(#")I

6&- & '0- "50)0(#-6&- 8)&)5#"*0- 7" '& J/05&+ '0- 5%&'"- '0$*&*0) &G0*7&* '0- /*0G'"(&-

&'*"7"70* 7" '& K&'0*&5#@) 7" &56#K0-D L)  2M= N0.) O%** P#''#&(- /'&)6"@ "' /*#("*

(07"'0 7" K&'0*&5#@) 7" &55#0)"- %6#'#1&)70 "' 50)5"/60 7"' QRS & '0- 7#K#7")70- "-/"I

*&70-+ *"8*#J)70-" & J' 50(0 "' K&'0* #)6*T)-"50 AP#''#&(-+  2M=BF '%"$0+ U&**? :&*V0W#61

&8*(@ X%" "' 50)5"/60 7" '& 6"0*T& 7"' /0*6&90'#0 X%" J' 90*(%'@ -" 7"G" & '0- 6*&G&Y0-

7" P#''#&(- A:&*V0W#61+  223B ? /0* Z'6#(0+ '& 9@*(%'& 7" [0*70)I\.&/#*0 "- %)& ";I

6")-#@) 7"' (07"'0 7"' QRS /*0/%"-60 #$%&'(")6" /0* P#''#&(- A[070) &)7 \.&/#*0+

 2]^BD \#) "(G&*$0+ 6*&)-5%**#70- ^3 &<0- -#$%") K#$")6"- 6&'"- /'&)6"&(#")60-+ & '&

9"5.& -" *"&'#1&) K&'0*&5#0)"- 7" &55#0)"-+ 7" G0)0-+ 7" 7"%7&-+ 7" 0/5#0)"-+ 7" "(I

/*"-&- ? 7" /*0?"560-F (&)6")#")70 '0- -%/%"-60- /'&)6"&70- /0* &X%"''0- "50)0(#-6&-

8)&)5#"*0- & ("7#&70- 7"' -#$'0 /&-&70D

R"*0 -#) '%$&* & 7%7&-+ "' (&?0* &/0*6" & '& "50)0(T& 8)&)5#"*& 7" '& "(/*"-&

'0 *"&'#1@ N0"' !"&) 5%&)70 &/'#5@ "' 50)5"/60 7"' QRS ? 7" '& _`` & '0- /*0?"560-

X%" ''"K& & 5&G0 '&- "(/*"-&-+ 7"8)#J)70'0 50(0 "' R*"-%/%"-60 7" 5&/#6&'D R"*0 &)6"-

7" &G0*7&* "-6" 50)5"/60+ "- #)7#-/")-&G'" $")"*&'#1&* '0- /'&)6"&(#")60- 7"' K&'0* 7"'

7#)"*0 ") "' 6#"(/0D

H070 "' &)7&(#&Y" 6"@*#50 7" '& K&'0*&5#@) 7" "(/*"-&- "-6& 50)-6*%#70 & /&*6#* 7"'

50)5"/60 7" 5&/#6&'#1&5#@) 50(/%"-6&+ '&- ";/*"-#0)"- ACD  B ? ACD 3B -0) %) *"a"Y0 7"

"''0 &' 50)-#7"*&* "' a%Y0 7" 5&Y& '#G*" 50(0 *")7#(#")60 7" '& #)K"*-#@) *"&'#1&7& ? X%"

-" 0G6#")" &' 8)&'#1&* "' /"*#070 50)6&G'"F "- 7"5#*+ )0 ";#-6" '& /0-#G#'#7&7 7" $")"*&*
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)-2&+1< =12 &@%-/ &$.'C1S =12 /1 .&).1D -/ =2-$'1 +- %) &$.'C1 -<.L +-.-2,')&+1 =12 -/

C&/12 -<=-2&+1 +- <%< T%N1< +- $&N&D dD +-<$1).&+1< &/ ?&$.12 +- ',=&$'-)$'& +- $1)<%,1

').-2.-,=12&/D βD F /& .&<& ,&2E')&/ +- <%<.'.%$'() +- $1)<%,1 ').-2.-,=12&/ +&+& =12

/& 2-/&$'() +- %.'/'+&+-< ,&2E')&/-< +- $1)<%,1D u′ (ct)9 #<.1 -<U
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 !"#"$%&%'( )*  !"#$! "# %&#'(! )*+*"! #, '!,+-.! (,/#&/#.%!&*$ 0123 4$ %&#'(!

"#$ *'/(5! #+ (6-*$ *$ 5*$!& #+%#&*"! "#$ %&!"-'/! #,/&# $* /*+* .*&6(,*$ "# +-+/(/-'(7,

"# '!,+-.! (,/#&/#.%!&*$ 8 $!+ "(5("#,"!+ 6#,#&*"!+ %!& #$ *'/(5! #, -, 9!&(:!,/# "#

/(#.%! (,;,(/!3

pt = Et

∞∑

j=1

βj
u′ (ct+j)

u′ (ct)
dt+j "#$#%&

<(#.%&# 8 '-*,"! +# '-.%$* $* '!,"('(7, "# /&*,+5#&+*$("*"=

ĺım
j−→∞

Et

[
βj
u′ (ct+j)

u′ (ct)
pt+j

]
= 0

>#.!+/&*'(7,3 '()

U ({ct}) = Et

∞∑

j=0

βju (ct+j)

*) +,-./0- 1( ,2/*/1)1 /-2(32(4563)* 1( ,- /-7(38/6-/82) 9:

ct = et − ptξ
ct+j = et+j + dt+jξ

*)8 3(823/../6-(8 (- 8, 536.(86 1( 1(./8/0- 1( .6-8,46 /-2(32(4563)* .,)-16; (* )<(-2(

568(( ,- -/7(* 1( 3(-2): e: ,- -/7(* 1( .6-8,46: c: ,- 76*,4(- 1( /-7(38/0-: pξ: 9 ,-

3(263-6 (85(3)16 1( *) /-7(38/0-: d$ "')4,(*86-:  =>?&$ @-26-.(8;

U ({ct}) = Et

∞∑

j=0

βju (ct+j)

= u (ct) + Et

∞∑

j=1

βju (ct+j)

AB63): 1(3/7)-16 .6- 3(85(.26 ) ξ ( /<,)*)-16 ) .(36

−ptu′ (ct) + Et

∞∑

j=1

βju′ (ct+j) dt+j = 0



 !"#$%&' () *!+ ' $,-+. '  !

"#$%& '$()$*+,'& + pt- ($ &./0$,$1

ptu
′ (ct) = Et

∞∑

j=1

βju′ (ct+j) dt+j

pt =
1

u′ (ct)
+ Et

∞∑

j=1

βju′ (ct+j) dt+j

pt = Et

∞∑

j=1

βj
u′ (ct+j)

u′ (ct)
dt+j

(0$2)3$ 4 5#+,'& ($ 5#2)6+ 6+ 5&,'0507, '$ /3+,(8$3(+60'+'- $(/& $(1

ĺım
j−→∞

Et [mt,t+jpt+j ] = 0

9 /3+8:( '$ ;<=<>? ($ )#$'$ $@)3$(+3 ;<=<A? 5&2&1

pt = Et

∞∑

j=1

mt,t+jdt+j ;<=<B?

 !"#"$%&%'( )*  !"#$%&'()#% *(%()#'+% ,' &%  )"%)#-( ."(,%/'(0%& ,' 1%&2+%)#-(3

pt = Et [mt,t+1 (pt+1 + dt+1)] ;<=<C?

4'/250+%)#-(3 D$+

pt = Et

∞∑

j=1

βj
u′ (ct+j)

u′ (ct)
dt+j

E+50$,'&-

mt,t+j = βj
u′ (ct+j)

u′ (ct)

D$ &./0$,$ F#$1

pt = Et

∞∑

j=1

mt,t+jdt+j

"#$%&-

pt = Et


mt,t+1dt+1 +

∞∑

j=2

mt,t+jdt+j






 !"#$%&' () *!+ ' $,-+. '  !

"#$%&' ()*)()+,($ - ./01)20)3&,($ 2$% mt,t+1' 4+ $51)+,+ 6/+7

pt = Et


mt,t+1dt+1 +

mt,t+1

mt,t+1

∞∑

j=2

mt,t+jdt+j




8$% 901).$' %+$%:&,);&,($ 1<%.),$4 - 4&3&,($ =&31$% 3$.9,

pt = Et


mt,t+1dt+1 +mt,t+1

∞∑

j=2

mt,t+j−1dt+j




pt = Et [mt,t+1dt+1 +mt,t+1pt+1]

>+ $51)+,+ 6/+7

pt = Et [mt,t+1 (pt+1 + dt+1)]

 !"#"$%&%'( )*  !"! #$%&' (' &$'")*+

Rf
t,t+1 =

1

Et [mt,t+1]
? @ AB

,'-*".&!/$01+ >+&

pt = Et [mt,t+1xt,t+1]

C0 2%+3)$ (+ /, &31)*$ 2&%& +0 2+%)$($ t' -

xt,t+1 = pt+1 + dt+1

C0 D/E$ (+0 &31)*$ 3$.2/+41$ 2$% +0 2%+3)$ - 4/ ()*)(+,($ +, +0 2+%)$($ t + 1@ "#$%&'

F)*)()+,($ &.5$4 .)+.5%$4 (+ 0& +3/&3)G, 2$% pt' 4+ $51)+,+ 6/+7

1 =
1

pt
E [mt,t+1xt,t+1]

H$.$ pt +4 3$,$3)($' +,1$,3+47

1 = Et

[
mt,t+1

xt,t+1

pt

]

I/+:$'

Rf
t,t+1 =

xt,t+1

pt

C,1$,3+4

1 = E
[
mt,t+1R

f
t,t+1

]
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"#$%&' ($)*+,-%&),$ .) &(/+0$ 1+2%- ,- %+-*3$' *- $2/+-)- 4.-5

1 = E [mt,t+1]R
f
t,t+1

6 7$% 1$ /&)/$5

Rf
t,t+1 =

1

E [mt,t+1]

 !"#"$%&%'( )*  ! "#$%&' ()*+,(-' (! #&$+.' #$"#$+$/,( $! "#$%&' -$ */ (%,&0' %'1'

2*/%&3/ (-&,&0( $/,#$ !'+ 4*)'+ 2*,*#'+ -$ %()( -$+%'/,(-'+ ( !( ,(+( !&5#$ -$ #&$+.'

Rf
t,t+j 6 !( %'0(#&(/7( $/,#$ !( ,(+( 1(#.&/(! -$ +*+,&,*%&3/ -$ %'/+*1' &/,$#,$1"'#(! 6

!'+ 4*)'+ 2*,*#'+ -$ %()(8  +,' $+9

pt =
∞∑

j=1

1

Rf
t,t+j

Et (dt+j) +
∞∑

j=1

covt (mt,t+j , dt+j)  !"!#$

 !"#$%&'()*+, %&'(

pt = Et

∞∑

j=1

mt,t+jdt+j

=

∞∑

j=1

Et [mt,t+jdt+j ]

)'*+ ,-&(

cov (x, y) = E (xy)− E (x)E (y)

./0+/1&2(

pt =

∞∑

j=1

Et [mt,t+j ]Et [dt+j ] + covt [mt,t+j , dt+j ]

=
∞∑

j=1

Et [mt,t+j ]Et [dt+j ] +

∞∑

j=1

covt [mt,t+j , dt+j ]

1+3+( Rf
t,t+j = Et[mt,t+j ]

−1
( &/0+/1&24

pt =
∞∑

j=1

1

Rf
t,t+j

Et [dt+j ] +
∞∑

j=1

covt [mt,t+j , dt+j ]



 !"#$%&' () *!+ ' $,-+. '   

 !"#$% &" '%( )#*$+%( #%,% -. /)("% )'")*%!$%

!"# $% &#' (%')&*+$#' ,-' .,/#(*+"*%' +&(%$%$#( $% &+ 012 ')(3% 4#,# 4#"'%4)%"4.+

$% %'*+5&%4%( )" 4(.*%(.# $% +6%('.7" +& (.%'3# /+(+ )" $%*%(,."+$# ."6%('.#".'*+8 9. '%

4#"'.$%(+ &+ %:.'*%"4.+ $% )" ,%(4+$# %" %& 4)+& %& +4*.6# /)%$% '%( "%3#4.+$# ; +$%,-'

&#' +3%"*%' <)% /+(*.4./+" %" +<)%& ,%(4+$# '#" "%)*(+&%' +& (.%'3#= /#$%,#' 4#"4&).(

<)% &+ $."-,.4+ $%& /(%4.# $%& +4*.6# /#'%% )"+ %'*()4*)(+ +&%+*#(.+> %" /+(*.4)&+(= )"+

,+(*."3+&+8

 !%/%($#$0. 12  ! "# $%&#'& &( #&"')$* $* )!&(%+, #+ -+(&& !.-$/!&#/!$ 0 #+ -&)/!1&

2!3!2&#2+( &#'+#/&( &* -)&/!+ 2& "# $/'!3+ .&2!$#'& &* &#4+5"& 1$($2+ &# /+#(".+ (&6

%"!)7 "#$ /$.!#$'$ $*&$'+)!$ (!&.-)& 0 /"$#2+ *+( /8+5"&( $*&$'+)!+( -+(&$# .&2!$ /&)+

0 3$)!$#9$ /+#('$#'&:

pt+1 = pt + εt+1 ? 8@AB

;&.+(')$/!<#: 9%+=

pt = Et

∞∑

j=1

βj
u′ (ct+j)

u′ (ct)
dt+j

9. %& +3%"*% %' "%)*(+& +& (.%'3#= u′ (ct) = u′ (ct+1)= ; +$%,-' "# /#'%% .,/+4.%"4.+ ".

/%(4.5% $.6.$%"$#'= β = 1 %"*#"4%'C

pt = Et [pt+1]

'.%,/(% ; 4)+"$# Et (εt+1) = 0 ; V ar (εt+1) = σ2t 8 D'*# %' %<).6+&%"*% +=

pt+1 = pt + εt+1

 !"!#! $%&%'()*( + ,&-./,0.-.1,1 1' -, 234

D" 3%"%(+&= 4)+"$# "#' (%E%(.,#' + ? 8 FB "# %'*+,#' +'),.%"$# "."3)"# $% &#'

'.3).%"*%' ')/)%'*#'C

G%(4+$#' 4#,/&%*#'8

H+ *+'+ $% (%*#("# ; %& I)J# $% 4+J+ '.3)%" )"+ &%; "#(,+& # '#" ."$%/%"$.%"*%'

+ *(+6K' $%& *.%,/#8

H#' ."6%('.#".'*+' /#'%%" )"+ E)"4.7" $% )*.&.$+$ 4)+$(-*.4+8

H#' ."6%('.#".'*+' /%(4.5%" (%"*+ /(#/.+8



 !"#$%&' () *!+ ' $,-+. '  !

"# $%&'()* %+,( %- %./0#01&0*2

3% 4%'4*5 ($1(+ %'/('0*-%+ )% 6(#*&('07- +% (8#0'(- ( '()( 0-6%&+*& 9 (',06* %- 8(&,0:

'/#(&5 +%(- 1*-*+5 (''0*-%+5 8&*9%',*+5 %,'25 0-)%8%-)0%-,%$%-,% )% #( 8&%+%-'0( )% *,&*+

0-6%&+*&%+ * (',06*+5 )% /-( ;/-'07- )% /,0#0)() $*-7,*-( 9 '7-'(6(5 * )% #( %<0+,%-'0(

)% /-( #%9 )% 8&*1(10#0)() 8(&( %# &%,*&-* * %# =/>* )% '(>( ?%-%&()* 8*& (./%# (',06*@

%- 8(&,0'/#(&5 %# 4%'4* )% 0-6*#/'&(& $*$%-,*+ '*-)0'0*-(#%+ -* 0$8#0'( (+/$0& ./% #*+

&%,*&-*+ +*- 0-)%8%-)0%-,%+ % 0)A-,0'($%-,% )0+,&01/0)*+ (i.i.d)2

B* *1+,(-,%5 #( /-06%&+(#0)() )% ,(#%+ %'/('0*-%+ *'(+0*-(- /- 8*1&% (>/+,% %- #(

8&C',0'(5 $*,06(-)* #( 1D+./%)( )% $*)%#*+ (#,%&-(,06*+ ( 8(&,0& )% #(+ %+8%'0(#0E('0*-%+

./% 8*)($*+ &%(#0E(& (# ;(',*& )% )%+'/%-,* m 9 (# =/>* )% '(>( d2 "+ )%'0&F

G,0#0E(& )0;%&%-,%+ ;/-'0*-%+ )% /,0#0)()2

"+,(1#%'%& $*)%#*+ )% %./0#01&0* ?%-%&(#2

G,0#0E(& $*)%#*+ ;(',*&0(#%+ )% 8&%'0*2

H8#0'(& $*)%#*+ )% 8&%'0*+ 8*& (&10,&(>%2

 ! ! "#$%&#'()* +, ,-.&,/#/

 ! !"! #$%&'()$ *&+&,-.&$

"# '*-'%8,* )% 6(#*&('07- )% %$8&%+(+ 8(&,% )%# 8&*1#%$( )%# 8&%+/8/%+,* )% '(80,(#

$%-'0*-()* %- #( +%''07-  2I2J 9 )*-)% %# ()$0-0+,&()*& K-(-'0%&* +% %-;&%-,( ( /-

8*&,(;*#0* )% 8*+010#0)()%+ &%(#%+ )% 0-6%&+07- +/>%,* ( #0$0,()(+ ;/%-,%+ )% K-(-'0('07-

)% &%'/&+*+2

"- ?%-%&(#5 #( 8&%*'/8('07- 8*& #( 6(#*&('07- )% /-( K&$( ?0&( (#&%)%)*& )% ,&%+

%>%+ ;/-)($%-,(#%+F 6(#*&('07- )% 8&*9%',*+5 6(#*&('07- '*- K-%+ )% ;/+07- * %-(>%-('07-

9 #( $%)0'07- )% #( ?%&%-'0( )% 6(#*&2 L0- %$1(&?*5 ,*)*+ %##*+ '*$8(&,%- #*+ $0+$*+

8&0-'080*+ ?%-%&(#%+ ./% +% 8&%+%-,(- ( '*-,0-/('07- MH)+%&C (-) N0O*#(+5  PP!QF

"# 6(#*& 8&*'%)% )% #(+ %<8%',(,06(+ )% ?%-%&('07- ;/,/&( )% =/>* )% '(>( #01&%2

R( 0-;*&$('07- )0+8*-01#% )%,%&$0-( %# $(&'* )%# (-C#0+0+ '*9/-,/&(# 9 8%&8%,/*2

"# '&%'0$0%-,* -* (8*&,( -%'%+(&0($%-,% 6(#*&2

R( (8#0'('07- )% $A,*)*+ '*-'%8,/(#$%-,% '*&&%',*+ '*-)/'%- ( /- 6(#*& D-0'*2

N(#*&(& 0$8#0'( -%'%+(&0($%-,% 8&%)%,%&$0-(& #( %+,&/',/&( K-(-'0%&( /,0#0E()(2



 !"#$%&' () *!+ ' $,-+. '  !

 ! ! ! "#$%#&'( )* +%,-. #-./-.%0&+-123"

"#$%&$' $ ()' *#$+$,)' -. /0)%1#$2.3  4456 7 /81$#9.3  44:63 *)-) () $2*.#&)# .'

9)'&+(. %)2;<=#$#() 9$#$ %#.$# =2$ >.-&-$ -. ?$()#$%&@2 .>9#.'$#&$( .2 =2 .2*)#2) -.

#&.'<)A

 !"#$%$&# '('() /B%=$%&@2 -. ?$()# %)#9)#$*&?)CDEB6(  ! "! #!$%&'$( "( !)*()'+$

#! ,("%- )%-.%-(/',% ( "( !0/'&()'+$ #!" ,("%- .-!0!$/!1 Vt1 #! "%0 2*3%0 4*/*-%0 #! )(3(1

CF 1 (" 4()/%- #! #!0)*!$/% !0/%)50/')%1 m1 .(-( *$ 6%-'7%$/! '$8$'/% #! ,("%-()'+$9

*+,-,.$%$&# /(  ' *$( !&.-!0( :!$!-( 2*3% #! )(3( ; <*! .%0!! (" &!$%0 *$( 4*!$/!

#! 8$($)'()'+$ "( )*(" )*&."! )%$ "(0 )%$#')'%$!0 #! .-!4!-!$)'(0 -!:*"(-!0 ; (#&'/!

*$( 4*$)'+$ #! */'"'#(# !$/%$)!0 &!#'($/! !" !$4%<*! #! =(0(#% !$ )%$0*&% 0* &!#'#(

#! ,("%- !0/(-5 #!/!-&'$(#( .%- "( 0':*'!$/! !)*()'+$>

Vt = Et

∞∑

j=1

mt,t+jCFt+j / AF56

?(-( m > 0 ; CF ∈ R9 0'!&.-! ; )*($#% 0! )*&."( "( )%$#')'+$ #! /-($0,!-0("'#(#9

@!&%0/-()'+$9 8& '. 9&.2'$ G=. =2$ .>9#.'$ .' =2$ $%*&?) G=. 2) 9)'.. =2 >.#%$-)

.2 .( %=$( '= 9#.%&) ()<#. '.# -.*.#>&2$-) 9)# .( (&+#. ,=.<) -. )H.#*$ 7 -.>$2-$3

$-.>I' ()' 9)%)' )H.#.2*.' 7 -.>$2-$2*.' -.( $%*&?) .'*#=%*=#$2 '=' .J9.%*$*&?$' -.

%)2'=>) $ 9$#*&# -. ($ <.2.#$%&@2 -. K=,) -. %$,$ -. ($ %)>9$LM$3 () G=. &>9(&%$ G=. '=

9)-.# -. 2.<)%&$%&@2 '. (&>&*$ '@() $( &2*.#%$>+&) -. *&.>9)3 &2%.#*&-=>+#.3 )9%&)2.'

. &2H)#>$%&@2 $ *#$?N' K=,) -. %$,$A B'*) .'O

máx U ({ct}) = Et

∞∑

j=0

βju (ct+j)

'=,.*) $ ($' #.'*#&%%&)2.' -. %)2'=>)3

ct = et − Vtξ
ct+j = et+j + CFt+jξ

P9(&%$2-) .( 9#)%.') -. )9*&>&Q$%&@23 .'*) .'O

∂U ({ct})
∂ξ

= −Vtu′ (ct) + Et

∞∑

j=1

βju′ (ct+j)CFt+j
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" #$%&'&()* & +",*-

−Vtu′ (ct) + Et

∞∑

j=1

βju′ (ct+j)CFt+j = 0

.%"$*-

Vtu
′ (ct) = Et

∞∑

j=1

βju′ (ct+j)CFt+j

Vt =
1

u′ (ct)
Et

∞∑

j=1

βju′ (ct+j)CFt+j

Vt = Et

∞∑

j=1

βj
u′ (ct+j)

u′ (ct)
CFt+j

/ 0*, 1'2#3*- 4&+#"()*

mt,t+j = βj
u′ (ct+j)

u′ (ct)

5" *62#"("7

Vt = Et

∞∑

j=1

mt,t+jCFt+j

8#( "36&,$*- +%&()* "' &+2#9* "5 ("$*+#&)* "( %( 3",+&)* ":+#"(2"- "' $,&( (13",*

)" +*30"2#)*,"5 ; 5% 0*)", )" ("$*+#&+#<( +*()%+"( 5%5 "52#3&+#*("5 )"' 9&'*, #(2,=(5">

+* Vt & %( 0,"+#* )" "?%#'#6,#* pt@ "52* 5#$(#:+& ?%" &(2" #(A*,3&+#<( 0",A"+2& 2*)*5 '*5

&$"(2"5 )"' 3",+&)* 0*5""( '& 3#53& 0",+"0+#<( )"' &+2#9* ; 5% 9&'*,&+#<( )#A=+#'3"(2"

5" )#A","(+#&,B )" 5% +*30"2#)*,- .& 5#$%#"(2" 0,*0*5#+#<( C5#( )"3*52,&+#<(D (*5 #()#+&

?%"7

 !"#"$%&%'( )*+  !" Ṽt (w) !# $"#%& '"&()*+#"& ,! +-" &!"#)."*)/- w !- !# '!&)%,% t0

Ṽt (w) =

∞∑

j=1

mt,t+j (w)CFt+j (w) C EF D

 ) w ∈ Ω0 !-(%-*!1 Ṽt (w) 1!&2 +-" $"&)"3#! "#!"(%&)" !- t 4 '%& #% ("-(%0

Vt = Et

[
Ṽt

]
→ pt C EFFD

1)!5'&! 4 *+"-,% 1! *+5'#" #" *%-,)*)/- ,! (&"-1$!&1"#),",6

 !"#"$%&%'( ))+ 7!'&!1!-("*)/- ,! #" 89: ,! +- '!&)%,%6 :# $"#%& *%&'%&"()$%0 Vt0



 !"#$%&' () *!+ ' $,-+. '  !

 !  " # $%&'& t  ( %)*+" +" ,+"&$  (# $+'& ' " #$&'*-.&  !.$  " /+-.&$ ' ' (-* !.&

 (.&-0(.%-&1 mt,t+11 2  " 3*4& ) ! $+'& #&$ "+ (*5+  !.$  " ,+"&$ -&$#&$+.%,& 2  " 3*4&

' -+4+  !  " # $%&'& t+ 16 7(.&  (8

Vt = Et [mt,t+1 (Vt+1 + CFt+1)] " #$%&

9 5&(.$+-%:!6 '()*

Vt = Et

∞∑

j=1

mt,t+jCFt+j

+,-.,/(0*

Vt = Et


mt,t+1CFt+1 +

∞∑

j=2

mt,t+jCFt+j




Vt = Et


mt,t+1CFt+1 +

mt,t+1

mt,t+1

∞∑

j=2

mt,t+jCFt+j




Vt = Et


mt,t+1CFt+1 +mt,t+1

∞∑

j=2

mt,t+j−1CFt+j




Vt = Et [mt,t+1CFt+1 +mt,t+1Vt+1]

Vt = Et [mt,t+1 (Vt+1 + CFt+1)]

 ! !"! #$%&'()*(+)'(,- .& *) &'/)'(,- .& 0)*12 '12%12)3(01456#

1)0-) )2.3) 0( 2) 4(5.0-3)4. 6) (780-(,/8) 4( 6) +/9)/8:, 4( ;)6.3 <.3=.3)-8>.

" #$?&* =(358-8(,4. @.35)68A)3 (6 =3./(0. 4( >)6.3)/8:, 4( (5=3(0)0 . 4( =3.B(/-.0 4(

8,>(308:, C)D. (6 (,@.E9( C)0)4. (, /.,095.F 08, (5C)3G.* /.5. /9)6E98(3 5.4(6.

