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 !"#$!%&' ()'*&$'!' *$!*!$ )!"+" )",!$-+ )." + &$ + (&  !" # &' -/' &0 )&"#& *!"&$%!'1

(&2)(! + 34& &'#!'  !"#$!%&' '!"  &$! &" +-*%)+' 5!"+' (&% (!-)")!  6,6 7896

:+' ;&"#+<+' (& 4#)%)5+$ &'#& #)*! (&  !"#$!%&' '!"=

• >)-*%) )(+( &" %+ +*%) + )." (&%  !"#$!%

• ?)'-)"4@& &" A$+" -+"&$+ %!'  !'#!' (& +*%) + )."

• B!' (+" 4"+ )(&+ (&  4/%&' '!" %!' *+$/-&#$!' -/' $&%&;+"#&' (&  !"#$!%6

C#$+ &'#$+#&A)+ (&  !"#$!% &' %+ (& 4'+$  +"#)(+(&' 0")#+' &" %4A+$ (& ,4" )!"&'6

D'#+'  +"#)(+(&' '!"  !"! )(+'  !-!  !"#$!%&' 0")#!'6 D" %+ + #4+%)(+(1 '& &" 4&"#$+

+%A4"+ %)#&$+#4$+ &"  4+"#! + %!'  !"#$!%&' 0")#!' +*%) +(!' + & 4+ )!"&' &" (&$);+(+'

*+$ )+%&' &%E*#) +'  6,6 7891 7F91 7G91 &" #!(!' &'#!'  +'!' ')" ()'*&$')."6 D"  4+"#! + +$H

#E 4%!' &" %!'  4+%&' *!(+-!' &" !"#$+$  !"#$!%&' 0")#!'  !" ()'*&$')."1 I+'#+ (!"(&

 !"! &-!' &'#& '&$E+ &% *$)-&$ #$+2+<! &" &% 34& '&  !"')(&$+  !"#$!% .*#)-! (& D6?6J6

 !" &'#& #)*! (&  !"#$!%&'6

D% +*!$#& (&% *$&'&"#& #$+2+<! &' &" *$)-&$ %4A+$ &% +"/%)')' (& %!' *$!2%&-+' (&  !"H

#$!% .*#)-! *+$+2.%) !'  !"  !"#$!%&' 0")#!'1 +% !2#&"&$ %+'  !"() )!"&' (& !*#)-+%)(+(

*+$+ &%  +'! (&  !"#$!%&' 0")#!'  !" @ ')" (&*&"(&" )+ (&% #)&-*! ')" ()'*&$')." @ *+$+

&%  +'! 0")#!  !"  !"#$!%&' ()'*&$'!'6 K(&-/' %+  +$+ #&$)5+ )." (& %+ ()'*&$')." (&%

 !"#$!% .*#)-! -&()+"#& 4"+ ,.$-4%+ (& *$!@&  )."6 L+'/"(!"!' &" &'#+'  !"() )!"&'

@  +$+ #&$)5+ )." I&-!' (&'+$$!%%+(! %!' ')A4)&"#&' +%A!$)#-!' "4-M$) !'=

• ?& #)*! N!"<4"#!' K #);!' OJ?K>P *+$+ &%  +'! ,4" )!"+% 1 0")#! ')" ()'*&$')."

@ 0")#!  !"  !"#$!%&' ()'*&$'!'1

• ?& #)*! (& N!!$(&"+(+' ?&' &"(&"#&' ONQ?RP *+$+ &%  +'! 0")#!  !"  !"#$!%&'

()'*&$'!'1 &%  4+% &' *+$+%&%)5+2%&6

K(&-/' '& I+" $&+%)5+(! %+ )-*%&-&"#+ )." "4-M$) + @ '4' $&'*& #);!' &S*&$)-&"H

#!'6 D'#& *$!@& #! (& #)#4%+ )." &'#/ !$A+")5+(! &" '&)' *+$#&'= &" &% N+*E#4%! T '&

)"#$!(4 &"  !" &*#!' #&.$) !' @ '& $&'4-&" #$+2+<!' *$&%)-)"+$&' $&%&;+"#&' *+$+ %!'

!2<&#);!' (& %+ )";&'#)A+ )."6 D" &% N+*E#4%! U '& +"+%)5+ &% *$!2%&-+ %)"&+% H  4+($/#) !

 !" *&"+%)5+ )." &" "!$-+ ℓ26 D% N+*E#4%! V +"+%)5+ %+ ,!$-4%+ )." (& "4&'#$! *$!2%&-+

%)"&+%  4+($/#) ! ()'*&$'! *4&' #)&"& %+ '&A4"(+ *&"+%)5+ )." &" "!$-+ ℓ1 @ 4#)%)5+$&-!'

%!' -M#!(! J?K> @ NQ?R *+$+ '4 )-*%&-&"#+