5)-(5H-8/.* =.0(( )6G9,.0 09=9(0-.0 . =38,/8=8.0 CH08/.0 E9( @)/868-), 09 )4)=-)/8:,

=3H/-8/)# I6G9,.0 4( (66.0 0.,J

?# K(=(,48(,4. 4( 6) 8,@.35)/8:, 480=.,8C6( (0 =.08C6( (0-)C6(/(3 9,) (0=(3),A)

/.,48/8.,)6 . 8,/.,48/8.,)6 =)3) (6 >)6.3 4( 6) /.5=)LM)#

 # +6 @)/-.3 4( 4(0/9(,-. (0-./H0-8/. m (0-) (, @9,/8:, 4( 6.0 @)/-.3(0 E9( )@(/-),

4( @.35) 080-(5H-8/) B ,. 080-(5H-8/) (6 N9D. 4( /)D) 4( 6) /.5=)LM)* (0-. (0*

m = g (f)



 !"#$%&' () *!+ ' $,-+. '  !

"

#" $%&% '(%)*(+,& ,-.&,/% 0 .&01,'20 /, '(-.), ,) .&+3'+.+0 4, %(/,3'+% 4, %&5+2&%6,

1 )% ),1 4,) .&,'+0 73+'0 '0-0 (3% 8(3'+93 )+3,%): $0& )0 2%320; ,<+/2, (3 8%'20&

4, 4,/'(,320 m ∈ R+
2%) *(, p = E (mx) /+ 1 /9)0 /+ 30 ,<+/2,3 0.0&2(3+4%4,/ 4,

%&5+2&%6, 1 )% ),1 4,) .&,'+0 73+'0 /, -%32+,3,"

=" >% %(/,3'+% 4, %&5+2&%6, ,/ '03/,'(,3'+% /9)0 4, *(, )%/ '0-.%?@%/ 1 )0/ .&01,'20/

4, +3A,&/+93 30 .0/,,3 (3 -,&'%40 4, 3,B0'+%'+93"

 !"#"$%&%'( )*+  !

Vt = Et [mt,t+1 (Vt+1 + CFt+1)]

"#$%#&"' m "' (# )*&$%+ ," -* &,.&,/,32%'+93 5,2% 4, (3 8%'20&

Et [Rt,t+1] = γ + βmt,t+1
λmt,t+1

C "#DE

."/%'$+*&!0#1 F,%; Vt ,) A%)0& '0&.0&%2+A0; 2%) *(,G

Vt = Et [mt,t+1 (Vt+1 + CFt+1)]

HI0&%; 4+A+4+,340 %-50/ )%40/ .0& Vt

1 =
1

Vt
Et [mt,t+1 (Vt+1 + CFt+1)]

1 = Et

[
mt,t+1

(
1 +

CFt+1

Vt

)]

1 = Et [mt,t+1Rt,t+1]

1 = Et [mt,t+1]Et [Rt,t+1] + covt [mt,t+1Rt,t+1]

>(,B0; 4,/.,6%340 Et [Rt,t+1]

1− covt [mt,t+1Rt,t+1] = Et [mt,t+1]Et [Rt,t+1]

Et [Rt,t+1] =
1

Et [mt,t+1]
− covt [mt,t+1Rt,t+1]

Et [mt,t+1]

Et [Rt,t+1] =
1

Et [mt,t+1]
− covt [mt,t+1Rt,t+1]

vart [mt,t+1]

vart [mt,t+1]

Et [mt,t+1]

HI0&%; 4%40 *(,G

β =
covt [mt,t+1Rt,t+1]

vart [mt,t+1]
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" Rf
t,t+1 = γ# $%&'%($)*

Et [Rt,t+1] = γ − βmt,t+1

vart [mt,t+1]

Et [mt,t+1]

+ ,-(.$%/' λ = −vart[mt,t+1]
Et[mt,t+1]

# )$ '0&.$%$*

Et [Rt,t+1] = γ + βmt,t+1
λmt,t+1

1234%-) ('%(24).'%$) /$ 2- 5$65$)$%&-(.7% 0$&- )'%*

8- 5$65$)$%&-(.7% 0$&- /$ 4% 9-(&'5 )$ 2$ /$%':.%-  !"# $%&'&() *+,!-

λmt,t+1
)$ .%&$565$&- (':' $2 $%!'&+ ,!- %&!.)+ ' $%!*&+ #- %&!.)+# ;)&' $)

λmt,t+1
= γvart [mt,t+1]

<$6$%/.$%/' /$ 2- $)&54(&45- /$ m )$ 64$/$ -62.(-5 4%- -65'=.:-(.7% /$ >-"2'5

6-5- $=65$)-5 2- 5$65$)$%&-(.7% 0$&- $% &?5:.%') /$ @-5.-02$) :A) ('%(5$&-)# $)

/$(.5*

mt,t+1 ≈ a+ b′ft+1

B4$ 5$65$)$%&- - m (':' 4%- 94%(.7% 2.%$-2C

 !"#$%&' (& (&'")&*#$ &* +! ,%-"#."!

;% 2') D2&.:') EF -G') )$ ,- /-/' 4% /$)-55'22' -($2$5-/' /$ 2') :?&'/') B4$ 6$5:.H

&$% (4-%&.I(-5 $2 65$(.' /$ 2') -(&.@')# (5$-%/' -)J 4%- ('55.$%&$ ('%'(./- (':' 2- &$'5J-

/$2 65$(.' /$ 2') -(&.@') K1))$& 65.(.%3 &,$'5"L# (4"') 5$)42&-/') )$ ,-% ($%&5-2.M-/' $%

$2 :$5(-/' /$ @-2'5$) " $% $2 :$5(-/' /$ /$5.@-/') I%-%(.$5')C

N.% $:0-53'# 2- $(4-(.7% /$ @-2'5 ('56'5-&.@'HOP; B4$ )$ 65'6'%$ $% 2- 65$)$%&$

.%@$)&.3-(.7% " B4$ 6$5:.&$ &$'5.M-5 2- @-2'5-(.7% /$ $:65$)-)# $) $2 954&' /$ 2') /$)-55'H

22') /$ /+'0%#(!# 10#%$!# 2&.0!%# 3&--&#*.# 4!#(# 5+.. " 6#%7+8&"9 Q 6'5 )4 6-5&$# 2')

&5-0-R') /$ :;-#"&-#7# " <&(,='7# 6$5:.&$% -:62.-5 $2 ('%($6&' /$ 2- OP; ,-(.$%/' B4$

?)&- )$- 4%- 0.)-35- $%&5$ 2- OP; $=6-%/./- " $2 5.$)3' /$ @-2'5HS.)TPC U'5 &-2 :'&.@'#

)$ :$%(.'%-% 2') 9-(&'5$) /$ /$)(4$%&' $)&'(A)&.(' B4$ - 5-M7% /$ 2-) .%@$)&.3-(.'%$) /$

KV'(,5-%$#  FFWL )'% $B4.@-2$%&$) " 6'5 $%/$ 5$2$@-%&$) $% 2- .%@$)&.3-(.7%C

V'%)4:6&.'%HO-)$/ X'/$2HVOX*
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"#$%# &' (&)*+, -# -#.)/#%*+ #.*+)0.*1)+ m )+2+ #' 3,+-/)*+ #%*,# '& 123&)1#%)1&

*#23+,&' 4 '& *&.& -# /*1'1-&- 2&,51%&' 1%*#,*#23+,&'6

mt,t+1 = β
u′ (ct+1)

u′ (ct)
= TMS 7 89:;

</ =#%*&>& )+%.1.*# #% /*1'1?&, '& *+*&'1-&- -# '& 1%(+,2&)1@% 4 3,#(#,#%)1&. -# '+.

1%-1=1-/+. & 3&,*1, -# '&. (/%)1+%#. -# /*1'1-&- 4 -# &=#,.1@% &' ,1#.5+ .1% /*1'1?&,

/% 3+,*&(+'1+ ,#3'1)&%*# + '& *#+,A& 3+, &,B1*,&>#8 C&2B1D%6 .# '# )+%+)# )+2+ '&

*&.& 2&,51%&' -# ./.*1*/)1@% 1%*#,*#23+,&'ECF<

G&31*&' H..#* I,1)1%5 F+-#'EGHIFJ

"#$%# #' (&)*+, -# -#.)/#%*+ )+2+ /%& )+2B1%&)1@% '1%#&' #%*,# -+. 3&,02#*,+.

'1B,#. (a, b) 4 /% (&)*+, K/# 21-# #' ,#*+,%+ #.3#,&-+ -# /% 3+,*&(+'1+ -# 2#,)&-+

RW
6

mt,t+1 = a+ bRW
t,t+1

L. )+2M% #%)+%*,&,'+ )+2+ /%& ,#3,#.#%*&)1@% -#' ,#*+,%+EB#*& #.3#,&-+6

Et

[
Ri

t,t+1

]
= γ + βi,RW

t,t+1

[
Et

[
RW

t,t+1

]
− γ

]
7 89N;

4 3+, '+ 5#%#,&'6 #' (&)*+, ?#,+EB#*& #. #' ,#*+,%+ '1B,# -# ,1#.5+6 γ = Rf
8 </

(&)1'1-&- -# )0')/'+ O& 3#,21*1-+ K/# .#& #' (&)*+, -# -#.)/#%*+ #.*+)0.*1)+ 20.

#23'#&-+ 3&,& =&'+,&, )/&'K/1#, *13+ -# &)*1=+6 1%)'/.1=#6 #. #' 31'&, -# '& =&'+,&)1@%

-# #23,#.&. 4 -# 3,+4#)*+. -# 1%=#,.1@% -#B1-+ & K/# .# #%)/#%*,& (/%-&2#%*&-+

#% #' #%(+K/# 2#-1&E=&,1&%?& 3,+3/#.*+ 3+, F&,P+Q1*?8 <1% #2B&,5+6 3&,& #' &R+

 SST6  !"#$% ,#3'&%*#@ #' GHIF & 3&,*1, -#' #%(+K/# #.*&-+E3,#(#,#%)1&8

U%*#,*#23+,&' G&31*&' H..#* I,1)1%5 F+-#'EUGHIFJ

"# '& 21.2& 2&%#,& K/# #' GHIF6 #' (&)*+, -# -#.)/#%*+ #. /%& )+2B1%&)1@%

'1%#&' #%*,# '+. 3&,02#*,+. '1B,#. -#' 2+-#'+ 4 /% (&)*+, K/# &-#20. -# ,#3,#.#%*&,

#' ,#*+,%+ #.3#,&-+6 ,#3,#.#%*& '&. =&,1&B'#. -# #.*&-+8 L' 2+-#'+ 3&,*# -# K/#

ct = g (zt)6 3+, '+ *&%*+6

mt,t+1 = β
u′ (g (zt+1))

u′ (g (zt))

)+2+ '& (/%)1@% -# =&'+, -#3#%-# -# '&. =&,1&B'#. -# #.*&-+ V (Wt+1, zt+1) *#%#2+.

K/#6

mt,t+1 = β
V (Wt+1, zt+1)

V (Wt, zt)

-+%-#6 W #. '& ,1K/#?& -#' 1%=#,.1+%1.*&8 I+, '+ *&%*+6 '& ,#3,#.#%*&)1@% ,#*+,%+E
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"#$% #&'#(%)% &#(*+

E
[
Ri

t,t+1

]
−Rf

t ≈ rratcovt

(
Ri

t,
∆Wt+1

Wt

)
+ λztcovt

(
Ri

t,t+1,∆zt+1

)
,-. /0

1 234 #553 #5 23#627#4$# )# %8#(&794 (#5%$78% %5 (7#&:3;

rrat ≡ −
WVWW (Wt, zt)

VW (Wt, zt)

<("7$(%:# =(7274: >?#3(1@<=>+

A& 234&7)#(%)3 #5 2%&3 :#4#(%5 '%(% #5 (#$3(43@"#$% #&'#(%)3 )#"7)3 % BC# #& C4%

23D"74%2794 574#%5 #4$(# E '%(*D#$(3& 57"(#& 1 E F%2$3(#& )# (#$3(43 53& 2C%5#& &#

8%4 #57D74%4)3 % D#)7)% BC# 43 8%4 %'3($%4)3 (7#&:3 %5 (#$3(43 #&'#(%)3. G7 #5

(#$3(43 )# C4 %2$783 #& :#4#(%)3 '3( C4 F%2$3( 574#%5;

Ri = E
[
Ri

]
+

N∑

j=1

βijf j + εi, E
[
εi
]
= E

[
εif j

]
= 0  !"#$%

&'()'*&+, &-.+(& /' 01*()2 m 3.'&13 &' &3 01*()2,

mt+1 = a+ b′ft+1

4 5&*&+ 6&'(2) 6& 31 *)7/'.616 *.&'(89*1 +& 19271 :/& &3 ;4<= &+ /' *1+)

>12(.*/312 6&3 4<?@ +.' &7A12B), 6&A.6) 1 3)+ +/>/&+()+ .7>38*.()+ &' &3 ;4<=

.'6/*& 1 /' (.>) 6& >2&*.) 1A+)3/(), *)'(212.) 13 4<? :/& .'6/*& 1 /' >2&*.)

2&31(.5)"

C) 3.'&13 <2.*.'B =)6&3

4 5&*&+ &3 01*()2 6& 6&+*/&'() &+()*D+(.*) m >/&6& +&2 /'1 0/'*.E' */13:/.&21 ')

'&*&+12.17&'(& 3.'&13, (13 :/&F

mt+1 = g (ft+1)

>)2 3) :/& +/ &+>&21'G1 H 512.1'G1 ') +.&7>2& &-.+(&'@ +.' &7A12B), 7&6.1'(& 31

1>3.*1*.E' 6&3 >)3.')7.) 6& 1>2)-.71*.E' 6& ?1H3)2 +&2D >)+.A3& 3.'&13.G12 m 6&

(13 71'&21 :/& 31 &+>&21'G1 H 512.1'G1 &-.+(1' >121 6&(&27.'161+ *)'6.*.)'&+ 6&

31 512.1A3& 13&1()2.1 f "

I. +& *)'+.6&21 :/& m = 1
f

H +& 1>3.*1 &3 513)2 &+>&216), +& (.&'& :/&F

E [m] 6= 1

E [f ]
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"#$ %&'()*+, (-.#/($0+ %. -+.#$+&#+ 0% (-)+1#&(/#2$ 0% 3(4.+) 5%$%&+6 7$( .#8

$%(.#9(/#2$ 0% m, 5(. :7%;

E [m] ≈ 1

E [f ]
+

1

E [f ]2
var [f ]

E [f ]
, -()( f > 0 <=>?@A

B. 0%6())+..+ 0% .( (-)+1#&(/#2$ <=>?@A 6% %$/7%$5)( /+$ 0%5(..% %$ %. ($%1+ C>

B$ *%$%)(., /+&+ (D)&(  !"#$%&', .( '(6% 0% /7(.:7#%) &+0%.+ 0% E(.+)(/#2$ 0% (/5#E+6

5#%$% /+&+ F7$0(&%$5+ %. &+0%.+ 0% /+$67&+, )%-)%6%$5(0+ %$ <=> GA>

 ! !"! #$%&$'()* +) ,$ -#.

C -()5#) 0% .( %1-)%6#2$ <=> !A, -+0%&+6 +'6%)E() .( H%1#'#.#0(0 -()( #$/+)-+)()

/()(/5%)I65#/(6 %6-%/#(.%6 5($5+ -()( %. F(/5+) 0% 0%6/7%$5+ %65+/J65#/+, m, /+&+ -()( (.

H7K+ 0% /(K(, CF >

 !"#"$%&%'( )*+ () *%&*! mt,t+j "!+! CFt+j ,!& -%.!$', "!&!")/!, 0%$% j ≥ 01 '&*!&2

"',3

Vt =
∞∑

j=1

mt,t+jCFt+j <=>?!A

4'+!,*$%")5&6 "%(,

Vt = Et [mt,t+1 (Vt+1 + CFt+1)]

= Et [mt,t+1]Et [(Vt+1 + CFt+1)] + covt [mt,t+1, (Vt+1 + CFt+1)]

L(0+ :7% mt,t+j 4 CFt+j 6+$ /+$+/#0+6 -()( j ≥ 0, %$5+$/%6;

Vt = Et [mt,t+1]Et [(Vt+1 + CFt+1)]

= mt,t+1 (Vt+1 + CFt+1)

M#$(.&%$5% -+) <=> ?A,

Vt =

∞∑

j=1

mt,t+jCFt+j

 !"#"$%&%'( ),+ () CFt+j ,!& -%.!$', "!&!")/!, 0%$% *!/! j ≥ 01 '&*!&"',3

Vt =

∞∑

j=1

1

Rf
t,t+j

CFt+j <=>?=A
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 !"#$%&'()*+, "#$%

Vt = Et [mt,t+1 (Vt+1 + CFt+1)]

= Et [mt,t+1]Et [(Vt+1 + CFt+1)] + covt [mt,t+1, (Vt+1 + CFt+1)]

&$'( )*# CFt+j #+ ,(-(,.'( /$0$ 1('( j ≥ 0% #-1(-,#+2

Vt = Et [mt,t+1]Et [(Vt+1 + CFt+1)]

= Et [mt,t+1] (Vt+1 + CFt+1)

=
∞∑

j=1

Et [mt,t+j ]CFt+j

3.-$45#-1#%

Vt =
∞∑

j=1

1

Rf
t,t+j

CFt+j

 !"#"$%&%'( )*+ -) mt,t+j !$ .+ /'0#& (#+#()1# 2'&' %#1# j ≥ 03 !+%#+(!$4

Vt =

∞∑

j=1

mt,t+jEt [CFt+j ] 6!78 9

 !"#$%&'()*+, "#$%

Vt = Et [mt,t+1 (Vt+1 + CFt+1)]

= Et [mt,t+1]Et [(Vt+1 + CFt+1)] + covt [mt,t+1, (Vt+1 + CFt+1)]

&$'( )*# mt+j #+ ,(-(,.'( /$0$ 1('( j ≥ 0% #-1(-,#+2

Vt = Et [mt,t+1]Et [(Vt+1 + CFt+1)]

= mt,t+1Et [(Vt+1 + CFt+1)]

3.-$45#-1#%

Vt =
∞∑

j=1

mt,t+jEt [CFt+j ]

 !"#"$%&%'( ),+  ! "#$"% mt,t+j &%'% CFt+j (%$ )#*!#+,-( #,-#"%*!#( !$.-/-$.!-$"-(0



 !"#$%&' () *!+ ' $,-+. '   

 !"#!$ %&

Vt =
∞∑

j=1

1

Rf
t,t+j

Et [CFt+j ] !"#$$%

' (#%")*$+,!- &'()

Vt = Et [mt,t+1 (Vt+1 + CFt+1)]

= Et [mt,t+1]Et [(Vt+1 + CFt+1)] + covt [mt,t+1, (Vt+1 + CFt+1)]

*(+, -.' mt+j / CFt+j 0,1 2(34(56'0 (6'(7,34(0 41+'8'1+4'17'0) '17,19'0:

Vt = Et [mt,t+1]Et [(Vt+1 + CFt+1)]

=
∞∑

j=1

Et [mt,t+j ]Et [CFt+j ]

;41(6<'17')

Vt =
∞∑

j=1

1

Rf
t,t+j

Et [CFt+j ]

 !"#"$%&%'( )*+ .+ "*!"# mt,t+j $#(# CFt+j %#! /*)+*01 % *1 *"#)+*% 23 !# %#! +!4

5 6 !5+ !" %7  !"#!$ %&

Vt =

∞∑

j=1

[
Et [mt,t+j ] + βCFt+j

λCFt+j

]
Et [CFt+j ] !"#$=%



 !"#$%&' () *!+ ' $,-+. '  !

 !"#$%&'()*+, "#$%

Vt = Et

∞∑

j=1

mt,t+jCFt+j

=
∞∑

j=1

Et [mt,t+jCFt+j ]

=

∞∑

j=1

Et [mt,t+j ]Et [CFt+j ] + covt [mt,t+j , CFt+j ]

=

∞∑

j=1

Et [mt,t+j ]Et [CFt+j ] + covt [mt,t+j , CFt+j ]
Et [CFt+j ]

Et [CFt+j ]

=

∞∑

j=1

[
Et [mt,t+j ] +

covt [mt,t+j , CFt+j ]

Et [CFt+j ]

]
Et [CFt+j ]

=

∞∑

j=1

[
Et [mt,t+j ] +

covt [mt,t+j , CFt+j ]

Et [CFt+j ]

V art [CFt+j ]

V art [CFt+j ]

]
Et [CFt+j ]

&'($)*#(+#%

Vt =
∞∑

j=1

[
Et [mt,t+j ] + βCFt+j

λCFt+j

]
Et [CFt+j ]

,$ -'./'#(+# 0$1'$(+# 2# )$ 34/$4'5( 2# 6$)71 871971$+'07 :-'( 2#*7-+1$4'5(; 47'(<

4'2# 47( #) 1#-/)+$27 :=> ?;>

 !"#"$%&%'( )*+ -) %'+%# mt,t+j (#"# CFt+j $#+ .'&)'/0!$ '0!'%#&)'$ /'1# '2$!+()' 3!

'&/)%&'1! 4 3! 2+ "!&('3# 3! +!5#()'()*+ 3! '(%).#$6 !+%#+(!$7

Vt = Et

∞∑

j=1

βj
u′ (ct+j)

u′ (ct)
CFt+j :=>!@;

 ! !"! #$%&'()*+,&( -*) '()./ ,./0./(1&'.

3( )$ -#44'5( =>?> A =>?>!% -# 2#*7-+15 B/# #) C/D7 2# 4$D$ )'E1#% FCF % A #) 47-+7

2# 4$9'+$)% WACC% 2#F(#( #) 1#(2'*'#(+7 A )$ 1#(+$E')'2$2 471971$+'0$G $2#*H-% -#

$F1*5 B/# $B/#))$- 4'I1$- $.1/9$( )7- 1#-/)+$27- 2# '(27)# *7(#+$1'7 2# )7- 917A#4+7-

2# '(0#1-'5( A F($(4'$4'5( ))#0$27- $ 4$E7 971 )$ .#1#(4'$>

,7- +1$E$D7- 2# :J/E$4K% ?LLM;% :&#1(H(2#N% =OOP$;% :Q'+1$% =O?O; A :R2-#1H $(2

6'S7)$-% =OO ; T$( 2#*7-+1$27 )$ #B/'0$)#(4'$ #(+1# 2'I#1#(+#- 9)$(+#$*'#(+7- 2# )$
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BV E" #$%&'('$)*+ ,+) $--+ ,+)./0%1% 0)1 &$*'*1 *$ 21-+% ,+%#+%1('2+ 30$ 4$ 1504(1 1

-1 ')6+%&1,'7) *'4#+)'8-$ #1%1 $- 1)1-'4(19 :0 %$40-(1*+ &;4 '&#+%(1)($ 4$ -$ *$)+&')1

-1 $30'21-$),'1 $) -1 21-+%1,'7)9

 !"#"$%&%'( )*+  !"

Vt = f (CF,m) = f (FCF,Rwacc) <=9>?@

#$%&$'()"

Vt =

∞∑

j=1

1

Rwacc
t,t+j

Et [FCFt+j ] <=9>A@

B4 *$,'%" -1 $,01,'7) *$ 21-+% ,+%#+%1('2+ #0$*$ $C#%$41%4$ ,+&+ $- 21-+% $4#$%1*+

*$ -+4 D05+4 *$ ,151 -'8%$ *$4,+)(1*+4 1- ,+4(+ #%+&$*'+ #+)*$%1*+ *$ ,1#'(1-9

B) /$)$%1-" -1 $,01,'7) *$ 21-+% ,+%#+%1('2+ #1%($ *$- $)6+30$ 8141*+ $) ,+)40&+

#%+#+%,'+)1)*+ D$C'8'-'*1* $) $- 04+ *$ 0) 61,(+% *$ *$4,0$)(+ $4(+,;4(',+ 30$ #0$*$

$C#%$41%4$ -')$1-&$)($ E 1*+#(1% 6+%&14 1-%$*$*+% *$ 0)1 &$*'1F21%'1)G1 + $4(1*+F

#%$6$%$),'19 H$ '/01- &1)$%1" $- D05+ *$ ,151 1*30'$%$ #%+#'$*1*$4 *');&',14 815+ $-

$)6+30$" 1,,$*'$)*+ 1 ,1%1,($%I4(',14 $4#$,'1-$4 30$ -$ #$%&'($) &+2$%4$ $) 0) $4#1,'+

E ('$&#+ *$($%&')1*+9

J+% 40 #1%($" -14 &$*'*14 *$ D05+ *$ ,151 -'8%$ E ,+4(+ *$ ,1#'(1- ,+%#+%1('2+ 4$

1*1#(1) 41('461,(+%'1&$)($ 1- $)6+30$ 8141*+ $) ,+)40&+" *$8'*+ 1- 2'),0-+ 30$ -1 21F

-+%1,'7) *$ $&#%$414 #+4$$ ,+) $- &$%,1*+ *$ 21-+%$4" #$%&'('$)*+ 14I *$.)'% 0)1 &$*'*1

*$ 21-+% $) -1 ,01- -+4 *$&;4 &K(+*+4 *$ 21-+%1,'7) ,+)2$%/$) ,01)*+ ,+),$#(01-&$)($

4+) ,+%%$,(+49

:') $&81%/+" 1 #$41% *$ -1 104$),'1 *$ 0) &$%,1*+ +%/1)'G1*+ 30$ *$51 ')+#$%18-$

1-/0)+4 #%'),'#'+4" $- &+*$-+ 8141*+ $) ,+)40&+ 61,'-'(1 -1 ,+)4(%0,,'7) *$ 0) 61,(+%

*$ *$4,0$)(+ $4(+,;4(',+ *$ 1,0$%*+ 1- #$%.- *$ %'$4/+ E 1 -1 60),'7) *$ 0('-'*1* *$ ,1*1

')2$%4'+)'4(19

L .)1-&$)($" -+ &;4 '&#+%(1)($" -1 ')*$#$)*$),'1 $)(%$ $- 61,(+% E $- D05+ *$ ,151

)+ 4+) $2'*$)($4 ,+&+ )+4 #%$4$)(1 -1 -'($%1(0%1 .)1),'$%1" -1 %$-1,'7) 30$ #%$4$)(1) )+

$4 *$ ,+%%$-1,'7) ,+)4(1)($ 1 (%12K4 *$- ('$&#+" &;4 8'$) $4 0)1 ,+%%$-1,'7) *');&',1M

$4 *$,'%" $- 1#+%($ *$- 61,(+% *$ *$4,0$)(+ 1- D05+ *$ ,151 -'8%$ $4 0) #%+,$4+ $4(+,;4(',+9

 ! !"! #$ %&'$&()* +% ,$-./ &./0./$1(,. 2%*%/$-34562

N #$41% *$- #+($),'1- *$ -1 $,01,'7) *$ 21-+% ,+%#+%1('2+FOPB" $4(1 1*+-$,$ *$ )+

#+4$$% D$C'8'-'*1* $) -1 *$,'4'+)$4 $4(%1(K/',14 *$ -1 ,+&#1QI1M $4 *$,'%" )+ &'*$ $-
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"#$%& '%()*+,#$ -.) ()*/&0# /)()&1,*#/#2 /)+,2,%*)2 (%1#/#2 '%& $# 3)&)*+,# )*(%&*% #

$#2 %'%&(.*,/#/)2 /) *)3%+,% /,2'%*,4$)2 # 5.(.&%6

7,* )14#&3%8 +%* $%2 (&#4#9%2 /)  !"#$%&#'(!)*%+),-(. )* $# /)+#/# /) $%2 :;<28 2)

#4&,= .* ",*+.$% *%(#4$)1)*() )>'$%(#/% '%& ?@A)&28 BC:!D8 ?E&,3)%&3,2 #*/ @#*2%*8

BCF:D8 ?G,*/A+H8 BCFFD A ?I.$#(,$#H#8 BCFJD8 )$ +.#$ /)*%1,*#* )$ "#$%& /) $# K)>,4,$,/#/

)* $%2 '&%A)+(%26 L* '&,*+,',%8 2. '$#*()#1,)*(% +%*2,2(,= )* )2(#4$)+)& )$ "#$%& /) $#

K)>,4,$,/#/ # '#&(,& /) $# #'$,+#+,=* /) $#2 %'+,%*)2 M*#*+,)&#2 # $%2 #+(,"%2 2.4A#+)*()2

-.) *% 3)*)&#* /,",/)*/%28 '#&(,+.$#&1)*() #2%+,#* $# K)>,4,$,/#/ +%* $#2 %'+,%*)2

).&%')#2 ')&1,(,)*/% #20 #/#'(#& &N',/#1)*() )$ 1%/)$% /) O7@6 L$ '&,1)&% )* #+.P#&

)$ (Q&1,*% /) R'+,=* S)#$TSRU '#&# (#$ '&%+)2% /) "#$%&#+,=* 5.) +/),* )* BC:!6

G%& %(&# '#&()8 .*# '&,1)&# #'&%>,1#+,=* %')&#(,"# /) $#2 %'+,%*)2 &)#$)2 /) (,'%

#1)&,+#*% 2) #(&,4.A) # ?7+VW#&(X #*/ @%%*8 Y;;;D -.) # ,*,+,% /)$ '&)2)*() 2,3$%

'$#*()= $# "#$%&#+,=* /) $# K)>,4,$,/#/ /) )1'&)2#2 /) Z*()&*)( 1)/,#*() $# #/#'(#+,=*

/) $#2 )+.#+,%*)2 /,5)&)*+,#$)2 )2(%+N2(,+#2 # $#2 "#&,#4$)2 1#+&%,*/.+(%&#2 /) "#$%&

+%&'%&#(,"%8 )>()*/,)*/% )$ +%*+)'(% /) %'+,=* &)#$ V#+,# .* )2-.)1# 1N2 )2(&#(Q3,+%6

7, 4,)* )2 +,)&(% -.) *% )>,2() .* +%*2)*2% )* $# )2(,1#+,=* /) #$3.*%2 '#&N1)(&%2

A )* $%2 2.'.)2(%2 ,/=*)%2 '#&# &)#$,X#& )$ '&%+)2% /) "#$%&#+,=* /) %'+,%*)2 &)#$)28 )$

5.*/#1)*(% /) $#2 )+.#+,%*)2 /,5)&)*+,#$)2 )2(%+N2(,+#2

 

8 $%2 N&4%$)2 4,*%1,#$)2

!

A $#

2,1.$#+,=*

"

2,3.)* (%(#$1)*() ",3)*()28 2,&",)*/% +%1% ,*2(&.1)*(%2 '#&# $$)"#& # +#4%

)$ '&%+)2% /) "#$%&#+,=* /) /,+V%2 #+(,"%26

 !"#$%$&# '('(' ?R'+,=* S)#$D( 0* 1." (2#34. 5.".#3)," 6"7( 1. #(.-)8-( )*-,"-9:3#(

#(. ;"!(,< Ot< ). =1.#34. >) *1 #(*-( >) 3.;),*34.< X< >)! ;"!(, "#-1"! >) *1* ?17(*

=1-1,(* >) #"7"< VT < / >)! ="#-(, >) >)*#1).-( )*-(#@*-3#( -".-( >) !" (2#34.< mT < #(A(

>)! 2,(/)#-(< mt,t+T B >) -"! A".)," C1)D

máx Ot = Et

[
mt,t+T (VT −X)+

]
?Y6[CD

*17)-( "D

mt,t+T > 0, VT = Et [mTCFT ] , 1 = Et

(
mTR

f
)

>(.>) !" 2,3A)," ,)*-,3##34. 3A2!3#" "1*).#3" >) ",63-,"7)< A3).-,"* !"* >(* ,)*-".-)*

)*-"6!)#). !" >3.@A3#" >)! ;"!(, "#-1"! >) !(* ?17(* / !" -"*" !36,) >) ,3)*:( ,)*2)#-3;"%

A).-) EF(#',".)< GHHIJK

L* +%*2)+.)*+,#8 )$ "#$%& 3$%4#$ /) .*# +%1'#P0# )2(# )* 5.*+,=* /)$ "#$%& '&%'%&T

 

 !"#$# $% &'()*+,)-#'%.+ %/"#0 1(/( #1)2#0%. %3/#1%(.4  !"#$# $% 5('#/()260 $% #1)2#0%. $%

52$( 20702"( $%  )8#0('$+,2%9%'+,(:3%'.#0;

!

 !"#$# $% <#=+>#..+>3?20."%20 1(/( )3('@32%/ #1)260;

"

 !"#$# $% ,)-A(/"B 1(/( #1)2#0%. (:%/2)(0(.;



 !"#$%&' () *!+ ' $,-+. '  !

"#$%&'$ ($) *& $(+)&"#,% %$)-&* . +* /&*$) '+ *&0 $($)12%#'&'+0 +01)&134#"&0 '#0($%#5*+0

(&)& +* %+4$"#$ . 62+ 0$% )+0($%0&5#*#'&' '+* +62#($ 4+)+%"#&*7

 !"#$%$&# '('() 89"2&"#,% '+ /&*$) "$)($)&1#/$ 4+%+)&*:;<94=(  ! "!#$! !% &'%()

*()+()',-&( .!$!)'% V g
t *(/( 0$ +)(*!1( '"-,-&( !$,)! !% &'%() +!)/'$!$,!2 Vt2 3 !% &'%()

4!5-6%! (,().'"( +() %' (+(),0$-"'" !1,)',7.-*' 0 (+*-8$ )!'% "!% $!.(*-(2 Ot9 :1,( !1;

V g
t = Et

∞∑

j=1

mt,t+jCFt+j +mt,t+T (VT −X)+ 8>7?@=

A$0 02(2+01$0 '+1)B0 '+ *& +"2&"#,% 0$%C

D+(+%'#+%'$ '+ *& #%E$)-&"#,% '#0($%#5*+ *& ;<94 0+ &(*#"&)B 1&%1$ +% 2% +0(&"#$

'+ 1#+-($ '#0")+1$ "$-$ "$%1#%2$7

9* "$-($%+%1+ '+ $("#,% )+&* ($0++ *&0 "&)&"1+)F01#"&0 ()$(#&0 '+ 2%& $("#,%

G%&%"#+)& *'%% '+ 1#($ &-+)#"&%$ "$% '#/#'+%'$0H 0#% +-5&)4$ *& &20+%"#& '+ 2%

($)1&E$*#$ )+(*#"&5*+ '#G"2*1& +* ()$"+0$ '+ /&*$)&"#,% '+ 1&*+0 $("#$%+0 -+'#&%1+

*&0 I+))&-#+%1&0 1)&'#"#$%&*+0 "$-$ ;JK . *$0 B)5$*+0 5#%$-#&*+0L ($) $1)& (&)1+H

*& +01#-&"#,% '+ *& /$*&1#*#'&' +0 "$0& '+ *$"2)& 1+-($)&*M7

9* /&*$) '+ *& $("#,% )+&* Õt +0 #%'+(+%'#+%1+ '+* /&*$) "$)($)&1#/$ Ṽt7 901$ #-(*#"&

62+ *& %2+/& $($)12%#'&' '+ %+4$"#$ 1+%')B 2%& +01)2"12)& '+ "&(#1&* '#E+)+%1+ .

($) *$ 1&%1$ 2% "$01$ '+ "&(#1&* #%'+(+%'#+%1+ '+* 62+ ($0++ *& "$-(&NF&L &'+-B0H

*$0 O2P$0 '+ "&P& 1&%1$ '+ *& $("#,% "$-$ '+ *& "$-(&NF& '#G+)+% '+0'+ 2% (2%1$

'+ /#01& '+ #%E+)+%"#& +01&'F01#"& '+5#'$ & *& #%E$)-&"#,% '#0($%#5*+ (&)& )+&*#Q&)

*& +01#-&"#,% '+ *$0 (&)B-+1)$0 '+* -$'+*$7

A& &20+%"#& '+ $("#$%+0 )+&*+0 $ +* %$ +P+)"#"#$ '+ *& $("#,% )+&* #-(*#"&% 2% /&*$)

"+)$ +% +* 13)-#%$H ($) *$ 1&%1$ *& "$-(&NF& /&*+ ($) 02 ($0#"#,% +01)&134#"& &"12&*7

D+(+%'#+%'$ '+ *& #%01)2-+%1&"#,% G%&%"#+)& +% +* -+)"&'$ +0 ($0#5*+ )++-(*&Q&)

*& $("#,% )+&* ($) "2&*62#+) #%01)2-+%1$ '+)#/&'$ 8<&#%#**&H 9R,1#"&0 . S212)$0=7

A& 0#42#+%1+ ()$($0#"#,% 80#% '+-$01)&"#,%= +0 2% )+02*1&'$ '+ 8T$"I)&%+H >@@U=H

8K.+)0H UV!W=H 8D2E)+0%+H UVV@=H 8X#**#+)H UVW = . 8Y)20"IZ#1Q &%' A$[+)H >@@W=7

*+,-,.$%$&# '/(  !' Ṽt (w)  Õt (w) !"# $%&'(#)'*" +#,&')!-#, .$ -# &,# $)&/,'# w $"

$- +$,'/./ t0

Ṽ g
t (w) = Ṽt (w) + Õt (w)

1' w ∈ Ω0 $"&/")$% Ṽt (w)  Õt (w) %$,2" 3#,'#4-$% #-$#&/,'#% $" t  +/, -/ &#"&/0

V g
t = Et

[
Ṽt + Õt

]
 !"#$%



 !"#$%&' () *!+ ' $,-+. '  !

 !

V g
t = Et

[
Ṽ g
t

]
→ pt

"#$%&'$  ()*+,- "$ ()%&.* .* (-+,#(#/+ ,$ 0'*+"1$'"*.#,*,2

 !"! #$%&'()*( +,)-.+.,)(/ 0 &$1.2(+.3) -& %('42&1',$

"# $%#%&'() *% +,#*-.%&' (' %/-*0%#+-' .% 1# %*2'+-, .% 2&,3'3-(-.'. (Ω,F,P) 4 1#'

51#+-6# X : Ω → R 7%.-3(% &%*2%+0, ' F 4 ' 1#' +,(%++-6# .% *13+,#81#0,* B(R) .%

R (('7'.,* 9,&%(-'#,*: "* '*;) <1% 2'&' +1'(<1-%& A ∈ B(R) ⇒ X−1 (A) ∈ F= 2,& (,

0'#0,) *% .%>#% P
(
X−1 (A)

)
= P (X ∈ A) <1% &%2&%*%#0' (' 2&,3'3-(-.'. .% <1% ,+1&&'

%( %?%#0, X (w) ∈ A:
@1%*0, <1% X %* 1#' ?'&-'3(% '(%'0,&-') *% 21%.%# .%>#-& 1#'* +'&'+0%&;*0-+'* fX (x)

4 FX (x) (('7'.'* (' .%#*-.'. .% X 4 (' 51#+-6# .% .-*0&-31+-6# .% X &%*2%+0-?'7%#0%:

A14' &%('+-6# <1%.' .%0%&7-#'.' 2,& dFX (x) = fX (x) dx) 2%&7-0-%#., +'(+1('& (,*

7,7%#0,* .% (' ?'&-'3(% X) %*0, %*B

E (Xn) =

∫

R

xndF (x) , V ar (X) =

∫

R

(x− E (X))2 dF (x)

 !"!#! $%&'()*+) ,-*./,/-*)0 1 &(-,'%-% '%2-,3%2/,-%

@'&0-%#., .% (' .%>#-+-6# $%#%&'( .% %*2%&'#C' +,#.-+-,#'( 2&%*%#0'.' %# DE-#+6#)

FGGHI: J% +,#*-.%&'# .,* ?'&-'3(%* '(%'0,&-'* .-*+&%0'* X 4 Y +,# 51#+-6# .% .%#*-.'.

+,#81#0'

fX,Y (xi, yj) = P (X = xi, Y = yj)

4 +14' %*2%&'#C' +,#.-+-,#'( .% X .'., <1% (Y = yj) %*B

E (X|Y = yj) =

n∑

i=1

xiP (X = xi|Y = yj)

J% 21%.% .%>#-& 1#' 51#+-6# .%( %*2'+-, 71%*0&'( Ω 2'&' w ∈ Ω 0'( <1%B

E (X|Y ) : Ω→ R

w → E (X|Y ) (w)
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"#$ %$&%$'$()* #(* +*%,*-.$ *.$*)/%,* * )%*+0' 1$ ./' m &/',-.$' +*./%$' 1$ Y 2 "#$

&/1$3/' $'4%,-,% $( )0%3,(/' 1$ 5#(4,/($' ,(1,4*1/%*'6 $')/ $'7

E (X|Y ) (w) =

m∑

j=1

E (X|Y = yj) 1Y=yj (w)

8*1/ "#$ F = σ (Y ) $' .* 3,(,3* σ9:.;$-%* ;$($%*1* &/% .* &*%),4,<( 1$ ./' &/',-.$'

+*./%$' 1$ .* +*%,*-.$ *.$*)/%,* Y 6 $()/(4$' F ⊆ F 2 4/3/ E (X|Y ) $' 4/(')*()$ &*%*

4*1* $.$3$()/ 1$ )*. &*%),4,<(6 $' &/% )*()/ F93$1,-.$ =E (X|F)>? @' &/% $../ "#$ &*%*

4#*."#,$% $+$()/ F ∈ F '$ 4#3&.$6

∫

F

E (X|Y ) (w) dP (w) =

∫

F

X (w) dP (w)

 !"#!$% &'(  !" (Ω,F,P) #$ !%&"'() *! &+),",(-(*"* . %!" X #$" /"+(",-! "-!"0)+(" ')$

!%&!+"$1" 2$(0"3  !" F #$" %#, σ45-6!,+" *! F3 7$0)$'!% !8(%0! #$" /"+(",-! "-!"0)+("

*!$)0"*" &)+ E (X|F) 0"- 9#!:

;3 E (X|F) !% F4<!*(,-!3

=3 E (X|F) <∞

>3 ?"+" '"*" F ∈ F
∫

F

E (X|Y ) (w) dP (w) =

∫

F

X (w) dP (w)

@*!<5%A -" /"+(",-! E (X|F) !% B$('"A &#!% %( !8(%0! )0+" /"+(",-! "-!"0)+(" Z ')$

-"% <(%<"% 0+!% &+)&(!*"*!% !$0)$'!% Z = E (X|F) , c.s

AB/%*6 %$4/%1*(1/ .*' &%,(4,&*.$' &%/&,$1*1$' 1$ .* $'&$%*(C* 4/(1,4,/(*. "#$ '/(7

E (X|{∅,Ω}) = E (X)

E (1A|{∅,Ω}) = P (A)

E (E (X|F)) = E (X)

D, X $' F93$1,-.$ $()/(4$'6

E (X|F) = X

E (aX + Y |F) = aE (X|F) + E (Y |F)

D, X > 0 $()/(4$' E (X|F) > 0



 !"#$%&' () *!+ ' $,-+. '  !

"# h $% &'( )&'*#+' *,'-$.( /(0 1&$ 0( -(2#(30$ (0$(/,2#( h (X) $% #'/$42(30$ $'5

/,'*$% *(%# %$4&2(6$'/$7

h [E (X|F)] ≤ E (h (X) |F)

"# F1 ⊆ F2 $'/,'*$% E (X|F1) $% F256$8#30$ 9 :,2 0, /('/,7

E (E (X|F1) |F2) = E (E (X|F2) |F1) = E (X|F1)

"# Y $% &'( -(2#(30$ (0$(/,2#( F56$8#30$ 9 (*,/(8(

E (XY |F) = Y E (X|F) c.s.

"# X 9 F %,' #'8$:$'8#$'/$%

E (X|F) = E (X) c.s.

;' 6,8$0, 1&$ :2$/$'8$ 2$:2$%$'/(2 0,% )$'+6$',% 1&$ %$ 8$%(22,00(' $' $0 /#$6:,

%$ 0$ 00(6( :2,*$%, $%/,*<%/#*, 9 %& )&'8(6$'/, *,'%#%/$ $' 2$:2$%$'/(2 $0 42(8, 8$

8$:$'8$'*#( , #'8$:$'8$'*#( 8$ 0(% -(2#(30$% (0$(/,2#(% 1&$ *,'),26(' $0 :2,*$%, *,'

$0 =' 8$ 2$(0#>(2 :2,'+%/#*,% *,'8#*#,'(8,% ( 0( ?#%/,2#( 8$0 6#%6,@ A,26(06$'/$7 &'

:2,*$%, $%/,*<%/#*, $% &'( *,0$**#+' 8$ -(2#(30$% (0$(/,2#(% {Xt : t ≥ 0} %,32$ &' $%:(*#,

Ω , 8$ $%/(8,% $ #'8$.(8(% :,2 &' :(2<6$/2, t ≥ 07 1&$ :$2/$'$*$ (0 $%:(*#, :(2(6$/2(0

9 1&$ :,2 0, 4$'$2(0 $% $0 /#$6:,7 $%/, #6:0#*( 1&$ :(2( &' t =B, %$ 8$='$ &'( -(2#(30$

(0$(/,2#( /(0 1&$7

Xt : Ω→ R

w 7→ Xt (w)

C :(2( (04D' w ∈ Ω %$ 8$='$ &'( )&'*#+' /(0 1&$E

X (w) : T → R

t 7→ Xt (w)

0( *&(0 %$ 8$',6#'( 2$(0#>(*#+'7 /2(9$*/,2#( , /2(9$*/,2#( 6&$%/2(0 8$0 :2,*$%, $%/,*<%/#*,

X@

F$ #4&(0 6('$2(7 :(2( *(8( t ≥ 0 0( σ5<04$32(

Ft = σ{Xs : 0 ≤ s ≤ t}
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"#$"#%#&'( )( *+%',"+( -#) $",.#%, *(%'( #) '+#/$, t 0 #& #))( #%'1& .,&'#&+-,% ',-,%

),% $,%+2)#% #3#&',% , %4.#%,% 5#&#"(-,% $," #) $",.#%, #& #) +&'#"3(), [0, t]6 7% -#.+"8 )(

/+&+/( σ91)5#2"( "#%$#.', ( )( .4() #) $",.#%, #%',.1%'+., #% :4&.+;& ()#(',"+( #% (<4#))(

5#&#"(-( $," {Xs : 0 ≤ s ≤ t} 0 %# -#&,'( $," F 6

=,& 2(%# #& ), (&'#"+,"8 %# $4#-#& +&'",-4.+" .("(.'#">%'+.(% &, ()#(',"+(% '()#%

.,/, )( -+%'"+24.+;&8 )( #%$#"(&?( 0 )( 3("+(&?(8 #&'"# ,'"(%@ $#"/+'+#&-, (%>8 -#%."+2+"

%4 #%'"4.'4"( -# -#$#&-#&.+(6 A# *#.*,8 4& $",.#%, #%',.1%'+., $4#-# %#" +&'#"$"#'(-,

.,/, 4&( .,)#..+;& -# 3#.',"#% -# -+/#&%+;& B&+'( ( ),% .4()#% %# (%,.+( 4&( :4&.+;&

-# -+%'"+24.+;& /("5+&() -# -+/#&%+;& B&+'(9fidis -#B&+-( $,"C

FX = P (X1 ≤ x1, X2 ≤ x2, X3 ≤ x3, . . . , Xt ≤ xt)

$("( ',-(% )(% $,%+2)#% #)#..+,&#% -# '+#/$,% 1, 2, 3, . . . , t ∈ T 6 D .40( :(/+)+( -# fidis

-#'#"/+&(& )( :4&.+;& -# -+%'"+24.+;& -# ),% $",.#%,% #%',.1%'+.,%6

A# :,"/( (&1),5( () .(%, 4&+3("+(&'#8 )( #%$#"(&?( µX 0 )( .,3("+(&?( ΣX -# 4&

$",.#%, #%',.1%'+., X = {Xt : t ≥ 0} %# -#B&#& .,/,C

µX = (E (X1) , . . . , E (Xt)) , ΣX = cov (Xi, Xj) , i, j = 1, 2, 3, . . . , t.

"#%$#.'+3(/#&'#6 E," %4 $("'#8 )( 3("+(&?( #% 4& #)#/#&', -# )( /('"+? -# .,3("+(&?(%

.4(&-, i = j6

F*,"(8 %+ %# ('"+240#& .+#"'(% .,&-+.+,&#% ( )(% fidis $,-#/,% ,2'#&#" 4& '+$, -#

$",.#%, #%',.1%'+., -# #%'"4.'4"( -#$#&-+#&'# 0 <4# -#&,/+&(/,% $",.#%, #%'"+.'(/#&'#

#%'(.+,&("+,6

 !"#$%$&# '()(* GE",.#%, #%',.1%'+., #%'"+.'(/#&'# #%'(.+,&("+,H(  ! "#$%&'$ X =

{Xt : t ≥ 0} &' &'(#)%(*+&!(& &'(*%)$!*#)$ ') ,*' fidis '$! )!-*#)*!(&' #&'"&%($ * ,$'
%*+.)$' &! t/ &'($ &'0

(X1, X2, . . . , Xt)
d
= (X1+h, X2+h, . . . , Xt+h) GI6JIH

"*#* %1*,21)&# &,&%%)3! 4& 5!4)%&' 1, 2, . . . , t, 1+ h, 2+ h, . . . , t+ h ∈ T 6 7' 4&%)#/ *+.$'
-&%($#&' *,&*($#)$' "$'&&! )48!()%* 91!%)3! 4& 4)'(#).1%)3!6

K+& #/2("5,8 -(-, <4# #& )( $"1.'+.( &, #% $,%+2)# .,/$",2(" )( .,&-+.+;& -# #%'"+.9

'(/#&'# #%'(.+,&("+,8 "#.4""+/,% ( )( .,&-+.+;& -# #%'(.+,&("+#-(- -L2+) , -# %#54&-,

,"-#&6

 !"#$%$&# '()(' GE",.#%, #%',.1%'+., -L2+)/#&'# #%'(.+,&("+,H(  ! "#$%&'$ X = {Xt :

t ≥ 0} &' 48.),+&!(& &'(*%)$!*#)$ $ 4& '&:1!4$ $#4&! ') "$'&& ,*' '):1)&!(&' "#$")&4*4&'0



 !"#$%&' () *!+ ' $,-+. '  !

µX = µ

σ2
X
= σ2

cov (Xs+h, Xt+h) = cov (Xs, Xt)

"#$ #%$& '&$%() *# +,-# .*%($(+& -& (+%&/.#*&$.(0&0 0(- '$#/(+#) %&12.3* -& 0( +4

.*/$(1(*%#5

 !"#$%$&# '()() 67*/$(1(*%#+ (+%&/.#*&$.#+ 0( 4* '$#/(+# (+%#/8+%./#9(  !" X = {Xt :

t ∈ T} #$ %&'(!)' !)*'(+)*,(' - T ⊂ R #$ ,$*!&."/'0 1!(,2') 3#! X %')!! ,$(&!2!$*')

!)*"(,'$"&,') ),4

Xt −Xs
d
= Xt+h −Xs+h ∀t, s, t+ h, s+ h ∈ T 6!5:;9

56!2+)7 X *,!$! ,$(&!2!$*') ,$6!%!$6,!$*!) ), %"&" *'6' ti ∈ T ('$ t1 < · · · < tn -

n ≥ 17

Xt2 −Xt1 , . . . , Xtn −Xtn−1

)'$ ."&,"8/!) "/!"*'&,") ,$6!%!$6,!$*!)0

"#$ <-%.1#) '$(+(*%&1#+ 4*& '$#'.(0&0 .1'#$%&*%( 0( -#+ '$#/(+#+ (+%&/.#*&$.#+

=#$14-&0& (* 6"(>&) !?@?95

*!+,!-. '' 6A#12.*&/.,* 0( '$#/(+#+ (+%#/8+%./#+9(  !" Xt = (X1t, X2t, . . . , Xkt)

#$ .!(*'& 6! k %&'(!)') !)*"(,'$"&,') ('$ .!(*'& 6! 2!6,") ('$)*"$*! u - 2"*&,9 6!

('."&,"$9" ΓXt : "6!2+)7 c′ = (c1, c2, . . . , ck) !) #$ .!(*'& 6! ('$)*"$*!) "&8,*&"&,")7

!$*'$(!) !;,)*! #$" ('28,$"(,<$ /,$!"/ Yt *"/ 3#!7

Yt = c′Xt = c1X1t + c2X2t + · · ·+ ckXkt

('$ E (Yt) = c′u7 var (Yt) = c′ΓXtc - cov (Yt, Yt+k) = c′ΓXt (k) c 3#! ="(!$ "/ %&'(!)'

Yt !)*"(,'$"&,'0

 !"! ! #$%&'()&*+ ,-. /($0 1.23 CF

B $&C,* 0( -& (/4&/.,* 0( D&-#$ /#$'#$&%.D# E(*($&-FGHIE 6!5:?9 J 0( -& /#*0./.,*

0( %$&*+D($+&-.0&0 6!5! 9) (- A&+K L-#M 0( 4*& N$1& (+ 4* '$#/(+# (+%#/8+%./# O4(

/#*+.0($& -# O4( +( /#*#/( K&+%& K#J) t) J -# O4( +( /#*#/($8 (* (- =4%4$#) kP I+%# (+Q

{CFt : s < t < k}



 !"#$%&' () *!+ ' $,-+. '  !

"#

{cft : s < t}

$%&'%(%)*+ ,+ (%'-% *%.&/'+, 0%, &'/1%(/ %(*/12(*-1/3

 !"#$%$&# '()(* 45(&%'+)6+ 7/)0-1-/)+, 0%, 7+(8 9,/:;(  ! "#$"%!&'! ()&*+(+)&!, *"

,! -!%+!.," !,"!/)%+! CFt+1 *!*! ,! +&0)%1!(+2& "& ", $"%+)*) t3 #" *"4&" ()1)5

E [CFt+1|Ft] = Et [CFt+1]

<,=>)+( &'/&-%0+0%( (/)?

45(&%'+)6+ 7,2(-1+; 5) t = 0 ,+ %(&%'+)6+ 1/)0-1-/)+, @ ,+ %(&%'+)6+ 1,2(-1+

1/-)1-0%)

E [CFt+1|F0] = E [CFt+1]

4A-)%+,-0+0; B+'+ 1>+,C>-%' )D.%'/ '%+, a, b (% 1>.&,%?

E [aCFt+1 + bCFt+2|Ft] = aEt [CFt+1] + bEt [CFt+2]

47+)*-0+0 7-%'*+; B+'+ 1>+,C>-%' )D.%'/ '%+, a# 1/)/1-0/# (% *-%)% C>%?

E [a|Ft] = a

45(&%'+)6+ E*%'+0+; B+'+ t ≤ t+ 1

E [E [CF |Ft+1] |Ft] = Et [CF ]

45(&%'+)6+ 0% 7+)*-0+0%( 7-%'*+(; F- >)+ 1+)*-0+0 CF %( '%+,-6+0+ %) %, *-%.&/

t# %)*/)1%( &+'+ 1>+,C>-%' CF # (% *-%)% C>%?

E [CFtCFt+1|Ft] = CFtEt [CFt+1]

5, 7+(8 9,/: 1/./ &'/1%(/ %(*/12(*-1/ 0% *-&/ G-)/.-+, H>% &,+)*%+0/ &/' 4I'>(18J

:-*6 +)0 A/K%'# LMMN; @ (> '%&'%(%)*+1-O) (% %)1>%)*'+ %) ,+ P=>'+ L3L3 B/' ,/ *+)*/#

(- u /1>''% 1/) &'/G+G-,-0+0 p @ d 1/) &'/G+G-,-0+0 q = 1− p# %)*/)1%(?

Et [CFt+k] = (up+ dq)k CFt 4L3Q ;

A+( 1/)(%1>%)1-+( &'21*-1+( 0%, +)*%'-/' &%'.-*%) >)+ R%S-G-,-0+0 %)*'% ,+ ./0%,-6+1-O)

&'/G+G-,T(*-1+ /GU%*-V+ @ (>GU%*-V+# +0+&*2)0/(% H21-,.%)*% + ,+ -)H/'.+1-O) 0-(&/)-G,%



CF

p = q u = 1+ g > d = 1− g > 0 0 < g < 1

Et [CFt+k] = CFt

k > 0

Et [CFt+k] = (up+ dq)k CFt

p = q = 0,5
1

2
u+

1

2
d = 1

Et [CFt+k] = CFt

p < q u = 1 + g > d = 1 − g > 0 0 < g < 1 CFt

CFt+1 = φCFt + εt+1, εt+1 ∼ N
(
0, σ2

)

AR(1)

p < q u = 1 + g > d = 1− g > 0 0 < g < 1

0 < (up+ dq) < 1



 !"#$%&' () *!+ ' $,-+. '  !

"#$%&'()*

(up+ dq) = φ

+&'&,)- ./&0

Et [CFt+k] = φkCFt

 !"! k = 1#

Et [CFt+1] = φCFt

$%&"!# '&()*+,"!(+& -., CFt ,) .( /"&',)& ,)0&'1)0*'& 2 -., /&),, 3! '&(+*'*4( +,

0"!()5,")!3*+!+ ,( 67879:# /!"! CFt = pt# +&(+, 3! ;,+*! 2 3! 5!"*!(<! +,3 /"&',)& CFt

)&( '&()0!(0,) /!"! 0&+& /,"*&+& t 6=".)'%>*0< !(+ ?&@,"# 7AAB:8 C(0&(',)#

CFt+1 = φCFt + εt+1

D, ;!(,"! '&;/!'0!# ,3 /"&',)& !.0&",E",)*5& +, /"*;," &"+,( +, 678FF: ), ,G/",)!

'&;&H

(1− φL)CFt+1 = εt+1

 !"#"$%&%'( )*+  ! "# $%&'"(& "()&'*()!'& CFt (" +,-()+ + -. /&0"#& AR(1)1 ".)&.'"(2

CFt+1 = φt+1CFt +

t∑

i=0

φiεt+1−i

3"/&()%+'!4.5 I,!#

CFt+1 = φCFt + εt+1

 !"! t = 0#

CF1 = φCF0 + ε1

 !"! t = 1#

CF2 = φCF1 + ε2

= φ (φCF0 + ε1) + ε2

= φ2CF0 + φε1 + ε2

 !"! t = 2

CF3 = φCF2 + ε23

= φ
(
φ2CF0 + φε1 + ε2

)
+ ε3

= φ3CF0 + φ2ε1 + φε2 + ε3



 !"#$%&' () *!+ ' $,-+. '  !

"#$# t

CFt+1 = φt+1CFt +
t∑

i=0

φiεt+1−i

 !"#"$%&%'( )*+  ! "# $%&'"(& "()&'*()!'& CFt (" +,-()+ + -. /&0"#& AR(1)1 ".)&.'"(

#+ /"0!+ 2 #+ 3+%!+.4+ '&.0!'!&.+0+ 0"# $%&'"(& "()*. 0")"%/!.+0+( $&%5

Et [CFt+1] = φt+1CFt, 2 vart [CFt+1] = var [εt+1]

%"($"')!3+/".)"6

7"/&()%+'!8.6 %&#'

CFt+1 = φt+1CFt +
t∑

i=0

φiεt+1−i

()*+,#-./ &* /)&$#./$ Et

Et [CFt+1] = Et

[
φt+1CFt +

t∑

i=0

φiεt+1−i

]

= Et

[
φt+1CFt

]
+ Et

[
t∑

i=0

φiεt+1−i

]

= φt+1CFt +
t∑

i=0

Et

[
φiεt+1−i

]

= φt+1CFt +

t∑

i=0

φiEt [εt+1−i]

0+-#*1&-2&'

Et [CFt+1] = φt+1CFt

3& 1#-&$# #-4*/5# 6& )$/,&.& )#$# /72&-&$ *# 8#$+#-9#:

 !"#"$%&%'( ),+  ! "# $%&'"(& "()&'*()!'& CFt (" +,-()+ + -. /&0"#& AR(1)1 ".)&.'"(

#+ /"0!+ 2 #+ 3+%!+.4+1 .& '&.0!'!&.+0+ 0"# $%&'"(& "()*. 0")"%/!.+0+( $&%5

E [CFt+1] =
φ0

1− φ, φ0 ∈ R, 2 var [CFt+1] =
var [εt+1]

1− φ2

%"($"')!3+/".)"6



 !"#$%&' () *!+ ' $,-+. '  !

 !"#$%&'()*+, "#$%

CFt+1 = φ0 + φt+1CFt +

t∑

i=0

φiεt+1−i

&'()*$+,- #( -'#.$,-. E

E [CFt+1] = E

[
φ0 + φt+1CFt +

t∑

i=0

φiεt+1−i

]

= E [φ0] + E
[
φt+1CFt

]
+ E

[
t∑

i=0

φiεt+1−i

]

= φ0 + φt+1E [CFt]

E [CFt+1]− φt+1E [CFt] = φ0

/)+$(0#+1#%

E [CFt+1] =
φ0

1− φ, φ0 ∈ R

&2-.$% 3# ,#04#31.$ 54#6

CFt+1 = φCFt + εt+1

7(#8$+,- $( *4$,.$,-%

(CFt+1)
2 = (φCFt + εt+1)

2

= (φCFt)
2 + 2φCFtεt+1 + (εt+1)

2

&'()*$+,- #( -'#.$,-. E

E
[
(CFt+1)

2
]

= E
[
(φCFt)

2 + 2φCFtεt+1 + (εt+1)
2
]

= E
[
(φCFt)

2
]
+ 2φE [CFtεt+1] + E

[
(εt+1)

2
]

= E
[
(φCFt)

2
]
+ E

[
(εt+1)

2
]

= φ2E
[
CF 2

t

]
+ var [εt+1]

E
[
(CFt+1)

2
]
− φ2E

[
CF 2

t

]
= var [εt+1]

var [CFt+1]− φ2var [CFt] = var [εt+1]

/)+$(0#+1#%

var [CFt+1] =
var [εt+1]

1− φ2
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 !"#"$%&%'( )*+  ! "# $%&'"(& "()&'*()!'& CFt (" +,-()+ + -. /&0"#& AR(1)1 ".)&.'"(

"# $%&'"(& "()&'*()!'& "( 023!#/".)" "()+'!&.+%!& '-+.0&4

|φ| < 1

5"/&()%+'!6.7 "#$%

CFt+1 = φt+1CFt +
t∑

i=0

φiεt+1−i

&'()*$+,- #( -'#.$,-. Et% /# -01)#+#2

Et [CFt+1] = φt+1CFt

3-. (- 1$+1-% #( '.-*#/- /#.4 #/1$*)-+$.)- #+ 5#,)$ *6$+,- |φ| < 1 '6#/1- 76#2

ĺım
j→∞

Et [CFt+j ] = ĺım
j→∞

φt+jCFt = 0

3-. -1.$ '$.1#% $'()*$+,- #( -'#.$,-. var% /# -01)#+#2

var [CFt+1] = var [εt+1]
t∑

i=0

φ2i

8$,- 76#%

t∑

i=0

φ2i =
1− φ2t
1− φ2

9+1-+*#/% #( '.-*#/- /#.4 #/1$*)-+$.)- #+ :$.)$+;$ *6$+,- |φ| < 1 '6#/1- 76#2

ĺım
j→∞

var [CFt+j ] = ĺım
j→∞

var [εt+j ]
1− φ2j
1− φ2 =

var [εt+1]

1− φ2

 !"#"$%&%'( ), <=-+,)*)>+ ,# 9/1$*)-+$.)#,$,?+  ! "# $%&'"(& "()&'*()!'& CFt (" +,-()+

+ -. /&0"#& AR(1) 8 "( 023!#/".)" "()+'!&.+%!&1 ".)&.'"(4

CFt+1 =

∞∑

i=0

φiεt+1−i

8 (" 0!'" 9-" "# $%&'"(& CFt (!:-" -.+ $%&'"(& 0" /"0!+ /&;!# 0" &%0". !.<.!)&1MA(∞)7

5"/&()%+'!6.7 "#$%

CFt+j = φt+jCFt +

j∑

i=0

φiεt+j−i
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"#$%&'()* limj→∞+ ,-(-.*/ 01-2

CFt+1 =

∞∑

i=0

φiεt+1−i

3*4 *,4' #'4,-+ #'4' 1( #4*&-/* -/,*&5/,%&*+ CFt+ )67%$.-(,- -/,'&%*('4%*+ $' 81(&%9(

)- '1,*&*:'4%'(;' < '1,*&*44-$'&%9( -/,5 )-,-4.%(')' #*42

γk = φγk−1, < ρk = φk, k > 1,

4-/#-&,%:'.-(,-+

=%( -.7'4>*+ ' )%8-4-(&%' )- $' #4*#1-/,' )- ?41/&@A%,; B?41/&@A%,; '() C*D-4+

EFFGH+ $' )%(5.%&' )-$ I1J* )- &'J' CFt #*)4K' /-4 .*)-$')' ' #'4,%4 )- 1( #4*&-/*

'1,*4->4-/%:* )- .-)%' .9:%$ ARMA(p, q)+ /%-()* $*/ .*)-$*/ AR(p) < MA(q) &'/*/

#'4,%&1$'4-/ )-$ .%/.*L M'$ '4>1.-(,*+ /- J1/,%N&' &*( $'/ #4*#%-)')-/ )- -/,'&%*('4%-O

)') 01- #*/-- -$ #4*&-/* )- .-)%'/ .*:%$-/OP" < #*4 -$ ,-*4-.' )- Q*$)L

 !"#!$% &' BR-/&*.#*/%&%9( )- Q*$) H(  !"! #$!%&'! &'(!%)'(*%! "+,*-.&/(& &'(01

%*!/0$*!2 CFt2 "& .&"*0 3/*(02 µ2 45& /! %!/(&/60 %!.#!/&/(&' "&(&$.*/*'(0'2 #5&"&

&'%$*,*$'& %!.! 5/0 75/%*8/ -*/&0- "& 90$*0,-&' 0-&0(!$*0' */%!$$&-0"0'2 εt2:;!-"2 <=>?@A

B'(! &'C

CFt+1 = c+
∞∑

i=0

ψiεt+1−i, ψ0 = 1, εt ∼ RB
(
0, σ2

)
BELSGH

)"#"*%#+" &,( D* 5/ #$!%&'! &'(!%)'(*%!2 CFt2 #5&"& &'%$*,*$'& %!.! 5/0 75/%*8/ -*/&0-

"& 90$*0,-&' 0-&0(!$*0' */%!$$&-0"0'2 εt2 &/(!/%&' -0 .&"*0 E -0 90$*0/F0 /! %!/"*%*!/0"0

"&- #$!%&'! '!/C

E [CFt+1] = φ0

E2

var [CFt+1] = var [εt+1]

∞∑

i=0

ψ2
i ,

∞∑

i=0

ψ2
i <∞

$&'#&%(*90.&/(&A

3*4 /1 #'4,-+ $'/ 81(&%*(-/ )- '1,*&*:'4%'(;' < '1,*&*44-$'&%9( -/,5( )')' #*42

γk = var [εt+1]

∞∑

i=0

ψiψi+k, k > 1



 !"#$%&' () *!+ ' $,-+. '  !

"#

ρk =

∑∞
i=0 ψiψi+k∑∞

i=0 ψ
2
i

, k > 1,

$%&'%()*+,-%.)%#

 !"#"$%&%'( )*  !"#$%&' ($ )*+(,+  ! "# $%&'()& ()*&'+)*!'&, CFt, $"(-( ()'%!.!%)(

'&/& "#0 1"#'!2# 3!#(03 -( 40%!0.3() 03(0*&%!0) !#'&%%(30-0), εt, (#*&#'()5

Π(L)CFt+1 = εt+1

6($%()(#*0 30 !#4(%*!.!3!-0- -(3 $%&'()&7 8-(/+),

∞∑

i=0

π2i <∞, 9 Π(L)Ψ(L) = 1

 !"#"$%&%'( ))+  ! (3 $%&'()& ()*&'+)*!'&, CFt, () -:.!3/(#*( ()*0'!&#0%!& 9 0-/!*( 30

-()'&/$&)!'!2# -( ;&3-, (#*&#'() $"(-( )(% (<$%()0-& '&/& "# $%&'()& ARMA(p, q),

*03 ="(5

Φ (L)CFt+1 = Θ(L) εt+1  -./0,

 !"#"$%&%'( ),+  ! (3 $%&'()& ()*&'+)*!'&, CFt, () -(.!3/(#*( ()*0'!&#0%!& 9 )!>"( "#

$%&'()& ARMA(p, q), (#*&#'()5

CFt+1 = Ψ(L) εt+1  -./1,

9 '"/$3( '&# 30 !-(#*!-0-,

Φ (L)Ψ (L) ≡ Θ(L)

 !"#"$%&%'( )-+  ! (3 $%&'()& ()*&'+)*!'&, CFt, () -(.!3/(#*( ()*0'!&#0%!&, () !#4(%*!.3(

9 )!>"( "# $%&'()& ARMA(p, q), (#*&#'()5

εt+1 = Π(L)CFt+1  -./2,

9 '"/$3( '&# 30 !-(#*!-0-,

Π(L)Θ (L) ≡ Φ (L)

 !"#"$%&%'( ).+  ! "# $%&'()& ()*&'+)*!'&, CFt, )!>"( "# $%&'()& -:.!3/(#*( ()*0'!&?

#0%!& ARMA(p, q), (#*&#'() )" /(-!0 9 )" 40%!0#@0 #& '&#-!'!&#0-0) )&#5

E [Φ (L)CFt+1] = E [Θ (L) εt+1] = 0



 !"#$%&' () *!+ ' $,-+. '  !

 !

var [CFt+1] = var [εt+1] +

p∑

i=1

φiγp − θ1E [εtCFt+1]− . . .− θqE [εt+1−qCFt+1]

"#$%#&'()*+#,'#-

"#$ %& '($)*+ ,( -&./01. 2* (&)#/#3($0(.4( 5 (&)#/#$$*,(/01. *%)6 2(2( '#$7

γk = φ1γk−1 + φ2γk−2 + . . .+ φpγk−p, k > q

5+

ρk = φ1ρk−1 + φ2ρk−2 + . . .+ φpρk−p, k > 1

$*%'*/)03(8*.)*+

9. :*.*$(,+ Π(L)+ Ψ(L)+ Φ(L) 5 Θ(L)+ $*'$*%*.)(. ,#% '#,0.#80#% /($(/)*$;%)0/#%<

 !"#$%$&# '()(* ="$*20/)#$ 2* &. '$#/*%# *%)#/6%)0/#>( .#* CFt = {cf1, cf2,...,cft} /*

0#*/(1*&(2, 3# 4, %05&#$5 #$'5&6$'(&5! $# 3#7,#

ĈF t(k) = α1cft + α2cft−1 + ...+ αtcf1 =?<@A>

85+5 #/ %0#3(&'50 /(,#*/ 3# CFt-

 !"#$%$&# '()(+ =9$$#$ 2* '$*20//01. 2* &. '$*20/)#$>( .#* CFt /* 0#*/(1*&(2, 3# 4,

%05&#$5 #$'5&6$'(&5  ĈF t(k) #/ %0#3(&'50 /(,#*/ 3# '*/ %05&#$5 ! #,'5,&#$9

et(k) = CFt+k − ĈF t(k) =?<@!>

:$ #/ #0050 3# %0#3(&&(2, 3#/ %0#3(&'50 ĈF t(k)- ;3#+6$! /* <4,&(2, 3# %=03(3* 0#/*&(5>

,*3* * '*/ #0050 #$'6 3#'#0+(,*3* %509

l(et(k)) = [et(k)]
2

,!-.!/0 )1 ="$*20/)#$ 1')08#>( .(!

et(k) = CFt+k − ĈF t(k)

#$ #/ #0050 3# %0#3(&&(2, 3# 4, %0#3(&'50 CFt(k)!  

l(et(k)) = [et(k)]
2

/* <4,&(2, 3# %=03(3* &4*306'(&*? #,'5,&#$ #/ %0#3(&'50 2%'(+5 @4# +(,(+(1* #/ #0050



 !"#$%&' () *!+ ' $,-+. '  !

 !"#$%&' ( )*#'( #* +$*#'  ',-.

mı́n Et

[(
CFt+k − ĈF t(k)

)2
]

*/&" #"#( +($0

ĈF t(k) = µt+k|t = Et [CFt+k] "!#$!%

1 /* #*-()'-" *2 +$*#' &($ ,+&')(3

4*)(/&$" ',-3 &' ()*+' ,'- )*./0'1+2 ,' 0313034)* '- '**2* 5/),*6+352 0',32 ,' (*'7

,3553819 +)- :/';

mı́n Et

[(
CFt+k − ĈF t(k)

)2
]

&39

µt+k|t = Et [CFt+k]

<1+215'=9

Et

[
e2t (k)

]
= Et

[(
CFt+k − µt+k|t + µt+k|t − ĈF t(k)

)2
]

= Et

[(
CFt+k − µt+k|t

)2
+

(
µt+k|t − ĈF t(k)

)2
]

= Et

(
CFt+k − µt+k|t

)2
+ Et

(
µt+k|t − ĈF t(k)

)2

= vart [CFt+k] + Et

(
µt+k|t − ĈF t(k)

)2

>9 ,),2 :/' -) ?)*3)14) 12 ,'('1,' ,'- (*',35+2*9 '1+215'=;

µt+k|t − ĈF t(k) = 0

5/)1,29

ĈF t(k) = µt+k|t = Et [CFt+k]

<1 .'1'*)-9 -) '=('*)14) 521,35321)- ) -2= ,)+2= 2@='*?),2= '= '- (*',35+2* 8(+302

()*) 5/)-:/3'* ='5/'153) ,' -) ='*3' ,' +3'0(2 CFt#

 !"#"$%&%'( )*+ 5' !- +$( */( */&( %/&' ( #67'2)*-&* */&" '(-"$'(. CFt. +!*#* */8

 $'7'$/*  ()( !-" 9!- ',- 2'-*"2 #* :"$'"72*/ "2*"&($'"/ '- ($$*2"#"/. εt. *-&(- */ 2"



 !"#$%&' () *!+ ' $,-+. '  !

 !"#!$%! &' ()* '"")"'* &' +"'&#,,#-$ '*.! &'.'"/#$!&! +)"0

vart [et(k)] = vart [εt]
k−1∑

i=0

ψ2
i "#$%!&

1'/)*."!,#-$2 '()*

CFt+k =
∞∑

i=0

ψiεt+k−i

+) ,(-,(.(/0)123/ 4( 56+4* 7

ĈF t(k) =

∞∑

i=0

ψk+iεt−i

+) -,(421123/ 3-028)$ 96/.24(,)/46 :;(<

et(k) = CFt+k − ĈF t(k)

=/06/1(.*

et(k) = εt+k + ψ1εt+k−1 + ...+ ψk−1εt+1

>;(?6*

vart [et(k)] = var [εt]
(
1 + ψ2

1 + ψ2
2 + ...+ ψ2

k−1
)

= var [εt]

k−1∑

i=0

ψ2
i

 !"#"$%&%'( )*+ 3# ĈF t(k) '* 4$ '*.#/!&)" #$*'*5!&) $)"/!( ,)$ /'&#!6 CFt+k6 7

 !"#!$%!6 vart [εt]
∑k−1

i=0 ψ
2
i 6 '$.)$,'*0

P


|CFt+k − ĈF t(k)| < Zα

2

(
var [εt]

k−1∑

i=0

ψ2
i

) 1

2


 = 1− α

"'+"'*'$.! '( #$.'" !() &' ,)$8!$%! !( (1− α) % &' CFt+k

=+ -,61(.6 4( (.028)123/ 4( +). -6/4(,)126/(. ψ̂i -),0( 4( +) 24(/024)4*

(
1− φ̂1L− . . .− φ̂pLp

)(
1− ψ̂1L− ψ̂2L

2 − . . .
)
=
(
1− θ̂1L− . . .− θ̂qLq

)

)+ 2?;)+ +6. 16(@12(/0(. 4( +6. 6-(,)46,(. (/ )8A6. +)46. 4( +) 24(/024)4* .( 6A02(/( +)



 !"#$%&' () *!+ ' $,-+. '  !

"#$%&'() *+&%*"',-.

ψ̂k =

{
θ̂j + φ̂1ψ̂j−1 + φ̂2ψ̂j−2 + . . .+ φ̂pψ̂j−p,  !"! j = 1, 2, ..., q

φ̂1ψ̂j−1 + φ̂2ψ̂j−2 + . . .+ φ̂pψ̂j−p,  !"! j > q

#$% ψ̂0 = −1 & ψ̂j−i = 0 '( j < i)

*+$"! ,(-%. /% "-'/01!2$ (3 $"1!%1- -' 4/- 1$2$  "$5-'$ ARMA  /-2- '-" "- "-6

'-%1!2$  $" /%! 7/%5(8% !2(1(9! 2-  "$5-'$' !/1$"-:"-'(9$' AR. ;<-=!. >?@?A & ;B"!%:-"

!%2 C$""('. @DEFA. -'1$ -'G

AR (p1) +AR (p2) + · · ·+AR (pk) = ARMA

(
k∑

i=1

pi,max (p1, p2, . . . , pk)

)
;>)FHA

2- :"!% (3 $"1!%5(! -% 0! 3$2-0(I!5(8% J%!%5(-"! 5/!%2$ -K('1-% 9!"(!,0-' 4/- %$ '$%

2("-51!3-%1- $,'-"9!,0-'  -"$ 4/- '$% /% "-'/01!2$ 2- /%! 5$3,(%!5(8% 0(%-!0 2- $1"!'

4/- 'L  $'--% 1!0  "$ (-2!2)

M- -'1! 3!%-"!. '( FCFt ∼ ARMA (p, q) -%1$%5-' 1!0  "$5-'$  /-2- "- "-'-%1!"'-

5$3$ /%! '/3! 2-  "$5-'$' !/1$"-:"-'(9$'. -' -9(2-%1- 4/- !4/-00! '/3!  /-2- '-" 0!

-K "-'(8% ;>)NA 4/- 2-J%- -0 7"-- 5!'+ O$P.

FCFt = CFSales
t − CFG

t −Opext − Capxt − CF Taxes
t

0$ 4/- '/:(-"- 4/- 5!2! 5$3 $%-%1- '-! /%  "$5-'$ !/1$"-:"-'(9$ (%2- -%2(-%1- 1!0 4/-

p = p1 + p2 + · · ·+ p5 & q = máx (p1, p2, . . . , p5))

 !"!"! #$ %&'()*' +, &-).)+$+ / $0,12)*' $. 1),234 +,. $+5)')2-1$+41

6'$'(),14

 !"#$%$&# '()(* ;Q$1-"L! $ <-"' -51(9! *0-!1$"(!A(  !"! #$! !%&'($!&)*! aj ∈ A + xi
%! ,-$.',#'$,)! ',-$/0),! "' "),1! "',).)/$ '$ '% '.&!"- θi2 '$&-$,'.3

ℓ =

(
x1 · · · xi · · · xn · · ·
p1 · · · pi · · · pn · · ·

)
, pi = P (θi) ,

∞∑

i=1

pi = 1

.' %' "'$-0)$! %-&'(4! - 5'(.5',&)*! !%'!&-()! !.-,)!"! ! %! !%&'($!&)*!2 aj ∈ A6

 !"#$%$&# '()(+ ;C(K1/"! / R -"!5(8% Q(%-!0A( 7$! 8)9&#(! '. '% 5(-,'.- :#' !.-,)!

! &-"- 5!( "' 5'(.5',&)*!. !%'!&-()!. ℓ, ℓ′ ∈ L ,-$ .#. ('.5',&)*!. 5(-;!;)%)"!"'. "'



 !"#$%&' () *!+ ' $,-+. '   

 !"#$%&'$ p( #)" #)*

(
p (1− p)
ℓ ℓ′

)
≡ pℓ+ (1− p) ℓ′, 0 ≤ p ≤ 1

 !"#$%$&# '()(* !"#$%&'( )* +',-./%#0( +$ #),-%& .# /&0"12-) #) 1$ % $31$" L .#

,#2),#%"&4-) -5#-" 2&-) ) !2# #5 61# )# .#7$# 1$-  ,#2-%&'$ .# /&0"12- 8 %1/,5# % $ 5 )

)&91&#$"#) -0& /-)*

:; <-%& $-5&.-. .#5 .#%&) 2( )&

∀ℓ, ℓ′ ∈ L, 8 ∀p ∈ [0, 1] #$" $%#) pℓ+ (1− p)ℓ′ ∈ L

:= >22#5#4-$%&- #$ 5 ) #5#/#$" ) .# 5- 5 "#2?-(

pℓ+ (1− p) ℓ′ = (1− p) ℓ′ + pℓ

:@ >$.&A#2#$%&- 2#),#%" - 5 ) 2#)15"-. )( )&

ℓ′′ = pℓ+ (1− p) ℓ′

8 % $)&.#2-$. 5- /&0"12-

qℓ′′ + (1− q) ℓ′

#$" $%#)(

qℓ′′ + (1− q) ℓ′ = pqℓ+ (1− pq) ℓ′

 !"#$%$&# '()(+, !"#$%&'( )* 1-'2')%)0( +$ #),-%& .# 1"&5&.-. #) 1$ % $31$" L 61#

%1/,5# % $ 5 ) )&91&#$"#) -0& /-)*

:; L #) 1$ #),-%& .# /&0"12-)B

:= C2# 2.#$ ) !2# L  ,2#A#2#$%&- #)"2&%"-( %( #$"2# 5 "#2?-)B

:@ D1)"&"1%&'$(

∀ℓ, ℓ′, ℓ′′ ∈ L 8 ∀p ∈ (0, 1)

)# %1/,5# 61#(

ℓ % ℓ′ ⇔ pℓ+ (1− p) ℓ′′ % pℓ′ + (1− p) ℓ′′

:E F $"&$1&.-.( )&

ℓ, ℓ′, ℓ′′ ∈ L, % $ ℓ % ℓ′ % ℓ′′
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 !"#$ %&

λ ∈ [0, 1]

$'( )% *

λℓ+ (1− λ) ℓ′′ = ℓ′

 !"# $%& +',- %&  #.'/"- , 0"!$%1'* L* /-& ℓ1, ℓ2, ℓ3 ∈ L 2 ℓ1 ≻ ℓ2*  &$-&/ #3

λℓ1 + (1− λ) ℓ3 ≻ λℓ2 + (1− λ) ℓ3, ∀λ ∈ [0, 1]

 !"# $'& +','# ,-# (-$ 1"'# /-& (-# 0"#0-# .1 0"-#*  # .1 4 1"5( (' )% '$1"5%2 

0'2-1 .1-5'5"(",', '( .1 0"- 06# , # '5( 7 8# , /"1* #" L  # %&  #.'/"- , %$"(",', /-&

ℓ1, ℓ2 ∈ L 2 ℓ1 ≻ ℓ2 /%'( #)%" 1' )% # '& λ 2 µ* $'( # )% 3

0 ≤ λ ≤ µ ≤ 1

 &$-&/ #*

µℓ1 + (1− µ) ℓ2 ≻ λℓ1 + (1− λ) ℓ2
 !"# $(& 9" ℓ1, ℓ2 ∈ L /-& ℓ1 ≻ ℓ2 2*

λℓ1 + (1− λ) ℓ2 % µℓ1 + (1− µ) ℓ2

 &$-&/ #*

λ ≥ µ

 !"# $)& 9" ℓ1, ℓ2, ℓ3 ∈ L /-& ℓ1 ≻ ℓ3 2 ℓ1 % ℓ2 % ℓ3*  &$-&/ #*

ℓ2 ∼ λ0ℓ1 + (1− λ0) ℓ3

*!+,!"# $$ "#$% &'()*%%+,$-.'%/0'-%1& 9 ' %& /-&:%&$- L , ;&",-  & <( %&' 1 =

('/">& , .1 4 1 &/"'="&,"4 1 &/"' 2  & (' /%'( # ? 1";/'& (-# '!"-0'# '&$ 1"-1 #@ .-1

(- $'&$-*  !"#$  & $'( /-&:%&$- %&' 4%&/">& , %$"(",',* ("& '(* A&"/' 2 )% )% ,' , $ 1=

0"&',' ;:'&,- #% ?'(-1 .'1' ,-# (-$ 1B'# , L7

u : L→ [0, 1]

ℓ→ u (ℓ) = λ

-!./0102/ (&)&'' "234$)5046* 7' 8(6'+9*:;*1& C'1$ , %&' 1 ('/">&  &$1 ('# ,"=

4 1 &$ # '($ 1&'$"?'# , , /"#">& 2 #%# 1 #. /$"?'# .1-5'5"(",', # , # 1  ( D",'#* 8#$-

 #3

EF + .1 4 1 &/"' .%1-7 9 ' X = {x1, x2, x3, ..., xi, ..., xn}  ( /-&:%&$- , 1 #%($',-#*



 !"#$%&' () *!+ ' $,-+. '  !

 !"#!$ %&

x1 % x2 % x3 % ... % xi % ... % xn

'( ) * +,$$-.! + /#" *01% $#23, %"1%4 5 1 ,!1 %,$ %-.! + /#" *01% ℓ1, . . . , ℓj , . . . , ℓm

"1/ 6, 7

ℓj =

(
pj1 · · · pji · · · pjn

x1 · · · xi · · · xn

)
, pji ∈ [0, 1] ,

n∑

i=1

pji = 1

8 ,!1 2-9",*17

ℓ =

(
q1 · · · qj · · · qm

ℓ1 · · · ℓj · · · ℓm

)
, qj ∈ [0, 1] ,

m∑

j=1

qj = 1

':#*17 $#!%-+ *1!+# ,!1 /#" *01 $,1/6,- *17

(
p1 · · · pi · · · pn

x1 · · · xi · · · xn

)

;!"#!$ %7

ℓ ∼
(
p1 · · · pi · · · pn

x1 · · · xi · · · xn

)

%- 23* 6, 7

pi =
m∑

j=1

qjp
j
i

'< ) $#!"-!,-+1+4 5 1

ℓd ∼
(

1 0

η z

)

,!1 /#" *01 + = ! *1+17 8 ,!1 /#" *01 $,1/6,- *17

ξ ∼
(
π 1− π
x y

)
, π ∈ [0, 1] , x ≻ y

 !"#!$ % η  % ,!  6,->1/ !" $- *"#7 + 21! *1 6, &

ℓd ∼ ξ

'? ) %,%"-",$-.!4 5-

ℓ ∼
(
p1 · · · pi · · · pn

x1 · · · xi · · · xn

)
, pi ∈ [0, 1]

n∑

i=1

pi = 1



 !"#$%&' () *!+ ' $,-+. '  !

 

x1 % x2 % x3 % ... % xi % ... % xn

!"#$"%!& &! '(!)! *!!+',-.-* (" '*!+/$ '$* &( ,$#!*/- !0(/1-,!"#!2

xi ∼
(
µi 1− µi
x1 xn

)
, 0 ≤ µi ≤ 1

34 5! $*)!"-%/6"2 !, %$"7("#$ L )! ,$#!*8-& '$&!! !&#*(%#(*- )! '*!$*)!" %$+',!#$9

3: 5! +$"$#$"8-9 ;!-"

ℓ =

(
p 1− p
x1 xn

)
, 0 ≤ µi ≤ 1

 2

ℓ′ =

(
p′ 1− p′
x1 xn

)
, 0 ≤ µi ≤ 1

)$& ,$#!*8-& %$" x1 ≻ xn2 0 ≤ p ≤ 1  0 ≤ p′ ≤ 12 !"#$"%!&<

ℓ ≻ ℓ′ ⇔ p > p′

ℓ ∼ ℓ′ ⇔ p = p′

ℓ ≺ ℓ′ ⇔ p < p′.

 !"#$%$&# '()(*' "#$%&'(% )* +,'-').)/0$&* 1.23.4( =- >("%/6" )! (#/,/)-) 0(! &!

$?#/!"! )! ,- -@/$+A#/%- )! =(%!BC-DE- &! )!F"! %$+$ ,- '*$?-?/,/)-) -&/G"-)- -, +!7$*

*!&(,#-)$ !" &( ,$#!*8- !0(/1-,!"#!2 !&#$ !&<

u : X → [0, 1]

xi → u (xi) = µi

,- %(A, !& H"/%- I&-,1$ #*-"&>$*+-%/$"!& ,/"!-,!&J  '!*+/#! )!F"/* )/&#/"#-& -%#/#()!&

)!, )!%/&$* >*!"#! -, */!&G$< -1!*&/6"2 '*!>!*!"%/-  "!(#*-,/)-) I=6'!.2 KLLMJ9

 !"#$%$&# '()(*) "56'%&'7'8 )*- (7,'984( ;!- ("- ,$#!*8- ℓ ∈ L #-, 0(!<

ℓ ∼
(
p1 · · · pi · · · pn

x1 · · · xi · · · xn

)



 !"#$%&' () *!+ ' $,-+. '  !

 !"! pi ∈ [0, 1] # x1 % x2 % x3 % ... % xi % ... % xn;xi ≁ xn$ %&'(&)%*+

ℓ ∼
( ∑n

i=1 piui
∑n

i=1 pi (1− ui)
x1 xn

)
, 0 ≤ µi ≤ 1

*,+

xi ∼
(

ui 1− ui
x1 xn

)
.

-,&!./%&'%+ *% .% ..!/! 0',.,1!1 2* %"!1!+ E [u (ℓ)]+ !3

E [u (ℓ)] =
n∑

i=1

piui

# )4#! 1%),*,5& )(&*,*',"6 %& /!7,/,8!" '!. 4',.,1!1 %* %"!1!9

"#$%&'()*+,# ',# %-$(.*,.(# #/0/(#$,#1 #( 2%.%-$*3% '% (4*#$(-)*% +( /-% 5/-)*6- +(

/$*'*+%+ 0%.% /- +()*#,. )/7, ),80,.$%8*(-$, (#$9 +($(.8*-%+, 0,. ',# %4*,8%# +( :,-

;(/8%--<=,.2(-#$(.- , >/)(<?%@A%1 8(+*%-$( /- 0.,)(+*8*(-$, *$(.%$*B, +( )%.9)$(.

#/&C($*B, #( 0/(+( (#$%&'()(. /-% 5/-)*6- +( /$*'*+%+ *-+*B*+/%'1 '% )/9' #( +($%''% (- ('

%-(4, DEFG "#$, 0(.8*$( '% (#$*8%)*6- +( ',# ),80,-(-$(# +( %B(.#*6- %' .*(#2, ( *8<

0%)*(-)*% %' ),-#/8, *-$(.$(80,.%' H/( )%.%)$(.*3% '%# 0.(5(.(-)*%# +( /- +($(.8*-%+,

+()*#,. DI.%-2, %-+ ?%8J.(31 KLLMFG

?(#0()$, %' ),80,.$%8*(-$, H/( 0/(+( %+,0$%. /- +()*#,. %-$( (' .*(#2,1 #( 0.(#(-<

$%- +,# )%#,# ),-).($,#1 0,. /- '%+, '% 0%.$*)*0%)*6- +( /- +()*#,. (- /-% ',$(.J% (-

5/-)*6- +( #/ #*#$(8% +( 0.(5(.(-)*%#1 7 0,. (' ,$.,1 '% +($(.8*-%)*6- +( '%# 0.,&%&*'*<

+%+(# (- /-% ',$(.J% ),- 0.(8*,# +%+,#G

N(%1

ℓ =

(
p1 p2

x y

)

/- ',$(.J%1 ℓ1 ),- 0.(8*,# x 7 y1 .(#0()$*B%8(-$( %))(#*&'(# ),- 0.,&%&*'*+%+(# p1 7 p2O

%+(89#1 x ≻ yG

P( %)/(.+, ),- (' ),-)(0$, +( (H/*B%'(-$( )*(.$,1

ℓd =

(
1 0

η z

)

#*(-+, z /- .(#/'$%+, %.&*$.%.*, 7 ℓd /-% ',$(.J% +(2(-(.%+%G "-$,-)(#Q

ℓd ∼ ℓ
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"#$ %# &'()

u (ℓd) = u (ℓ)→ u (η) = p1u (x) + p2u (y)

* + ,' -(.)

u (y) < u (η) < u (x) , x ≻ η ≻ y

/0#1+) 2&'3 4(5( ,'"(4(1 "#$ %+, 61#5+57%74+4(, ,7 8+$8# %#, 61(97#, "#9# %+ :'$"7;$

4( '87%74+4 (, "#$#"74+ 6#1 (% 4("7,#1<= >+4# &'()

ℓ =

(
p1 p2

x y

)
, p1 + p2 = 1 * x ≻ y

*)

ℓ′ =

(
p1 p2

x+ r y + r

)
, p1 + p2 = 1 * x ≻ y

(, %+ 6#,7"7;$ ?$+% 4( '$ 4("7,#1 "#$ 17&'(.+ 7$7"7+%) r) ($8#$"(, ($ "#$47"7;$ 4( 7$47:(@

1($"7+ ,( "'96%71A &'(B

u (r) = p1u (x+ r) + p2u (y + r)

= p1u (x+ r) + (1− p1)u (y + r)

= [u (x+ r)− u (y + r)] p1 + u (y + r)

%'(C#

p1 =
u (r)− u (y + r)

u (x+ r)− u (y + r)

*

p2 =
u (x+ r)− u (r)

u (x+ r)− u (y + r)

 !"#$%&' () #%"$*+

D(+ ℓ = pxi + (1− p)xj , p ∈ [0, 1]E '$+ %#8(1F+ "'+%&'7(1+ * µ '$+ "#$,("'($"7+

(,6(1+4+ 4( ℓ= D( +?19+ &'( '$ 7$-(1,7#$7,8+ 87($( +-(1,7;$ +% 17(,C# ,7)

µ ≻ ℓ

u (µ) > u (ℓ)

u (pxi + (1− p)xj) > pu (xi) + (1− p)u (xj)

%# "'+% (, (-74($8()

u [E (X)] > E [u (X)]



 !"#$%&' () *!+ ' $,-+. '  !

" #$% &$ '()'$* +$),-./%().$ &( ./,-01(&.(. ./ 2/),/)* 1) -)3/%,-$)-,'( ,/%4 (3/%,$ (&

%-/,0$ ,- " ,5&$ ,- #$,// 1)( 61)+-5) ./ 1'-&-.(. +5)+(3( %/,#/+'$ (& .$7-)-$ ./ #%/7-$,8

9) +$),/+1/)+-(* /, :'-& '/)/% 1)( 7/.-.( ./ &( -)'/),-.(. ./ &( (3/%,-5) (& %-/,0$

&( +1(& ,/( -)3(%-()'/ ( '%(),6$%7(+-$)/, (;)/, ./ &( 61)+-5) ./ 1'-&-.(.* /,'/ /, /& +(,$

./ &( 7/.-.( ./ (3/%,-5) (<,$&1'( (& %-/,0$ ./ =%%$>?@%('' A1/ ,/ ./;)/ +$7$B

r (x) = −u
′′ (x)
u′ (x)

, u′ (x) 6= 0 CD8 EF

G '(7<-H)* 1)( 7/.-.( ./ '$&/%()+-( (& %-/,0$* '(& A1/B

T (x) =
1

r (x)
CD8  F

I/ +$),-./%( )1/3(7/)'/ A1/ ℓ = pxi + (1− p)xj J /, 1)( &$'/%K( +1(&A1-/%( " η ,1

/A1-3(&/)'/ +-/%'$* /)'$)+/,B

u (η) = u (ℓ) = pu (xi) + (1− p) (xj)

.(.$ A1/ /& -)3/%,-$)-,'( /, (.3/%,$ (& %-/,0$*

u (µ) > u (ℓ)

,/ '-/)/ A1/*

u (µ) > u (η) /)'$)+/, µ > η

+$),-./%().$ A1/ µ, η ∈ Du* /)'$)+/,B

π = µ− η CD8 LF

" '(& .-6/%/)+-( ,/ ./)$7-)( #%-7( #$% /& %-/,0$? !"# $ %&!'& $  !"# ()&$%*"+,!)*

CM/N$" (). O/%)/%* DP!PF8 Q$) /,'$* ,/ #1/./ #&()'/(% /& '/$%/7( ./ @%(''8

 !"#!$% &' CR/$%/7( ./ @%(''F( -%+ ui . uj /)" 0'*(!)*%" /% ',!1!/+/2 πi . πj 1+

 %"$%(,!3+ $ !&+ $)  !%"4)5 $) '1,!&)2 ri . rj 1+ &%/!/+ /% +3% "!6* +7")1',+ +1  !%"4)

/% 8  )9:; +,,5 %*,)*(%" 1+" "!4'!%*,%" ()*/!(!)*%" ")* %<'!3+1%*,%"=

>? ri (x) ≥ rj (x)

@? πi ≥ πj

A? ui = f ◦ uj $+ + f (6*(+3+ . %", !(,+&%*,% &)*6,)*+5 %" /%(! 2 ui %" '*+ , +*":

0) &+(!6* (6*(+3+ /% uj?
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 !"!#$"%! &'(  !"! #$! %#$&'($ )* #+',')!) *-+"'&+!.*$+* &"*&'*$+* / )'%*"*$&'!0,* -*

&#.1,* 2#*3

π *- &"*&'*$+* -' / -(,4 -' r (x) *- &"*&'*$+*5

π *- &4$-+!$+* -' / -(,4 -' r (x) *- &4$-+!$+*5

π *- )*&"*&'*$+* -' / -(,4 -' r (x) *- )*&"*&'*$+*5

"#$%#& $' (& )*'+#$,-./ &$ &(0& /()&10'2 "**'345*/00 0/67-8$ )*')#(-&*'$ #$/

6&,-,/ ,& /9&*(-:$ /; *-&(<' *&;/0-9/ / #$ 1'$(#6' ' *-%#&./ -$-1-/;2 &(0' &(=

rr (x) = −xu
′′ (x)
u′ (x)

= xr (x) , u′ (x) 6= 0 >!? @A

;/ 1#/; ;;/6/*'$ ;/ 6&,-,/ ,& /9&*(-:$ *&;/0-9/ /; *-&(<'? B' &( ,-+C1-; ,&6'(0*/*2 %#& ;/

0';&*/$1-/ D ;/ )*-6/ )'* *-&(<' *&;/0-9/ ('$ &E0&$(-'$&( ,&; 1/(' /7(';#0'?

)*+,%!+-. /- *0%#%/$/ ,!+ 0!#-"$+,%$ #%+-$# $# "%-.1!

F#)'$-&$,' %#& ;/ +#$1-:$ ,& #0-;-,/, ,& #$ -$,-9-,#' &( ,& 0-)' -$0&*0&6)'*/;2

U (xt) =

∞∑

i=0

βiu (xi)

,'$,&2 u (xi) &( #$ 6-&67*' ,& ;/ +/6-;-/ ,& +#$1-'$&( ,& #0-;-,/, 1#D/ 6&,-,/ /7(';#0/

,& /9&*(-:$ /; *-&(<' r (x) &( )'(-0-9/ )/*/ 0',' xi2&(0' &(=

r (x) = −u
′′ (x)
u′ (x)

=

(
x

1− γ +
η

β

)−1
> 0 >!? GA

(#H&0' / ;/( *&(0*-11-'$&(2

γ 6= 1, β > 0,
βx

1− γ + η > 0, γ −∞⇒ η = 1

5'* ;' 0/$0'2 0','( ;'( 6-&67*'( ,& ;/ +/6-;-/ ,& +#$1-'$&( I-)&*7:;-1/( ,& /9&*(-:$

/7(';#0/ /; *-&(<' >J"K"A (& )#&,&$ &E)*&(/* 1'6' +#$1-'$&( ,& #0-;-,/, ,& 0-)'2

u (x) =
1− γ
γ

(
βx

1− γ + η

)γ

>!?LMA

N/ 7'$,/, ,& ;/ &E)*&(-:$ (& &$1#&$0*/ &$ ;/ )'(-7-;-,/, ,& /H#(0/* (#( )/*O6&0*'(

;-7*&(2 ,& 0/; 6/$&*/ %#& (& ;'<*& #$/ 0*/$(-1-:$ &$0*& +#$1-'$&( 1'$ /9&*(-:$ /7(';#0/

' /9&*(-:$ *&;/0-9/ /; *-&(<' 1*&1-&$0&2 $' ,&1*&1-&$0& ' 1'$(0/$0& >P&*0'$2 QGGMA?
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"#$%

T (x) =
x

1− γ +
η

β
&'()*+

,$-.#/01% β0 =
η
β
2 β1 =

1
1−γ  !" #$%&"'"(

T (x) = β0 + β1x

)*" +",+"!"'%- .- %#."+-'/&- .&'"-. -. +&"!0# 12345 6" *' &'7"+!&#'&!%-8 - /#'%&'*-/&9' 

!" ,+"!"'%- .- ,+#,#!&/&9' :#+;*.-6- ,#+ 1<"'! -'6 3&"0"+ =>?>5@

 !"#"$%&%'( )*+  !" #$!%&'! u : R → R () *( +&,- ./0/ )& 1 )'2- )& () $!" +3"!)4

#-35"%&'! "#6! *( $!" *( 2") )&7$&(!+() #$!%&-!()8

u (x) = ln (x+ β0) , u (x) = −β0e−
x
β0 , u (x) =

(β0 + β1x)
β1−1

β1

β1 − 1

*-!*(9 β0 1 β1 )-! ,"3:5(+3-) 2&;3()9 1 2") 5(*&*") *( "<(3)&'! ";)-2$+" "2 3&()7- %-!)4

+"!+( =>/0/? 1 "<(3)&'! 3(2"+&<" "2 3&()7- %-!)+"!+( =>00/? )-! %")-) ,"3+&%$2"3() *(

=./0/?@

A*')*" .#! %+-$-B#! 6" 1C"+%#' ?DD>5 1E#..&"+ =>>?5 12"3#F -'6 G"+'"+ =>?>5 F

1<"'! -'6 3&"0"+ =>?>5 !*0&"+"' *' /#'B*'%# 6" :*'/&#'"! 6" *%&.&6-6 6" %&,# 1<A3A5 

". ,+"!"'%" %+-$-B# /#'%&'*- .- .&'"- 6". ;#6".# $-!-6# "' /#'!*;# )*" !*0&"+" .-

&;,.";"'%-/&9' 6" .- :*'/&9' &!#".H!%&/- # ,#I"+ *%&.&%F@

,-(&%"( ./ -0%1%.2. %$"/13$0%&2 " #"4/! -0%1%05

J#'!&6"+-'6# .- %#."+-'/&- -$!#.*%- -. +&"!0# 6" %&,# .&'"-. ,.-'%"-6- "' 12"3#F -'6

G"+'"+ =>?>5 %-. )*"(

T (x) = η +
x

γ

6-6# )*" T (x) = r (x)−1 

r (x) =

(
η +

x

γ

)−1
= −u

′′ (x)
u′ (x)

;*.%&,.&/-'6# ,#+ x 

rr (x) = x

(
η +

x

γ

)−1
= −xu

′′ (x)
u′ (x)

!" #$%&"'" .- ;"6&6- 6" -7"+!&9' +".-%&7- -. +&"!0#@
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"#$%&' ()*+$,-& η = 0 .$ /+$,$0

rr (x) = γ

1#$ *&22$.3&,-$ ) 4) .+/#)*+5, -&,-$ 4) 6$-+-) -$ )7$2.+5, 2$4)/+7) )4 2+$.%& $. *&,./),/$

$ +,-$3$,-+$,/$ -$4 *&,.#6& 89::;<=

>)-& 1#$'

−xu
′′ (x)
u′ (x)

= γ

.$ 3#$-$ 34),/$)2 #,) $*#)*+5, -+?$2$,*+)4 -$ 32+6$2 &2-$,' /)4 1#$0

du′ (x)
u′ (x)

= −γdx
x

4#$%&' +,/$%2),-& @ )34+*),-& 4) $A3&,$,*+)4 .$ /+$,$ 1#$0

u′ (x) = e−γ lnxec

-$B,+-) *&6& 4) #/+4+-)- 6)2%+,)4=

C+ .$ 32&*$.) u′ (1) = 1' +634+*) 1#$ 4) #/+4+-)- 6)2%+,)4 -$4 *&,.#6& 1#$-) -$/$2D

6+,)-) 3&20

u′ (x) = x−γ 8E=FE<

@ 3&2 4& /),/&'

u (x) =





1

1− γ x
1−γ

.+ γ 6= 1

lnx .+ γ = 1
8E=FG<

2$32$.$,/) 4) ?)6+4+) -$ ?#,*+&,$. -$ #/+4+-)- -$ *&,.#6& H).)-). $, 89::;<' *&,&*+-).

*&6& ?#,*+&,$. -$ #/+4+-)- +.&$4I./+*).' 1#$ .&, $./2+*/)6$,/$ *2$*+$,/$. @ *5,*)7).=

 !"#$% &' &'(")'*#$ '(#$"+(#,"$ "$* -)*",.* ,($'/+(#,"!

>$ 4) $*#)*+5, -$ 7)4&2 *&23&2)/+7& %$,$2)4 $, 8E=GJ<' -$4 ?)*/&2 -$4 -$.*#$,/& $./&D

*I./+*& $, 8E=G < @ -$ 4) #/+4+-)- 6)2%+,)4 -$ *&,.#6& $, 8E=FE<' .$ &H/+$,$ 4) .+%#+$,/$

32&3&.+*+5,0

0%$1$(,",.* 234  ! "#!$% &$%'$%#()"$ *+ ,-# +.'%+/# +/ )0,#! # !# /,.# # '+%'+(,)1

*#* *+! '%$*,&($ +-(%+ !$/ 2,3$/ *+ &#3# 4 !# (#/# .#%0)-#! *+ &$-/,.$ )-(+%(+.'$%#!

)/$+!5/()&#6  /($ +/7

Vt = Et

∞∑

j=1

βj
(
ct+j

ct

)−γ
CFt+j 8E=F!<
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 !"#$%&'()*+, "#$%

Vt = Et

∞∑

j=1

mt,t+jCFt+j

&$'( )*#%

mt,t+j = βj
u′ (ct+j)

u′ (ct)

+ ,$ *-.,.'$' /$01.2$, '# 3(24*/( #4-5 '$'$ 6(07

u′ (c) = c−γ

82-(23#4

Vt = Et

∞∑

j=1

βj
(
ct+j

ct

)−γ
CFt+j

8, 9$3-(0 '# '#43*#2-( 6#0/.-# 3$6-*0$ #, '#4#( 6(0 /54 3(24*/( : 4* ./6$3.#23.$

.2-#0-#/6(0$,% /54 )*# *2 (;<#-.=( .2-#0/#'.( '# /#'.$>=$0.$2?$ 3(/( 4# ,(10$ 3(2

#, CAPM @ ,$4 3$0$3-#0A4-.3$4 '# /(2(-(2A$ : 3(23$=.'$' '# ,$ 9*23.B2% 0#C#<$2 *2

'#4#( 6(0 /54 3(24*/( : *2 '#30#3./.#2-( /$01.2$, '# 4* *-.,.'$' 6(0 *2 3(24*/(

$'.3.(2$,D &# .1*$, 9(0/$% $10*6$ #2 *2$ 4(,$ 3.90$ ,$ $=#04.B2 $, 0.#41( : ,$ ./6$3.#23.$

.2-#0-#/6(0$, '# *2 .2=#04.(2.4-$% #E6*#4-( $ *2$ #3(2(/A$ 3(2 $*4#23.$ '# *2 /#03$'(

'# =$,(0#4 '#4$00(,,$'(@ $ '.9#0#23.$ '#, CAPM )*# 6(4## *2$ 6(4.3.B2 .2/#<(0$;,#

3*$2'( 4# '#4#$ 0#$,.?$0 #, 60(3#4( '# =$,(0$3.B2 #2 *2 /#03$'( #F3.#2-#D

&# #4-$ /$2#0$% 0#$,.?$2'( 4*4-.-*3.(2#4 4*3#4.=$4 $, 9$3-(0 '# '#43*#2-( #4-(354-.3(%

mt,t+j = βj
(
ct+j

ct

)−γ

6$0$ j > 0 : $6,.3$2'( #, 60.23.6.( '# #)*.=$,#23.$ F2$23.#0$% 4# (;-.#2#7

mt,t+j =
1

Rc
t,t+j

, Rc
t,t+j =

(
1 + rct,t+j

)

: 3(2 #,,(%

Vt = Et

∞∑

j=1

1

Rc
t,t+j

CFt+j . GHDI!J

K.2$,/#2-#% 6(0 ,$ 3(2=#01#23.$ '# =$,(0 #2 GHDLIJ% 4# 6*#'# #E60#4$0 ,$ #3*$3.B2

'# =$,(0 3(06(0$-.=( #2 9*23.B2 '#, C*<( '# 3$<$ ,.;0#% FCF % : #, 3(4-( 60(/#'.( '#
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!"#$%"&' Rwacc
t,t+j ' ()%* ()+

Vt = Et

∞∑

j=1

1

Rwacc
t,t+j

FCFt+j , Rwacc
t,t+j =

(
1 + rwt,t+j

)
. ,-./ 0

12 !34* !")*' &( 5(#5()(2%"!$62 )$7#&$8!"9" 9(& wacc ()%: 9"9" #*5'

rwt,t+j = wdr
d
t,t+j (1− τt,t+j) + wer

e
t,t+j , !*2 ret,t+j = rct,t+j .

 !"!#! $%&'()*'+, -. /) 01*'+, 2.)/ O

;" (<#5()$62 ,-.=>0 "7#&$8!" (& !*2!(#%* 9( ?"&*5"!$62 7(9$"2%( &" !3"2%$8!"!$62 9(

32 !*7#*2(2%( #(57"2(2%( 4 32 !*7#*2(2%( @(<$A&(' ()%( B&%$7* 9"9* #*5 (& )(C329*

%D57$2*. EF3(& ?"&*5 9( @(<$A$&$9"9 5(#5()(2%" 32 "C5(C"9* 9( ?"&*5 !*5#*5"%$?*' 4 )( &(

9(2*7$2"5: *#!$62 5("& )$(7#5( 4 !3"29* )( ?(5$8F3( &" !*29$!$62 9( 32 (2%*52* $2!$(5%*

4 &" @(<$A$&$9"9 9( &*) 9$5(!%$?*) 5()#(!%* " 32" $2?(5)$62 ,G$%7"2 "29 H"5%$2' ->>I0.

E9(7:)' )( 9(A( "C5(C"5 F3( &" $2!(5%$937A5( 9(A( $7#3&)"5 (& ?"&*5 9(& #5*4(!%*' &*)

9$5(!%$?*) 9(A(2 )(5 5"!$*2"&() 4 &") ()%5"%(C$") 9(A(2 )(5 !5(JA&() 4 (K(!3%"A&() ,H32'

->>-0.

1<$)%( 32" "7#&$" ?"5$(9"9 9( *#!$*2() 5("&() F3( )"%$)L"!(2 %"&() !*29$!$*2()' )$2

(7A"5C* &" L"7$&$" 9( *#!$*2() ()%5"%DC$!") !"&& #(57$%(2 "9"#%"5 &*) )3#3()%*) (2 "3M

)(2!$" 9( 32 #*5%"L*&$* 5(#&$!"2%( 4 9(A$9* " 32 7(5!"9* 9( ?"&*5() * 9( 9(5$?"9*)

$2(8!$(2%(. 12 (L(!%*' &") *#!$*2() ()%5"%DC$!") A5$29"2 &" #*)$A$&$9"9 9( (<#"29$5 (2

()!"&" !*7* (2 "&!"2!( 32" $2?(5)$62' 9( %"& L*57" F3( 32" )3!()$62 9( $2?(5)$*2() &(

#(57$%"2 #")"5 9( )(5 32" !*7#"NJ" )$2 ?"&*5 " 32" F3( ?"&( #*5 )3) *#*5%32$9"9()

()%5"%DC$!").

O( ,-.PI0 )( %$(2( F3( (& @3K* 9( !"K" 9( &" *#!$62 ()%5"%DC$!" !"&& (2 T ()%" 9(%(5M

7$2"9" #*5+

(VT −X)+ =

{
VT −X )$ 4 )6&* )$ VT > X

0 )$ 4 )6&* )$ VT ≤ X

4 #*5 &* %"2%*'

máx
(
Vt −Xe−r(T−t), 0

)
≤ Ot ≤ VT , c.s

(& !3:& 5(#5()(2%" &*) &J7$%() )3#(5$*5() ( $2L(5$*5() 9(& ?"&*5 9( &" *#!$62 ()%5"%DC$!" 9(

%$#* !"&&.

O( Q(!Q*' &" 7$)7" 2"%35"&(R" 9( &") *#!$*2() 5("&()' !34* "!%$?* )3A4"!(2%( () 32

"!%$?* )$2 7(5!"9*' 9$8!3&%" )3 ?"&*5"!$62 7(9$"2%( &*) "5C37(2%*) 9( 93#&$!$9"9 4 2*

"5A$%5"K( F3( 5$C(2 " &") *#!$*2() 82"2!$(5")S 2* *A)%"2%(' (& #5$2!$#$* 82"2!$(5* () (&
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"#$"% & '%"% ()* +$ ,%$#-*+ .+/+0)0 )0.1"+/(%$ 2+ +31#4)*+/'#) 5/)/'#+0) & +31#4)*+/(+

'#+0(% 31+ ,+0"#()/ ),0%6#")0 +* 4)*%0 2+* '%/(0)(%7 8)$ '%/$+'1+/'#)$ 2+ +**%9 1/) ()$)

/+1(0)* )* 0#+$.% ")&%0 31+ *) ()$) *#-0+ 2+ 0#+$.% (r > rf ) :;+0/</2+=9 >??@-A7

 !"#$%& '(#)*)+,-./+0#

B1+$(% 31+ +/ *) 2+(+0"#/)'#C/ 2+* ,0+'#% 2+ *) %,'#C/ 0+)* +$(0)(D.#') /% $+ ,1+2+

E)'+0 1$% 2+ *) (+%0F) 2+ G1+.%$ & *) 21,*#')'#C/ 2+ ')0(+0)$9 $+ ,0%'+2+ "+2#)/(+ +*

+/H%31+ ,0%-)-#*F$(#'% :I()",J# )/2 K%%2")/9 >??LA7

M+/#+/2% 1/ ,0%&+'(% '1&% 4)*%0 )'(1)* 2+ *%$ J1G%$ H1(10%$ 2+ ')G) +$ 2+ Vt9 $+ +$,+0)

31+ +/ (t+ 1) +* 4)*%0 )'(1)* 2+ $1$ J1G%$ $+) 2+ V1,t+1 ,)0) +* ')$% %,(#"#$() & V2,t+1

,)0) +* ')$% ,+$#"#$()N )2+"<$9 $# *)$ '%/2#'#%/+$ /% ')"-#)/9 +* "%/(% /+'+$)0#% ,)0)

**+4)0 ) ')-% +* ,0%&+'(% +$ 2+ X 2C*)0+$ & *) %,'#C/ +$() +/ OP( (E+ "%/+&Q(Vt = X)7

R/(%/'+$9 $+) ℓ & ℓ′ 2%$ '%"-#/)'#%/+$9 ()*+$ 31+S

ℓ = pV1,t+1 + (1− p)V2,t+1, & ℓ′ = (1)Vte
r(t+1) + (0) (·)

2%/2+9 ℓ +$ *) '%"-#/)'#C/ *#/+)* +/(0+ *%$ +$()2%$ ,%$#-*+$ 2+* 4)*%0 )'(1)* 2+* ,0%&+'(%

'%/ $1$ 0+$,+'(#4)$ ,0%-)-#*#2)2+$ 2+ %'100+/'#) +/ +* ,+0#%2% (t+ 1)N +/ ')"-#%9 ℓ′

0+,0+$+/() +* +31#4)*+/(+ '#+0(% 2+ 1/) #/4+0$#C/ 31+ *% E)'+ #/2#H+0+/(+ +/(0+ ,)0(#'#,)0

2+* ,0%&+'(% % 0+'#-#0 '%/ $+.10#2)2 1/ 4)*%0 Vte
r(t+1)

% Xer(t+1)
+/ (t+ 1)7

PE%0)9 $# $+ '%/$#2+0) 31+ 1/ 2#0+'(#4% +$ /+1(0)* )* 0#+$.% $+ ,1+2+ #.1)*)0 *)$

"#6(10)$9 ℓ = ℓ′9 ()* 31+S

Vte
r(t+1) = pV1,t+1 + (1− p)V2,t+1

Vte
r(t+1) = pV1,t+1 + V2,t+1 − pV2,t+1

Vte
r(t+1) = p (V1,t+1 − V2,t+1) + V2,t+1

81+.%9 2+$,+G)/2% ) p

p =
Vte

r(t+1) − V2,t+1

V1,t+1 − V2,t+1
:>7!!A

$+ %-(#+/+ *) ,0%-)-#*#2)2 31+ $+ ,0%21=') +* 4)*%0 )'(1)* 2+* ,0%&+'(% V1,t+1 +31#4)*+/(+

)* 0+/2#"#+/(% 31+ $+ %-(+/20F) 2+ 1/) #/4+0$#C/ "<$ $+.10)7

R* $#.1#+/(+ 0+$1*()2% $+ %-(#+/+ 2+ :I()",J# )/2 K%%2")/9 >??LA9 :M#(")/ )/2

T)0(#/9 >??UA9 :T1/9 >??>A & :;+0/</2+=9 >??@-AS
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"# $%#&' ()*('%+& +( #% &*,-./ ()0'%012-,% +( 0-*& ,%## (/ (# *('-&+& t3 45(+% +(0('6

7-/%+% *&'8

Ot = e−r(t+1)
[
p (V1,t+1 −X)+ + (1− p) (V2,t+1 −X)+

]
9:;<!=

>?) %+(#%/0(3 )( &@)('$%'? 45( ()0( (/A&45( *('7-0( %*#-,%' #% $%#&'%,-./ *%'% T *('-&6

+&);

 !"#$%&'()$!"&# * #+,+&#-!# %&. &"/!0+& ,'!1(1$.2#-$)!

B% (C-)0(/,-% +( ,&/0'%0&) ,5D& )5@D%,(/0() /& )&/ /(2&,-%@#() (/ 5/ 7(',%+& +(

$%#&'() -/$%#-+% 2'%/ *%'0( +( #&) )5*5()0&) 45( '-2(/ % ,&/0'%0&) +( &*,-&/() E/%/,-('%)3

)-/ (7@%'2&3 *&' (# *'-/,-*-& +( (45-$%#(/,-% E/%/,-('% )( *5(+(/ %+%*0%' &0'&)3 %5/45(

/& 0%/ ,&/)-)0(/0()3 ()0& ()8

B&) )5@D%,(/0() /& *&)((/ 5/ 7(',%+& +( /(2&,-%,-./3 *&' #& ,5%# /& )( 0-(/( (/

/-/2F/ 7&7(/0& 5/ *'(,-& '(A('(/,-%# D &@)('$%@#(; ")0& /&) &@#-2% % )5*&/(' 45(

(# ,&/0'%0& +( &*,-./ '(%# )( *%,0% (/ GH0 0I( 7&/(DJ;

B& %/0('-&'3 -/$%#-+% (# *'-/,-*-& +( +5*#-,%,-./ +( ,%'0('%) D *&' (/+( /& *&+(7&)

()0'5,05'%' 7(,%/-)7&) #-@'() +( %'@-0'%K( )-/ ,&/)-+('%' 5/% 0%)% 7%D&' 45( #%

0%)% #-@'( +( '-()2&;

H# %*#-,%' (# *'-/,-*-& +(# (45-$%#(/0( ,-('0& )( ()0? %E'7%/+& 45( (# +-'(,0-$&

() /(50'%# %# '-()2& D *&' (/+( #% (45-$%#(/,-% +( %7@%) 7-C05'%)L )-/ (7@%'2&3

%# )(' #% 0%)% +( (45-$%#(/,-% 7%D&' 45( #% 0%)% #-@'( +( '-()2& -7*#-,% 45( #%)

*'(A('(/,-%) +(# +-'(,0-$& D% /& )&/ /(,()%'-%7(/0( /(50'%#()3 &@#-2%/+& (# %K5)0(

+( #% 0%)% 7(+-%/0( )5 *('E# +( '-()2&8 %$(')&3 /(50'%# D %2'()-$&L (/0'( 7?) %$(')&

%# '-()2& 7?) () )5 (C*(,0%0-$% +( '(/+-7-(/0&;

B% +-/?7-,% +(# A%,0&' er(T−t) ()0% 2%'%/0-M%+% *&' (# A%,0&' +( +(),5(/0& ()0&,?)6

0-,& mt,t+T D *&' (# 7&+(#& @%)%+& (/ ,&/)57&3 *('7-0-(/+& #% 0&0%# %+%*0%,-./

+( #%) *'(A('(/,-%) +(# +-'(,0-$& 7(+-%/0( #&) *('E#() +( '-()2& 9N&,I'%/(3 :OOP=3

mt,t+T = er(T−t) =
ΛT

Λt

Q&' F#0-7&3 #% &*,-./ ()0'%012-,% /& 2(/('% R5K&) +( ,%K% %/0() +( )5 $(/,-7-(/0&;

") %#2& #.2-,& )5*&/(' 45( #&) +-'(,0-$&) /& '(,-@%/ '(/+-7-(/0&) +( 5/ *'&D(,0&

45( 0&+%$S% /& ()0% (/ 7%',I%;
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 !"#$#% $& '()*(+,-. $& #/+,#.&% 0&()&% &%"0("!1,+(%

"#$%&' (# )* )+%#&*%,&* -# #$.,#$%&* ,$* /&*$ 0*&+#(*( (# 12%'('- 3 *4&'5+1*.+'$#-

4*&* .*).,)*& #) 0*)'& (# ,$* '4.+6$ 7$*$.+#&*8 $' '9-%*$%#: )*- '4.+'$#- &#*)#- $' .'&&#$

.'$ )* 1+-1* -,#&%#; < 4#-*& (# #))': #- 4'-+9)# #$.'$%&*& -'),.+'$#- *4&'5+1*(*- 1#=

(+*$%# *)/'&+%1'- 1,)%+$'1+*)#-: -+1,)*.+6$ 3 )*- #.,*.+'$#- (+>#&#$.+*)#- #-%'.?-%+.*-;

@+$ #19*&/': *$%#- (# *9'&(*& #) %#1*: -# *7&1* A,# #) 0+$.,)' .'$.#4%,*) #$%&# *19*-

'4.+'$#- -# &#-,1#$ #$ )* -+/,+#$%# %*9)*B

2/+,#. 3,.(.+,&0( 4(0,(5)& 2/+,#. 6&()

C&#.+' (# #D#&.+.+' X E'-%' (#) *.%+0' ' F$0#&-+6$

C&#.+' (#) -,93*.#$%# V G*)'& *.%,*) (# )'- EH

I+#14' *) 0#$.+1+#$%' T %+#14' (# (+-4'$+9+)+(*( (# )* '4.+6$

G*&+*$J* (#) -,93*.#$%# σ2 K+#-/' (#) *.%+0'

I*-* )+9&# (# &+#-/' r I*-* #-4#&*(* (#) (+&#.%+0'

E,*(&' L;MB N4.+'$#- 7$*$.+#&*- 0- &#*)#-

"# *.,#&(' * ,$ '&(#$ .&'$')6/+.': )* 0*)'&*.+6$ (# '4.+'$#- 7$*$.+#&*- -# 4&#-#$%'

.'1' -'),.+6$ .#&&*(* (# 0*)'&*.+6$ #$ )'- %&*9*D'- (# O)*.P=@.Q')#- 3 R#&%'$ #$ )*

(#.*(* (# )'- STU-: 4#&1+%+#$(' * )'- #.'$'1+-%* (# )* 24'.* *9'&(*& $' -6)' 4&'9)#1*-

(#) 1#&.*(' (# &+#-/' -+$' %*19+2$ (# +$(')# #14&#-*&+*) .'1' )*- '4.+'$#- &#*)#-; <

7$*)#- (#) -+/)': 1,.Q'- %&*9*D'- >,#&'$ 4,9)+.*('- *)&#(#('& (#) %#1*: $' '9-%*$%#: -,

1*3'& (#-*&&'))' -# 4&#-#$%6 *) +$+.+' (#) 4&#-#$%# -+/)' .,*$(' -# (* '&+/#$ * ,$* -#&+#

(# .,#-%+'$*1+#$%'- &#-4#.%' * )* *(*4%*9+)+(*( (# )'- 1'(#)'- #$ %+#14' .'$%+$,';

V$' (# )'- &#-,)%*('- 1?- (#-%*.*('-: #$ WE'.Q&*$# *$( @*?=K#A,#D': LTTTX: #- #)

4)*$%#*1+#$%' (# )*- #.,*.+'$#- (# 0*)'&*.+6$ (# ,$* '4.+6$ &#*) .*)) 1#(+*$%# ,$ *&/,=

1#$%' (# &#4)+.* 4*&.+*) A,# )' (#$'1+$* YZ''(="#*)[3 A,# -# 4&#-#$%* * .'$%+$,*.+6$B

@+ xcT = máx (VT −X, 0)  !  " #$%& ' ()%)  * T +,

dS

S
= µSdt+ σSdz +

dV

V
= µV dt+ σVzdz + σVwdw

 !" !#!$%&$ '& ()$*+),& (!' " !,)- (!' &,%).- (!  !/! !$,)& 0 (!' " -0!,%-1  !#"!,%).&2

+!$%!1 dz 0 dw #-$ ,-  !'&,)-$!# ,-$ !' /&,%- (! (!#,3!$%-4 5$%-$,!#1

Oc = V0e
ηTΦ

(
d+

1

2
σV
√
T

)
−Xe−rTΦ

(
d− 1

2
σV
√
T

)
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"#$#%&'() #* +)*,% "# *) ,-.'/( %#)* .)** "# $'-, #0%,-#)1 ",("#2

σ2V ≡ E
dV 2

V 2
= σ2Vz

+ σ2Vw
, d ≡ ln

(
V0

X

)
+ (η + r)T

σV
√
T

η ≡
[
hV − hS

(
ρ− a

√
A2

h2S
− 1
√
1− ρ2

)]
σV , a = ±1, hS ≡

µs − r
σS

, hV ≡
µV − r
σV

3"#&451

ρ ≡ corr

(
dV

V
,
dS

S

)
=
σVz

σV

65 (,$)7*# 50 5'&'*'$0" .,( *) #.0).'/( 8*).9 :.;,*#5 <#%$,(=8:<> ?, ,75$)($#1 (, 5#

-%,@0("'A)%4 #( *) #+)*0).'/( "# ,-.',(#5 %#)*#5 &#"')($# *)5 6.0).',(#5 B'@#%#(.')*#5

65$,.45$'.)5=:B61 5# "#C) )7'#%$, #5$# $#&) -)%) @0$0%)5 '(+#5$'D).',(#5>

E(,5 )F,5 "#5-0G5 "# *) -07*'.).'/( "#* &,"#*, 8:<1 #H).$)&#($# #( IJ J1 K,H=

L,55=L07'(5$#'( -%,-05'#%,( 0( &,"#*, 7)5)", #( 0( -%,.#5, 7'(,&')* M #* .0)* "#(,=

&'()%,( &,"#*, 7'(,&')* "# +)*,%).'/( "# ,-.',(#5 , 5'&-*#&#($# &,"#*, KLL NK,H

#$ )*>1 IJ JO> B# ;#.;,1 )"#*)($4(",5# ) *) "#"0..'/( "#* &,"#*, -)%) ,-.',(#5 %#)*#51

#* #(@,P0# -%,7)7'*Q5$'., #5 -)%$# "# )P0#* )%D0&#($,> 6( )"#*)($#1 5# #(@,.)%4 #( *)

)")-$).'/( "#* &,"#*, KLL )* .)5, "# .,($%)$,5 #5$%)$GD'.,5>

B#7'", )* %#.'#($# '($#%G5 "# *,5 .#($%,5 ).)"G&'.,5 ;).') *)5 ,-.',(#5 %#)*#51 *)

7R5P0#") "# 0( %#@#%#($# , "# )%$Q.0*,5 $G.('.,5 "#* &'5&, #5 0( -,., $#"',5,1 (, $)($,

-,% *, #5.)5,1 5'(, -,% *) #%%/(#) )")-$).'/( "#* .,(.#-$,S 5'( #&7)%D,1 #* #5P0#&) M #*

-%,.#5, "# )(4*'5'5 # '($#%-%#$).'/( "# *)5 ,-.',(#5 %#)*#5 5# #(.0#($%)( 7)5$)($# )&-*',5

#( *,5 $%)7)C,5 "# N<0(1 T!!TO M N8%).;1 T!!UO1 *,5 .0)*#5 5# $,&)( .,&, %#@#%#($#5

-)%) *) -%#5#($# '(+#5$'D).'/(>

V,% );,%)1 5# ,&'$'%4 *) .,(5$%0..'/( "# *,5 4%7,*#5 7'(,&')*#51 )0(P0# 5# -0#"#

%#)*'A)% 0() )()*,DQ) .,( *) WD0%) NT>TO1 ) .)&7', "# @,%&)*'A)% *) "'(4&'.) , #+,*0.'/(

"#* -%,M#.$, M "# *) ,-.'/( %#)* ) $%)+G5 "#* $'#&-,>

K,( 7)5# #( #* .0)"%, NT>IO M #( *) -%,-0#5$) "#  !"#$1 5# $'#(# P0# #* +)*,% "#*

507M).#($# #5$) "#W('", "# &)(#%) .,&-).$) -,%2

Vt =
1

Rwacc
t,t+1

Vt+1, Rwacc
t,t+1 =

(
1 + rwt,t+1

)

",("#1 rwt,t+1 #5 #* X3KK> 3;,%)1 5' 5# .,(5'"#%) P0# Vt -0#"# )0&#($)% #( 0( @).$,% u

, "'5&'(0'% #( 0( @).$,% d1 $)* .,&, %#-%#5#($) *) WD0%) NT>TO -)%) #* FCF 1 #($,(.#5
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Vt+1 "# $%& '&()&*+" &+"&,-()& .-% /)#,()*$.)0% /" 1"(%-$++)2 ,&+ 3$"4

Vt+1 =

{
uVt .-% P (u) = p

dVt .-% P (d) = 1− p = q

5-( +- ,&%,-2

Vt =
1

Rwacc
t,t+1

(puVt + qdVt) =
1

Rwacc
t,t+1

E (Vt+1)

6 #$ "3$)'&+"%," "% 7$%.)0% /" +& ,"%/"%.)&2

Vt =
1

Rwacc
t,t+1

(pu+ qd)Vt

89-(& *)"%2 .-:- Rwacc
t,t+1 =

(
1 + rwt,t+1

)
#" ;$"/" /"#;"<&( rwt,t+1 /" ,&+ 7-(:& 3$"4

rwt,t+1 = E

(
Vt+1

Vt
− 1

)
= E

(
Vt+1 − Vt

Vt

)

=$">-2 9&.)"%/- 3$" rwt,t+1 → µ∆t2 "# /".)( 3$" +& ;"()-/).)/&/ /" +& ,&#& #"& *&#,&%,"

;"3$"?&2 #" ,)"%"4

µ∆t = E

(
∆Vt+1

Vt

)

@#,- "#2 µ∆t "# "+ ("%/):)"%,- ("+&,)'- ;(-:"/)-A @% .&:*)-2 +& '-+&,)+)/&/ 3$"/&(B

/","(:)%&/& ;-(4

σ2∆t = E

[(
Vt+1

Vt
− 1− µ∆t

)2
]

C)%&+:"%,"2 9&.)"%/- $#- /"+ &+>-(),:- D$++EF9)," ;&(& -*,"%"( u 6 d & ;&(,)( /" +-#

/&,-# /)#;-%)*+"# ;&(& +-# /)(".,)'-#2 "#,- "#4

u = 1 + µ∆t+ σ
√
∆t GHA IJ

d = 1 + µ∆t− σ
√
∆t

/-%/" +& "#,):&.)0% /" µ∆t 6 σ2∆t #-% ("#;".,)'&:"%,"2

µ∆t =
1

t− 1

t−1∑

i=1

(
Vi+1

Vi
− 1

)
GHAKLJ

σ2∆t =
1

t− 2

[
t−1∑

i=1

(
Vi+1

Vi
− 1

)2

− (t− 1) (µ∆t)2
]

GHAK!J

@% "+ :-/"+- DF2 ,&%,- u .-:- d #-% #):M,().&# .-% ("#;".,- & +& ,"%/"%.)&2 µA

5-( -,(& ;&(,"2 "N)#," -,(& .-%/).)0% /)7"("%," &+ &+>-(),:- DF@ 6 3$" ;&(," /"+
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"#$"% &'(%)'"#*)+% ,&*-#%. /0%1 *+ '2.3 45 56 ,&%,%)*) 7)' 8%)9#8#:) +'2 ;7*<

u =
1

d

87')9% ∆t→ 0. =%& 2% +')+%3 u = eσ
√
∆t

> d = e−σ
√
∆t
.

?) 8%)827$#:)3 ,%& /!.  63 /!. @6 > /!. 56 $* ,7*9* A*)*&'2#('& *2 ,&%8*$% ,'&' B&C%2*$

9* k ,*&#%9%$ > -'27'8#:) 9* %,8#%)*$ &*'2*$ 8'22 +')+% 9* +#,% '"*&#8')'$ 8%"% *7&%,*'$.

 !"! #$% &'()(% *+,'-'$.' (' -)'/0+ *+-1+-%.)2+

?) /!.DE6 $* *$+'C2*8#: *2 -'2%& 8%&,%&'+#-% A*)*&'2 8%"% *2 &*$72+'9% 9* 7)' $7"'

*)+&* 7) 8%",%)*)+* ,*&"')*)+* > 7) 8%",%)*)+* F*1#C2* 9* 2' "#$"' 8%",'GH'3

'"C%$ +I&"#)%$ $%) *2 &*$72+'9% 9*2 "%9*2% C'$'9% *) 8%)$7"% 8%#)8#9#*)9% 8%) 2%$

+&'C'J%$ 9*  !"#$% > &$'( &*$,*8+% '2 -'2%& ,&*$*)+* )*+% > '2 ,&*$7,7*$+% 9* 8',#+'2

8%"% 7) ,%&+'K%2#% 9* ,&%>*8+%$3 &*$,*8+#-'"*)+*L ,*&%3 > *$+% *$ 2% "B$ #",%&+')+*3

"#*)+&'$ *2 8%",%)*)+* ,*&"')*)+* *$+B 8%)9#8#%)'9% ' 2' M#$+%&#' 9* 2' 8%",'GH'3

*2 8%",%)*)+* F*1#C2* *$+' *) K7)8#:) 9* 2' -%2'+#2#9'9 8%)9#8#%)'9' ' 2' 87&-' 9*

',&*)9#('J*.

?) *K*8+%3 2%$ 9#&*8+#-%$ 8%)$+')+*"*)+* +%"') 9*8#$#%)*$ &*$,*8+% ' 2' ',&%C'8#:) %

)% 9* 7) ,&*$7,7*$+% ,'&' 9*+*&"#)'9' '&*' ,&%978+#-'3 2% 87'2 #",2#8' ;7* *) 7) $:2%

,*&#%9% N$8'2 *1#$+') "72+#,2*$ %,8#%)*$ &*'2*$ 2'$ 87'2*$ $* -') *J*&8#*)9% % -*)8#*)9%

' "*9#9' ;7* 2%$ &*$,%)$'C2*$ 9* 8'9' '&*' &*8#C*) )7*-' #)K%&"'8#:)L ,%& *22%3 2%$

*)8'&A'9%$ 9* *-'27'& 2%$ ,&%>*8+%$ *$+&'+IA#8%$ '9;7#*&*) M'C#2#9'9*$ #)+*2*8+7'2*$ ;7*

2* ,*&"#+*) "*J%&'& 2' ',&*8#'8#:) $7CJ*+#-' 9*2 *)+%&)%.

?$ '$H3 ;7* 2' *87'8#:) 9* -'2%& 8%&,%&'+#-% A*)*&'2 +%"' $7 *$,*&')(' 8%)9#8#%)'9'

'2 ,*&#%9% t3 *$+% *$<

V g
t = Et

∞∑

j=1

mt,t+jCFt+j +mt,t+T (VT −X)+

 !"!#! $% &'()*'+,-'./ &0 1*2+%+'3'&%& &03 4%32* -2*12*%)'42

O* 2' ,&%,%$#8#:) /4E6 > 9* 2' *87'8#:) 9* -'2%& 8%&,%&'+#-% A*)*&'2 /!.DE6 $* +#*)*

;7* *2 -'2%& 8%&,%&'+#-% A*)*&'2 +'"C#I) *$ 7)' -'&#'C2* '2*'+%&#'3 +'2 ;7*<

Ṽ g
t ∼ L (θ) /!.@!6

?$+% *$3 2' -'&#'C2* '2*'+%&#' Ṽ g
t $#A7* 7)' 2*> 9* ,&%C'C#2#9'9 L 9* ,'&B"*+&% θ.
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 !"#"$%&%'( )*+  !" #$" %&'()$ *!"+ '"++ !#*%&!" '%$ ,"'-%* .! '*!'(/(!$-% u = eσ
√
∆t
0

 ( σ <∞ !$-%$'!12

E
[
mt,T

(
ṼT −X

)]
<∞

3 &%* +% -"$-%4

máx
(
Ṽt −Xe−r(T−t), 0

)
≤ E

[
mt,T

(
ṼT −X

)]
≤ ṼT , c.s

"#$%&' ( )*# #+ ,(-.'/ &# &#0-*#1.' m 1' #0 +%$/# &# /%#02'3 +( 4(/%(15( &#+ 4(+'/ &#

+( '6-%71 #0.(/8 1' 07+' #1 ,*1-%71 &# +( 4'+(.%+%&(& &#+ (-.%4' /#(+3 σ23 0%1' .(9$%:1 &#

+( /#1.($%+%&(& #06#/(&(3 r;

<'1 /#06#-.' (+ -'96'1#1.# 6#/9(1#1.#3 4#/%=-(/ +( -'14#/2#1-%( #1 9#&%( %96+%-(

4#/%=-(/ +( -'1&%-%71 &# ./(104#/0(+%&(& #1 >?;?@A3 #0.' #0B

ĺım
j→∞

Et [mt,t+jCFt+j ] = 0

C(/( #++'3 0# &#$# D(-#/ *0' &#+ </%.#/%' &# +( E(%5 >E''. F#0.A ' </%.#/%' &# <(*-DG

><(%/103 HIIJA G >"*,/#01#3 HIIKA3 #+ -*(+ #0.( ,'/9(&' 6'/ +'0 0%2*%#1.#0 .#'/#9(0 -'1

0*0 /#06#-.%4'0 +#9(0 G -'/'+(/%'0B

,-"!-./ 01 >C/*#$( &# +( E(%5 L E''. F#0.A+  (

ĺım sup
j→∞

|mt,t+jCFt+j |
1

j < 1, c.s >?;M!A

!$-%$'!14

Ṽt =
∞∑

j=1

mt,t+jCFt+j >?;M@A

'%$5!*6! '"1( 1!6#*"/!$-! " #$ +(/(-! 7$(-% '#"$.% j →∞0

"# %2*(+ ,'/9(3 0# 6*#&# #N6/#0(/ >?;M!A .(+ )*#3

ĺım sup
j→∞

1

j

[
ln (mt,t+j) + ln

∣∣∣C̃F t+j

∣∣∣
]
< 0, c.s

2-3(%&%'( 4+)+5 >C/'-#0' O/27&%-'A+  !" #$ &*%'!1% !1-%'81-('% Ṽt '%$ /!.("4 Vt4 3

5"*("$9"4 var
[
Ṽt

]
: 1! .('! ;#! !1 !*6).('% 1(2

ĺım
n→∞

1

n

n∑

t=1

Ṽt = Vt; ĺım
n→∞

1

n

n∑

t=1

[
Ṽt − Vt

]
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 !

ĺım
n→∞

1

n

n∑

t=1

Ia,b

[
Ṽt

]
= F (b)− F (a)

"#$%&' #&()*+,$ -.$ ,* /01234 .* $56)*+* *7 .)8-)*+6* ($%$7&%)$1

 !"!#$"%! &'( "#$

mt,t+j = exp

(
−

t+j∑

i=t+1

Ri

)

"% #& '()*#+) ,# Ri #+ #(-.,%*)! /$& 01#2

1

j

j∑

i=1

Ri → E [R] , c.s

 !

ĺım sup
j→∞

1

j
ln |CFt+j | = G ∈ R

 !"#!$ %& Ṽt $#!' () $*%+ % ),(*- !" * *.)/! .+-+" 0!+"# $,*!1# j →∞ 2 G < R

 ! "#$%&' #( )*+, "# $-+- "#.# $&#$#& /#0,! 1*# #( 2-$3,& "# "#!$*#03, #!3,$4!3%$,5

 !"# $%& 3 * at+j ,!* % $, !$+* 1 " (-+!+%"* 4, $#!' () * $ (# $,*!1# j →∞& "*.

4, 5

∞∑

j=1

P

(
1

j
ln |CFt+j | ≥ G+ at+j

)
<∞

6!"#!$ %&

ĺım sup
j→∞

1

j
ln |CFt+j | ≤ G c.s

 !3# (#/- 6&,6,&$%,0- *0- $,0"%$%70 "# 1*# (,! )*+,! "# $-+- 0, 3%#0#0 1*# !#&

0#$#!-&%-/#03# %0"#6#0"%#03#! 8 !* "%!3&%.*$%70 !# $-&-$3#&%9- 6,& 3#0#& $,(-! 6#!-"-!5

'!()!"# $*& 3+ % $#!%+1 (* 4, E [CFj ] = Vj 2&

G0 = ı́nf{G : ĺım sup
j→∞

eGjVj <∞}

6!"#!$ %&

ĺım sup
j→∞

1

j
ln |CFt+j | ≤ G0 c.s

 0 $,0$(*!%70'
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 !"#!$% &'(  ! E [mt,t+j (VT −X)] <∞ " #! $%&$' () *%+$', -( -(#+.(&$' mt,t+j +'/'

CFt+j #'& 0,'+(#'# (,12-!+'# +'& G0 < R3 (&$'&+(#4

Ṽ g
t

C.S−−→ V g
t

5# -(+!,3 Ṽ g
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Ṽ g
t ≤ ṽgt
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3&%$)% 4" 0& "#$)5&*)76 4" 5&;)5& 1"%2#)5)0)$/4 *264)*)26&0K &A2%&, *26#)4"%&642 L/"

&5J2# 524"02# 32#""6 0& 3%23)"4&4 4" "#$&*)26&%)"4&4 9 &30)*&642 0& 4)6D5)*& 3%2G

3/"#$& 32% MN%/#*AC)$H &64 >2O"%, !PPQR, #" 3/"4" 4"*)% L/" 5"4)&6$" "0 3%)6*)3)2 4"

3&%#)526)& 0& "#$%/*$/%& ARMA 5D# *261"6)"6$" "# "0 4" 2%4"6 MS,PR= T&0 L/"?

FCFt+1 = 0,6047FCFt + εt+1 MU=SR

I" @2%5& *253&*$&,

(1− 0,6047L)FCFt+1 = εt+1 MU=!R

V2% #/ 3&%$",

Et [FCFt+1] = 0,6047t+1FCFt, vart [FCFt+1] = 30,312902

%"3%"#"6$&6 & 0& 5"4)& 9 0& 1&%)&6H& *264)*)26&4&, %"#3"*$)1&5"6$"=

W,

E [FCFt] = 0 var [FCFt] =
30,312902

1− 0,60472
= 1448, 55

%"3%"#"6$&6 0& "#3"%&6H& 9 0& 1&%)&6H& 62 *264)*)26&4&=

I&42 L/" φ = 0,6047 "# 32#)J0" %"3%"#"6$&% "0 3%2*"#2 5"4)&6$" /6 MA(∞) 2

5"4)&6$" 0& 4"#*2532#)*)76 4" X204, $&0 L/"?

FCFt+1 =
∞∑

i=0

0,6047iεt+1−i ≡
∞∑

i=0

ψiεt+1−i



 !"#$%&' () *+$','&'-#!  !

"#$%&' ψi = 0,6047i(

) *+ ,&-' *& #./0&$& 12 3+$405$ %& 2+/#4#,2602$-2* 7 2+/#4#66&12405$'

γk = 0,6047γk−1, k > 1

ρk = 0,6047k, k > 1

 !"!"! #$%&'()&*+ ,-. /()%01 ,- ,-$)2-+%0 -$%0)3$%&)0

81 96#4&%0:0&$/# 9262 &*/0:26 &1 926;:&/6# %& 2,&6*05$ 21 60&*<# γ 7 &1 324/#6 *+.=

>&/0,# %& %&*4+&$/# β' 926/&$ %& 1#* /62.2>#* %& ?@+42*' ABC D 7 ?)62$<# 2$% E2:F6&-'

GHHCD(

I#$*0%&6&:#* +$ 0$,&6*0#$0*/2 J+& 9#*&& 12 #9405$ %& 0$,&6/06 +$2 96#9#6405$ %& *+

60J+&-2 wt &$ +$ 24/0,# 60&*<#*# θt 7 &$ +$2 24/0,# 10.6& %& 60&*<# θft ' /21 J+&K

θt + θft = 1.

8$/#$4&*' &1 96#.1&:2 %&1 0$,&6*0#$0*/2 &* :2L0:0-26 12 3+$405$ %& +/010%2% 0$/&6/&:9#621

*+>&/# 2 12 6&*/604405$ 96&*+9+&*/26F2 0$/&6/&:9#621 %2%# &1 $0,&1 %& 60J+&-2 0$04021 wt'

&*/# &*K

U ({ct}) = Et



∞∑

j=0

βju (ct+j)




M+>&/# 2

wt+1 = (wt − ct)
(
θft R

f + θtRt

)

θt + θft = 1.

"#$%&' c 6&96&*&$/2 &1 4#$*+:#' w 12 60J+&-2 # 0$<6&*#* %&1 0$,&6*0#$0*/2' Rf
&1 6&/#6$#

10.6& %& 60&*<# 7 R &1 6&/#6$# %&1 24/0,# 60&*<#(

M0 4#$*0%&62:#* J+& 12 3+$405$ %& +/010%2% &* %& /09# CRRA 7 2*+:0:#* J+& wt' ct

7 Rf
t *#$ 4#$#40%#*' &$/#$4&* 12 4#$%0405$ %& 960:&6 #6%&$ 9262 &1 :;L0:# *& 6&%+4& 2

12 &L96&*05$ ?!(!D'

lnRf
t = − lnβ + (1− γ) ln

(
ct+1

ct

)
?!(!D

)N#62' %&*9&>2:#* ln
(
ct+1

ct

)
/21 J+&K

ln

(
ct+1

ct

)
=

1

(1− γ) lnβ +
1

(1− γ) lnR
f
t
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"#$%&'() α0 =
1

(1−γ) lnβ * α1 =
1

(1−γ) +)(&,)- .&+.&-&'/#. 01213 (& /#4 ,#'&.# 56&7

ln

(
ct+1

ct

)
= α0 + α1 lnR

f
t + εt 012!3

()'(&8 εt &- 6'# +&./6.9#$%:' &-/)$;-/%$# * 4)- +#.;,&/.)- γ * β 56&(#' (&/&.,%'#()-

.&-+&$/%<#,&'/& +).7

γ = 1− 1

α1
* β = exp

(
α0

α1

)

=&9%() # 4# +)$# %'>).,#$%:' 56& ?#* &' @$6#(). $)' .&-+&$/) #4 $)'-6,) * # 4#-

/#-#- 4%9.& (& .%&-A)8 .&$6..%,)- #4 /.#9#B) (& 0C.#'A) #'( D#,E.&F8 GHHI3 56& $)' 9#-&

# 4# %'>).,#$%:' (& $)'-6,) &' J)4),9%# &-/%,# ,&(%#'/& KJL 4# &$6#$%:' 012!32 @-/)

&-7

ln

(
ct+1

ct

)
= 0,0182− 0,1334 lnRf

t 012M3

@- &<%(&'/&8 56& #6,&'/)- &' 4# /#-# (& %'/&.N- )$#-%)'#' 6'# .&(6$$%:' (& 4# /#-# (&

$.&$%,%&'/) (&4 $)'-6,)8 #(&,;- -& (&(6$& 56& γ = 8,5 * β = 0,878 4) $6#4 ')- 44&<#

# $)'$46%. 56& &4 %'<&.-%)'%-/# $)4),9%#') &- %,+#$%&'/& * #,#'/& #4 .%&-A)2 =&9%() #

4# +.)O%,%(#( A&)A.;P$# * 4#- $#.#$/&.E-/%$#- &$)':,%$#- (&4 +#E-8 -6+)'&,)- 56& &4

%'<&.-%)'%-/# &$6#/).%#') +)-&& #$/%/6(&- -%,%4#.&-2

@4 #'/&.%). .&-64/#()8 -6A%&.& 4# &O%-/&'$%# (& 6' +&.P4 (& .%&-A) Q'%$) +#.# $6#456%&.

%'(%<%(6) #'/& 6'# &4&$$%:' .#$%)'#4 &'/.& 6'# #$/%<) .%&-A)-) * )/.) 4%9.& (& .%&-A)8 ')

)9-/#'/&8 &' 4# +.;$/%$# &-/) ') &- (&4 /)() $%&./)8 *# 56& 4#- &O+&$/#/%<#- (&4 #(,%'%-R

/.#(). P'#'$%&.)8 (6&S) & %'<&.-%)'%-/# &O/&.') ') /%&'&' +).56& -&. %A6#4&-2

 ! ! "#$%&'(%)* +,- (.&/.*,*$, 0,1%2-,

J)'-%(&.&,)- 6' +.)*&$/) $6*# %'<&.-%:' %'%$%#4 ?)* -& &-/%,# &'X 62, * $6*) <#4).

#$/6#4 (& -6- T6B)- >6/6.)- (& $#B# 4%9.& -& &-/%,# &' V 62,U #(&,;-8 &4 #(,%'%-/.#().

') &-/# )94%A#() # 44&<#. # $#9) &4 +.)*&$/) (& >).,# %',&(%#/# +). 4) $6#4 (%-+)'&

(& 1 ,&-&- +#.# /),#. 4# (&$%-%:' (&P'%/%<#,&'/&2 @'/)'$&-8 -6 +.)94&,# (& (&$%-%:'

$)'-%-/& &' #$&+/#. ) .&$?#F#. &4 +.)*&$/) -% 4#- $)'(%$%)'&- -)' 4#- #(&$6#(#- +#.# &4

,%-,)2

@4 <#4). (& /#4 )+$%:' &-/.#/NA%$# (&+&'(& (&4 ,),&'/) &' &4 $6#4 -& +.&/&'(# &B&.$&.

4# )+$%:'U &' &>&$/)8 -% &4 +.)*&$/) -& +.&/&'(& 44&<#. # $#9) -:4) #4 P'#4 (& 4)- /.&- ,&-&-
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"#$%&' ()*+ ,-./%0#12 34/ -'/.& 34/ 5&.6407.

427.2048 487'9.8 '274 %2' .50#12 34 7#5. 4%&.54' :%4 5%434 84& -'/.&'3' 5.&+

Õc
t = e−r(T−t)



T−t∑

j=0

Cj
T−tp

j (1− p)(T−t)−j
(
ujd(T−t)−jVt −X

)+



;()<=

>.234? r 48 /' 7'8' 4854&'3' 34/ 3#&407#-.? T − t 7#495. 34 3#85.2#@#/#3'3 34 /' .50#12?

u 48 4/ A'07.& 34 0&40#9#427. 34 Vt? d 48 4/ A'07.& 34 340&40#9#427. 34 Vt 6 p 48 /'

5&.@'@#/#3'3 'B%87'3' '/ &#48$. 34/ 3#&407#-.)

C. .@87'274? 8# 4/ 4B4&0#0#. 34 /' .50#12 84 5%434 //4-'& ' 0'@. 42 0%'/:%#4& 9.9427.

'2748 34 /.8 ( 94848 427.2048 487'9.8 '274 %2' .50#12 34 7#5. '94&#0'2.? /' 0%'/ 34@4&D

84& -'/.&'3' 54&#.3. 7&'8 54&#.3. 943#'274 /' 4E5&48#12 ;F)G =)

H.& /. 7'27.? 4/ 5&.048. 34 487#9'0#12 34 /' .50#12 &4'/ 5'&74 34 487&%07%&'& /'

3#2D9#0' 34/ -'/.& 34/ 5&.6407. . 4-./%0#12 34/ '07#-. 8%@6'04274 Vt? ;-4& I$%&' ()*=?

943#'274?

u = eσ
√
∆t, 6 d = u−1

J 42 8% 34A407.? 345423#423. 34 /' #2A.&9'0#12 3#85.2#@/4? 5.& 943#. 34/ '/$.&#79.

K%//LMN#74 &45&48427'3. 42 ;F)GO=)

P2 5&.043#9#427. 5'&' 487#9'& /' -./'7#/#3'3 34/ 5&.6407.? σVt ? 0.28#874 42 3474&L

9#2'& /' &427'@#/#3'3 &4/'7#-' . /.$'&Q79#0' 34/ "&44 R'8N "/.S 34/ 5&.6407. 6 /%4$.

0'/0%/'& 8% 348-#'0#12 487D23'& ;T%2? FUUF=? 487. 48+

V olatilidad = σVt =

√√√√ 1

n− 1

n∑

i=1

(ri − r)2
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"#$%&' ()*+ ,'-.& /0- 1'--0& 201'-20345#3.

/.5/06

ri = ln

(
FCFi

FCFi−1

)
7 r =

1

n

n∑

i=1

ri

8#5 029'&$.6 /09#/. '- :&.9-02' /0 0;1#2'3#<5 /0 1'-0; =%>.; ?%1%&.; /0 3'>'6 ;0 :&.30/0

' %1#-#@'& -.; =%>.; A#;1<&#3.; /0 -' 3.2:'BC' ;%:.5#05/. D%0 -' :0&1%&9'3#<5 /0 -'

2#;2'6 05 :&#53#:#.6 /090 &0:-#3'&;0 05 0- ?%1%&.) E.5 9';0 05 0--. 7 3.5 -' #5?.&2'3#<5

/0- '50F. E .910502.; D%0+

V olatilidad = σVt = 1,255 ≡ 125,5%

G;C D%06

u = eσ
√
∆t = e1,255

√
1 = 3,5078 7 d = 0,2851

H5 -' I$%&' ()* ;0 :&0;051' 0- J'-.& '31%'- /0 -.; =%>.; ?%1%&.; /0 3'>' -#9&0 /0- 1'--0&

201'-20345#3. 05 -.; ( 20;0;)

80'6

p =
Vte

r(t+1) − V2,t+1

V1,t+1 − V2,t+1

K'/. D%06

V1,t+1 = uVt 7 V2,t+1 = dVt

H51.530;6

p =
er(t+1) − d
u− d

GA.&'6 ;# 3.5;#/0&'2.; D%0 -'; 1';'; /0 #510&L; 05 H3%'/.& :'&' /0:<;#1.; ' :-'@.
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"#$%&' ()(* +',-& ./ ,' -01#23 ./, 4',,/& 5/4',5/163#1-

7%0/&#-&/7 ' 361  !"# #$ %&!'" $( 5,31% "(%")

 

* $(+,('$#-

p =
e0,0043 − 0,2851

3,5078− 0,2851
= 0,2232 . q = 0,7768

/,0 1)+!2,* #%3,(!$( , 4%$ $) 30,.$'+, #$ 3%$ $ ))$5"0 " '"&, $( '%")4%!$0 2,2$(+,

30$5!, " ),# +0$# 2$#$#* )" 5"),0"'!6(  $ )" ,3'!6( #$  $&$ 0$")!7"0  $ 8,02" "2$0!'"("* 5$0

9:%0" ;<;= ',( ), 4%$ ',(')%!2,# 4%$ )" ,3'!6( $#+0"+>:!'"  $ )" ',23"?@" #$ $('%$(+0"

5"),0" " $( 300,01 %<2< A, ,&#+"(+$* ") "%2$(+"0 ),# 3"#,#  $) B0&,) . ',( )" ".% "

 $) #,8+C"0$ D$0!5"E$2

!

* $) 5"),0  $ )" ,3'!6( 0$") ',(5$0:$ " 283,30 %<2< F%( "#@*

"'$3+"0$2,# ',2, 5")! , $) 30!2$0 0$#%)+" ,  $&! , ") 30,&)$2" !(+$0+$23,0") 4%$

+$($2,# ',( )" !(8,02"'!6( 9("('!$0"* $#+, $#-

Õc
t = 300,01u.m G;<HI

 

 !!"#$$%%%&'()&*+&)($,-(.&" "/"0! 1,-(23)+!-.$4.!0,5.!5(0.$6)(!-78-+95+$:0.0.;+!)7).$;+,5()& !3

!

<)75=0>)3 ?&@A& B7)0,- "-7 CDE 95+0+(50F 6G.!)3.H ;+(&H?@A@& I0J- F5()+(50 F5'7)



 !"#$%&' (

 !"#$%&'("

 ! "#$!#%&' (" )!*+, #+,-+,!.%)+ /"'",!* 0$,/%& #+1+ ,"0$*.!(+ (" *! !-*%#!#%&' ("

*! "#$!#%&' 2$'(!1"'.!* (" )!*+,!#%&' 3 "* "'2+4$" 5!0!(+ "' #+'0$1+6 "0.+ "07

V g
t = Et

∞∑

j=1

mt,t+jCFt+j +mt,t+T (VT −X)+

8",1%.%"'(+ /"'",!*%9!, "* -,+#"0+ (" )!*+,!#%&' %')+*$#,!'(+ .!'.+ "* #+1-+'"'." -",:

1!'"'." #+1+ "* #+1-+'"'." ;"<%5*"= >+1+ #+'0"#$"'#%!6 0" +5.$)%",+' )!,%+0 ,"0$*:

.!(+0 4$" -",1%."' $'! !(!-.!#%&' ("* 1+("*+ ! #+'(%#%+'"0 "0-"#%?#!0 ("* 1",#!(+

(+'(" 0" "'#$"'.,! *! #+1-!@A!6 .!*"0 #+1+7 *! !$0"'#%! (" !,5%.,!B"6 *! (%'C1%#! ("*

1",#!(+ (" )!*+,"06 *!0 #+'(%#%+'"0 !*"!.+,%!0 (" *! "1-,"0! 3 "* ,%"0/+ ?'!'#%",+ %')+:

*$#,!(+ "' 0$ )!*+,!#%&'=

 ! "0.%1!#%&' ("* )!*+, #+,-+,!.%)+ /"'",!* 3 ("* ,%"0/+ (" )!*+, ,"#$,,"' ! (%2","'."0

1D.+(+0 0"/E' *!0 #+'(%#%+'"0 ("* 1",#!(+ 3 *! (%0-+'%5%*%(!( (" *! %'2+,1!#%&' (" *!

#+1-!@A!= F%' "15!,/+6 #$!*4$%", 1D.+(+ + "0.,!."/%! 4$" 0$ $.%*%#" ("5" 0!.%02!#", *!

#+'(%#%&' (" .,!'0)",0!*%(!(= G' "0." #!0+6 0" ,"#$,," ! *! "0.%1!#%&' 3 -+0.",%+,1"'." !

*! -,"(%##%&' ("* *+0 ;$B+0 (" #!B! *%5," 1"(%!'." 0",%"0 ."1-+,!*"0 "0.!#%+'!,%!0 !$.+,":

/,"0%)!0= 8+, +.,! -!,."6 *! "0.%1!#%&' ("* #+1-+'"'." ;"<%5*" 3 ("* 2!#.+, (" ("0#$"'.+

"0.+#C0.%#+ 0" ,"!*%9!,+' 1"(%!'." "* "'2+4$" -,+5!5%*A0.%#+ -!,! +-#%+'"0 ,"!*"0 3 *!

2$'#%&' (" $.%*%(!( %0+"*C0.%#!6 ,"0-"#.%)!1"'."=

8!,.%"'(+ ("* 1+("*+ +5."'%(+ -!,! "* H,"" >!0I H*+J6 "0.+ "07

FCFt+1 = 0,6047FCFt + εt+1

KK



FCF

FCFt+k = 0,6047FCFt+k−1 + εt+k

Et [FCFt+k] = 0,6047Et [FCFt+k−1]

Et [FCFt+k] = 0,6047kFCFt

F̂CF t(k) = 0,6047kFCFt

k > 1 FCF

F̂CF t(k) ∼ N
(
FCFt+k; 30,3129

2
k−1∑

i=0

0,60472i

)

Rwacc
t,t+j = Rc

t,t+j



 !"#$%&' () *+,%&$!-',  !

"#$%"& ' ()# *' #+,-#.' /& ,&.## '01)'*+#/1# /%/23/ 1%,& "# ','*'/0'+%#/1&4

5)#2&6

1

Rc
t,t+j

= βj
(
ct+j

ct

)−γ

78&-'6 -##+,*'9'/"& γ = 8,5 : β = 0,876 .# &$1%#/# ()#;

1

Rc
t,t+j

= 0,87j
(
ct+j

ct

)−8,5

7"#+<.6 0&/.%"#-'/"& ()# j = 16

1

Rc
t,t+1

= 0,87

(
ct+1

ct

)−8,5

.# &$1%#/# )/ ='01&- "# "#.0)#/1& #.1&0<.1%0&6

0,80 < mt,t+1 < 0,87

>%/'*+#/1#6 : 0&/.%"#-'/"& *' %/"#,#/"#/0%' #/1-# #* ='01&- "# "#.0)#/1& #.1&0<.1%0&

: #* =-## 0'.8 ?&@6 1#/#+&. ' )/ /%A#* "# 0&/B'/9' "#* 95% ()# #* -%#.2& "# A'*&- #. "#

−123,43 )4+ 0)'/"& .C*& .# #A'*3' #* 0&+,&/#/1# ,#-+'/#/1#4 D.1& #.;

RiskV
Ṽ

g
t

1−α = −123,43⇔ P

(
Ṽ g
t ≤ −123,43

)
= 0,05 EF4GH

D. "#0%-6 .# #.,#-' 0&/ )/ /%A#* "# 0&/B'/9' "#* 95% ()# *' ,&1#/0%'* "#.1-)00%C/ "#

A'*&- 0&-,&-'1%A& /& #I0#"' *'. GJK4FK )4+ "#$%"& ' *' A'-%'$%*%"'" "# .) #.1-)01)-'

&,#-'0%&/'* : B/'/0%#-' '01)'*L *& 0)'* %+,*%0' ()# .% *' 0&+,'MN' /& 0&/1%/)' #I,*&O

1'/"& &,&-1)/%"'"#. "# /#2&0%& /& 2#/#-'-< A'*&- ' *'-2& ,*'9& : ,&- *& 1'/1& "#.1-)%-<

*' -%()#9' "# .). ,-&,%#1'-%&.4 P#- B2)-' F4J4

Q%/ #+$'-2&6 '* 0&/.%"#-'- *' &,&-1)/%"'" #.1-'1R2%0' "#* 1'**#- +#1'*+#0</%0& #*

A'*&- 0#--'"& "# *' &,0%C/ .# )$%0' #/ 300,01 )4+ : 0&/ #**&6 )/ /)#A& -%#.2& "# A'*&- 6

1'* ()#;

RiskV
Ṽ

g
t

1−α = 177,92⇔ P

(
Ṽ g
t ≤ 177,92

)
= 0,05 EF4JH

D/ #.1# 0'.&6 *' &,&-1)/%"'" #.1-'1R2%0' #. .)B0%#/1# ,'-' 0)$-%- #* -%#.2& ,&- ,#-"%"'

"# A'*&- "# *' 0&+,'MN'L .%/ #+$'-2&6 *' 0&+,'MN' "#$# %/"'2'- ,&- +<. &,&-1)/%"'O

"#. ()# *# ,#-+%1'/ +'/1#/#- #* A'*&- ' *'-2& ,*'9&4 D. "#0%-6 #* /#2&0%& A'*# ,&- *'.

&,&-1)/%"'"#. #.1-'1R2%0'. ()# ,&.#' ' 1-'AR. "#* 1%#+,& EA#- B2)-' F4KH4





 !"#$%&' (

 !"#$%&'!"(& ) *(#!+(",-#'!"(&

 !"! !#$"%!" &' ("$#'&)! %& '! *+!,-./*!*.0, %&' ".&12$ %& 3!'$"4 (!"-.)$1 %& '!

&5('$"!*.0, %& '!1 %.6&"&,-&1 -&$"7!14 )8-$%$1 9 !('.*!*.$,&1 "&!'.:!%!1 ! '! 3!'$"!*.0,

%& !*-.3$1 %& *!(.-!'4 '$1 *+!'&1 ,$1 (&").-.&"$, *$,1-"+." '!1 #!1&1 (!"! %&1*".#." &'

*$)($"-!).&,-$ %& '$1 *$)($,&,-&1 9 6!*-$"&1 ;+& %&-&").,!, &' 3!'$" %& '!1 *$)(!<7!1

#!=$ ".&12$ & .,*&"-.%+)#"&>

?, 2&,&"!'4

?' *$,*&(-$ %& 3!'$" %& +1$ 9 %& *!)#.$ (&").-& *$,/2+"!" '!1 ("&6&"&,*.!1 .,%.3.@

%+!'&1 %&' !%).,.1-"!%$" /,!,*.&"$4 ("$(.&-!".$ 9 6+-+"$ .,3&"1.$,.1-!> ?, &6&*-$4

&' 3!'$" ;+& '& $-$"2! &' ("$(.&-!".$ ! 1+ ,&2$*.$ %&(&,%& %&' ,.3&' %& 1!-.16!**.0,

%& ,&*&1.%!%&1 ;+& '$2"& *$, &' ).1)$4 3!'$" %& +1$A &, *!)#.$4 &' 6+-+"$ .,3&"1.$@

,.1-! (+&%& 3&" &, '! *$)(!<7! +,! $($"-+,.%!% %& !(!'!,*!" $($"-+,.%!%&1 %&
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A-+7-# (0 =>? @&B0 *# C#D232(2*0* 5 0*0.1032(2*0* 0 (0, %&+*2%2&+#, *# (&, 0@#+<
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 !"#$%&'&(!# )"* +)",$-" f (X,Y ) %& %!# .*'$*/0&# *0&*1!'$*# X 2 Y 3)& 4*'* )"

4)"1! &" 4*'1$,)0*' (µX , µY ) &3)$.*0&"1& *

E (X) = µX 2 E (Y ) = µY

3)&'&(!# *4'!5$(*' &0 .*0!' %& f (µX , µY ) (&%$*"1& &0 4!0$"!($! %& &54*"#$-" %& 6*27

0!'8 &#1! &#9

f (X,Y ) ≈ f (µX , µY ) + (X − µX) fX (µX , µY ) + (Y − µY ) fY (µX , µY )+

+
1

2

[
(X − µX)2 fXX (µX , µY ) + 2 (X − µX) (Y − µY ) fXY (µX , µY )+

+ (Y − µY )2 fY Y (µX , µY )
]
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+
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]
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X
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]
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+
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]
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"#"$ %&'( E [(X − µX)] = 0( E
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]
= σ2X ) E [(X − µX) (Y − µY )] = σ2XY
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. "' /$01# '%&23#4'*+'(

E

[
Y

X

]
≈ µY
µX

+
1

µ2X

(
σ2X

µY
µX

− ρσXσY
)
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92* '1:#0;$( ,&#*"$ Y = 1 +'*'1$- %&' '4 3#4$0 '-<'0#"$ E
(
1
X

)
-' "'=*' ,$1$>

E

[
1

X

]
≈ 1

µX

(
1 +

σ2X
µ2X

)

$(

E

[
1

X

]
≈ 1

E [X]

(
1 + Cv2

)
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 !"#$%" &' !($)$&*& +*,* !" &'#$-.,

/*0. ,$'-1.

 !"#

X = (x1, x2, ..., xn)

$%& '!&($)"*%& *! (+" ",)-.-*"*# /

x1 % x2 % · · · % xn

$" !&)'(,)('" *! 0'!1!'!+,-" *! (+ *!,-&%'2

3(!4%# &! "&-4+" (+ 5+*-,! *! ()-$-*"* u (xi) = ui " ,"*" '!&($)"*% ,%+1%'6! "$

0'-+,-0-% *! 7(!8

u (x1) = 1

u (xn) = 0

9:%'"# &! 0(!*! !$";%'"' (+" $%)!'5"# )"$ 7(!8

ℓ ∼
(

ui 1− ui
x1 xn

)
, u1 ∈ [0, 1]

<(!."6!+)! &! 0"')! *! (+ ,%+=(+)% *! '!&($)"*%&# )"$ 7(!8

X2 = (x2, x3, ..., xn−1)

3(!4%# -+)!''%4"+*% "$ *!,-&%' &%;'! 7(> ."$%' *! u# !+ $" $%)!'-" "+)!'-%'# !& -+*-1!'!+)!

'!&0!,)% " '!,-;-' ,%+ ,!')!?" X2 % 0"')-,-0"' !+ $" $%)!'-" ℓ2 @$ ."$%' 7(! >$ "&-4+! " u

ABC



 !"#$ %& '(!)*+! ," (-*.*, , / 0 (! ,")*1$0 % 2$ 0*"13$  !"

#$%& $' ()*+,$ *$ -.+'+*/* 0/%/ $' 0%$1+2 x23 4#.2 $#5

u (x2) = u2

*$ ./' 1/)$%/ 6-$5

u2 < u1 = 1

7+)/'1$).$3 #$ ,/',-'/) '2# ()*+,$# *$ -.+'+*/* ,2%%$#02)*+$).$# / '2# %$#-'./*2# x3, x4, ..., xn−1
+).$%%28/)*2 #-,$#+9/1$).$ /' #-:$.2; <#( #$ 2=.+$)$) .2*2# '2# ui3 9$%+>,/)*2#$ 6-$5

x1 % x2 % · · · % xi % xi+1 % · · · % xn

,2)

1 = u1 > u2 > · · · > ui > ui+1 > · · · > un = 0



 !"#$ %

 !"#$%&'$ (!) *&!! +,$- *)'.

 !"#$%  &'( )$**  "+, )-%. /00'1/0''

2"3 )*4 5"$ 67$ 5"8 2!3 2!- 69! :*7 ;<= >%? @*<

/00' A'&BB C'&D/ EF&AF //&0B /&F/ AE&CB 1E&CD 1'A&DC 1/C&FG /E&B/ 1AG&0D AC&'C

/00/ 0&/B 1'D&C' 1FF&EE 1DF&AG 1FC&CG 1AB&F 1C0&BG 1FA&FG 1'G&FE A0&G/ EF&E/ EG&/G

/00A /'&AG 1'G&G' 1F'&AB 1'0&DD 1/G&DC 1E&GD D&0G 1B&DE 1'/&0F A&F' '/&// /A&/A

/00E D0&GA G'&EC FE&/' /A&C0 'G&BG C&AE E'&BF AC&/E EA&BA E'&'F 1'0&EC F&GA

/00F 1'&AE 1/C&'' 1FC&/A 1C'&'B 1AD&CG /&AG 1B&0D AD&GA '&CA 1/G&A' /F&G' 1'A&C0

/00C FE&CB 1'F&FA C&/E 0&BC 1E'&BG '0&G' 'C&/C '/&// /&0/ 1'/&AC C&E' EF&GB

/00D //&EC 1FE&BE 1GE&/F 1DG&AC 1A0&'C /D&A0 A/&0' CE&0' CB&G/ /0&BF /C&/' 10&0C

/00G 1EC&AC '0&F/ 1'C&G' 1EC&/G 1'F&FG 1/0&BB 1'A&GC 1'D&B/ 1F&B0 'A&G0 C&0B ''&C/

/00B '&'E 1/A&'G /'&F0 D&F' 1'0&'F A&CD 1B&0A '&0/ 'D&0F BA&AE 1E&GB FE&BC

/0'0 'A&E/ 1EF&FD 1AE&CG 1A&'E 1/F&C' 1/C&/0 0&'G 1A&C/ 1EF&DF 1D0&/' 1''E&'/ 1'/C&/E

/0'' 1AF&B' 1'F&CC 1'D&C0 1'&FG A/&'D A&0/ 1/D&FB 1DC&FC 1E/&DA 1EF&'G A&CD 1'D&EG

'0E
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 ! "#$%&'$ (& &')*+,%*-. (&! /#&& %,'0 1$2 %$. '3 %$##&'"$.(*&.)& #&"#&'&.),%*-.

4#56%, '& !!&7- , %,8$ +&(*,.)& !, ,"!*%,%*-. (& !$' '*43*&.)&' "#$4#,+,' &'),(9')*%$':

 7*&2'; <; =*.*),8 > ?),)4#,"0*%'@

 !"! #$%&$'$()*+,-( .&/0+*

A$. 8,'& &. !, *./$#+,%*-. (&! ,.&B$ A C3& %$##&'"$.(& , !$' #&4*')#$' (&! D#&&

A,'0 D!$2 &.)#&  .&#$ (&! 2011 > E*%*&+8#& (&! 2011 '& $8)*&.& &! 4#56%$ (& !, '&#*&;

D*43#, E@F: D#&& A,'0 D!$2 GHHFIGHFF

FHJ
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 !"! #$%&'('( )*(+,'-.'/0

#$ $%&'() $% *+$, -$./.), .$,(+/0*/1), 0)+) $2 &+$$ (),3 4'56 2), (7)2$, ,$ $%(7$%*+)%

$% 2) 897+) :; < :;=> ).$-?,6 .$ 7% $,*7./' 9+?8(' 0+'0'+(/'%).' 0'+ 2), 897+), :;@6

:;A6 :;B6 :;" < :;C;

D,/-$*+E)F G/.$ $2 9+).' .$ ),/-$*+E) .$ 2) ./,*+/H7(/I% .$ ,7, .)*', $%*'+%' ) 2)

-$./); J, )./-$%,/'%)26 J,*' $,F

S =
1

T

T∑

t=1


 yt − y
s
√

T−1
T




3

:'%.$6 s = :$,1/)(/I% $,*?%.)+; #/6

S > 0 ),/-K*+/() ) 2) .$+$(3)

S = 0 ,/-K*+/()

S < 0 ),/-K*+/() ) 2) /LM7/$+.)

N7+*',/,F G/.$ $2 9+).' .$ ('%($%*+)(/I% .$ 2', 1)2'+$, M7$ *'-) 2', .)*', $%*'+%'

) 2) -$./)6 J,*' $,F

K =
1

T

T∑

t=1


 yt − y
s
√

T−1
T




4

:'%.$6 s = :$,1/)(/I% $,*?%.)+; #/6

K > 0 O$0*'(P+*/()

K = 0 G$,'(P+*/()

K < 0 Q2)*/(P+*/()

J,*).E,*/(' .$ R)+M7$ST$+)F Q$+-/*$ ('%*+),*)+ 2) 3/0I*$,/, %72) .$ %'+-)2/.).

('%*+) 2) 3/0I*$,/, )2*$+%)*/1) .$ %' %'+-)2/.). .$ 2', .)*',6 J,*' $,F

JB =
T

6

(
S2 +

(K − 3)2

4

)

:'%.$6 S = D,/-$*+E) < K = N7+*',/, #/6

pS1)27$ < α→ U$(3)L' H0

O' M7$ /-02/() +$(3)L)+ 2) 3/0I*$,/, .$ %'+-)2/.). $% 2', .)*',;

G$./)%*$ 2', $,*).E,*/(', < 9+?8(', ,$ 2'9+) )0+$(/)+ M7$ ) 7% %/1$2 0,056 $V/,*$ $1/.$%(/)

$,*).E,*/() 0)+) ,70'%$+ M7$ 2', +$9/,*+', 3/,*I+/(', .$2 47W' .$ ()W) 2/H+$ ,/97$% 7%)









FCFt FCFt−1

m





 !"#$ %& "'()* +),! -."" + '/ -0$1   !

"#$%&' () !* +,-.&'/.0 12%-$34,5 6'&' 07 "&00 +'/8 "7,9

:0-;#' 0- 077,/< 0/ :0;#&< /# 0/.,/ &0/#:%,/ 6&0/0-.'- ;,&&07';#=- -, -%7'< >/., 0/*

Q !"#" = T (T + 2)

m∑

k=1

(
ρ̂2k

n− k

)

$%&'() ρ̂ = #*"%+%,,(-#+./& 0#,+.#- 1 k2 = &23(,% '( 0#,43(",%!5 6%, -% "#&"%)

p 7#-*( < α→ 8(+9#:% H0

;& <=*,# $5>? !( (&+*(&",# (- +%&",#!"( '( @A*&= B%C 0#,# -# &% '(0(&'(&+.# (&",(

,("#,'%! +%& !*! +%,,(!0%&'.(&"( DEF 1 6DEF5 @%! ,(!*-"#'%! '( -# 0,*(G# !*0%&(& H*(

# *& &.7(- '(- I5IJ) &% 9#1 !*<+.(&"( (7.'(&+.# (!"#'K!".+# 0#,# #<,3#, -# &% '(0(&'(&+.#

(&",( -%! m 0,.3(,%! ,(!.'*%! (!".3#'%!L 0%, (- +%&",#,.%) (! 3*1 0,%G#G-( H*( (C.!"#

(&",( -%! m 0,.3(,%! ,(!.'*%! *&# '(0(&'(&+.#5 @% #&"(,.%,) "#3G.M& (!"# #0%1#'% (& -#

,(0,(!(&"#+./& =,4<+# '( -# D*"%+%,,(-#+./& 1 D*"%+%,,(-#+./& 6#,+.#- -% +*#- 3*(!",#&

-# '(0(&'(&+.# (&",( -%! 0,.3(,%! ,("#,'%!5
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"#$%&' () !* +," -'&' ./ "&.. ,'01 "/23

"#$%&' () 4* 5+," -'&' ./ "&.. ,'01 "/23
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 !"! #$%&'() *& $(+, %-./($.(

 !"!#! $%&'() *'  +,-'./0&11'% 2&3'45)*)

"# $%&% #' (% &)*+)#',# -#*-#&).' %+/)()%-

∆FCFt = δ + βt+ αFCFt−1 +
∑

i

γ∆FCFt−i + εt

0' 12'1# α -#3-#&#',% #( 3%-45#,-2 1# -%67 +'),%-)%8 1# ,%( 5%'#-% 9+# 5)#',-%& (%

:)3.,#&)& '+(% #&,%$(#;# (% #/)&,#';)% 1# -%67 +'),%-)%8 (α = 0)8 (% %(,#-'%,)<% &# )';()'%

32- (% )1#% 1# (% '2 #/)&,#';)% 1# (% 5)&5%8 (α < 0)=

0( #&,%16&,);2 1# 3-+#$% ;2'&)&,# #' (% &)*+)#',# -#(%;).'

ADF =
α̂

SE (α̂)

(% ;+4( 1#$# &#- &)#53-# '#*%,)<%=

>%& ?*+-%& @= A8 @= B C @= D -#3-#&#',%' (% 3-+#$% E@F 3%-% 1)G#-#',#& #&3#;)?H

;%;)2'#& 1# (% -#*-#&).' %+/)()%-8 ;2' #&,2 &# 1#,#-5)'% 9+# #( 3-2;#&2 #& #&,%;)2'%-)2

#' ')<#(=

0& 1#;)-8 % (2& ')<#(#& 1# 0,018 0,05 C 0,108 '2 #/)&,# #<)1#';)% #&,%16&,);% 3%-%

%?-5%- 9+# #( 3-2;#&2 3-#&#',# -%67 +'),%-)%8 #&,2 )53();% 9+# (% &#-)# 1#( I+J2 1# ;%J%

()$-# 3-2$%$(#5#',# &#% #&,%;)2'%-)% #' 5#1)%= K2 2$&,%',#8 (%& 3-+#$%& ,)32 L8 LL C

LLL 1#5+#&,-%' 9+#M &) #& #&,%;)2'%-)%8 #',2';#& 3-2$%$(#5#',# (2 &#% %(-#1#12- 1# +'%

;2'&,%',#=

 !"!6! $%&'() *' 78+)5-98:-+/$;+11+<:/=,;3+*5/=;+4

"# $%&% #' #( &)*+)#',# 521#(2M

FCFt = β′Dt + µt + ut

µt = µt−1 + εt, εt ∼ RB
(
0, σ2ε

)

12'1# Dt ;2',)#'# #( ;2532'#',# 1#,#-5)'6&,);2 N;2'&,%',# C ,#'1#';)%O C ut ∼ I(0) #&

+'% ;%5)'%,% %(#%,2-)%=

@# ,%( 5%'#-%8 9+# (% :)3.,#&)& '+(% ;2'&)&,# #' <#-)?;%- (% #&,%;)2'%-)#1%1 1#(

FCFt8 (σ
2
ε = 0)8 (2 9+# )53();% 9+# µt #& +'% ;2'&,%',#=
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"#$%&' () !* +&%,-' .(" /#01 222 0'&' ,3 "&,, 4'56

"#$%&' () 7* +&%,-' .(" /#01 22 0'&' ,3 "&,, 4'56
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"#$%&' () *+ ,&%-.' /(" 0#12 3 1'&' -4 "&-- 5'67

84 -60'9:60#;2 9- 1&%-.' ;2<6#60- -< 4' 6#$%#-<0- &-4';#=<

KPSS =

(
T−2

∑T
t=1 Ŝ

2
t

)

λ̂2

92<9->

Ŝt =
t∑

j=1

ûj

ût -6 -4 &-6#9%'4 9- 4' &-$&-6#=< ? λ̂2 -6 %< -60#@'92& ;2<6#60-<0- 9- 4' A'&#'<B' 9- ut

%6'<92 ût)

C' D$%&' () E @%-60&' 4' 1&%-.' F,GG 1'&' 4' -61-;#D;';#=< 9- 4' &-$&-6#=< '%H#4#'&

;2< 0-<9-<;#' ? ;2<60'<0-> ;2< -602 6- 9-0-&@#<' I%- -4 1&2;-62 -6 -60';#2<'&#2 -< <#A-4>

44-$'<92 ' 4' @#6@' ;2<;4%6#=< 9- 4' 1&%-.' /("> @-<;#2<'9' '<0-&#2&@-<0-)

86 #<9#61-<6'.4- @-<;#2<'& I%- -4 -60'9:60#;2 F,GG ;2<A-&$- ' %<' J%<;#=< 9-

@2A#@#-<02 K&2L<#'<2 -60M<9'& I%- 9-1-<9- 9- 4' J2&@' 9-4 ;2@12<-<0- 9-0-&@#<:60#;2

? 12& -<9- 4' 4-;0%&' 9- 426 A'42&-6 ;&:0#;26> ? 12& 6%1%-602 9-4 A'42& p> -6 ;2<0&'&#2 '

;%'4I%#-& 1&%-.' 9- 7#1=0-6#6 0&'9#;#2<'4) 8602 -6> ' 426 <#A-4-6 9- N)N > N)NO ? N) N> -H#60-

-A#9-<;#' -60'9:60#;' 1'&' 'D&@'& I%- -4 1&2;-62 9-4 P%Q2 9- ;'Q' 4#.&- <2 1&-6-<0' &':B

%<#0'&#'R ;2< -602> 6- ;2<;4%?- I%- -4 1&2;-62 -6 -60';#2<'&#2 -< @-9#' ? '4&-9-92& 9-

%<' ;2<60'<0-)
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"#$%&' () *+ ,&%-.' /,00 1'&' -2 "&-- 3'45

 !"! #$%&'()*+*(,& $%- ./$%-/

6' #7-89#:;';#<8 7-2 =>7-2> ?@A? 1%-7- 4-& %8' 9'&-' 7#BC;#2D 4#8 -=.'&$>E 5';#-8F

7> %4> 7- 2'4 B%8;#>8-4 7- '%9>;>&&-2';#<8 G '%9>;>&&-2';#<8 1'&;#'2 1>7-=>4 #7-89#:;'&

2>4 1>4#.2-4 =>7-2>4 =-7#'89- 2'4 4#$%#-89-4 &-$2'4+

 ) (-;#7#& ;%H2 -4 -2 >&7-8 =HI#=> 7- 2'4 1'&9-4 AR G MA ' 1'&9#& 7- 2>4 &'4$>4

>.J#>4 7- 2' AC G PAC+ 3>-:;#-89-4 ;2'&'=-89- 4#$8#:;'9#J>4E 1'%9'4 7- 7-;&-F

;#=#-89> $->=K9&#;'4 > 4#8%4>#7'2-4)

L) MJ#9'& 2' #7-89#:;';#<8 #8#;#'2 7- =>7-2>4 =#I9>4 ARMA G ;>=-8N'& ;>8 =>7-2>4

AR > MAE 1&-B-&#.2-=-89- 7- >&7-8 .'O>)

P) Q-&#:;'& 2' -I#49-8;#' 7- &-9'&7>4 -49';#>8'2-4)

"#8'2=-89-E 5';#-87> %4> 7- 2' "%8;#<8 7- ?9>;>&&-2';#<8 MI9-87#7' 7-  !"# G 7-2

;&#9-&#> $&H:;> 7- 2'4 B%8;#>8-4 7- '%9>;>&&-2';#<8E >.9-8-=>4 R%- 2>4 1>4#.2-4 =>7-2>4

4>8 7- 9#1> ARMA(1, 0) > ARMA(1, 2)) Q-& :$%&' () S G ()LT)
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"#$%&' () *+ "%,-#., /0 1%23-3&&04'-#., 5620,/#/'

"#$%&' ()78+ 93:;'&'2#<3 /0 ;&3-0=3=
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"#$%&' ()* + ,-.,/ 012 3#4 56437'478

 !"! #$%&'()&*+ , -(.&/()&*+ /0. '1/0.1

94' :8; #<847#=5'<63 >63 ?63#@>83 ?&658363 83765A37#563 $848&'<6&83 <8 >' 38&#8 78BC

?6&'>0 38 7&'7' <8 837#B'& >63 ?'&AB87&63 <8 <#5D63 B6<8>63+

Wt = ϕ0 + ϕ1Wt−1 + ϕ2Wt−2 + ...+ ϕpWt−p + εt − θ1εt−1 − ...− θqεt−q

E3 <85#&0

β
′

= (ϕ0, ϕ1, ϕ2, ..., ϕp, θ1, ..., θq) F σ2ε

97#>#;'4<6 8> BG76<6 <8 837#B'5#H4 ?6& .AI#B' J8&63#B#>#7%< K64<#5#64'> F &8'>#;'4<6

8> ?&65836 84 E:#8L30 38 6@7#8484 >63 3#$%#84783 B6<8>63+

FCFt = 0,6047FCFt−1 + εt

FCFt = −4,6917 + 0,5999FCFt−1 + εt

>63 5%'>83 364 <8 7#?6 ARMA (1, 0)0 F

FCFt = 0,5462FCFt−1 + εt + 0,1968εt−2

FCFt = −4,3764 + 0,5430FCFt−1 + εt + 0,1944εt−2

M%8 364 <8 7#?6 ARMA (1, 2)0

N6 6@37'4780 8> B6<8>6 ,-.,/ 012 83 8> M%8 ?&83847' B'F6& 5643#37845#' F 38 :8&#=5'

84 >' =$%&'3 ()* 0 ()**0 ()*O F ()*P

Q6& R>7#B60 38 &8'>#;' >' 56&&83?64<#8478 :'>#<'5#H4 ' 7&':G3 <8 >'3 =$%&'3 ()*S0 ()*T0

()*U0 ()*V0 ()*!0 ()O10 ()O 0 ()O*0 ()OO F ()OP0 ?'&' 8> 5'36 <8> B6<8>6 ARMA(1, 0))

Q6& 3% ?'&780 8> B6<8>6 ARMA(1, 2)0 38 &8'>#;' >' 56&&83?64<#8478 :'>#<'5#H4 ' 7&':G3

<8 >'3 =$%&'3 ()OS0 ()OT0 ()OU0 ()OV0 ()O!0 ()P10 ()P 0 ()P*0 ()PO F ()PP
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 !"#$%#&'!%(#) *+ ,-+*+#$'# .+ /'#+-' 0+#+-'1 1"* -+*&1$'."* .+ 1' *%/&1'!%(# .+1

!"/,"#+#$+ ,+-/'#+#$+ 2'3" &# ,-"!+*" ARMA (1, 0))

4%0&-' 5678 9#:"-/'!%(# .+ 1' ;%/&1'!%(#

4%0&-' 56<8 5*$'.=*$%!"* .+ 1' ;%/&1'!%(#

7>7






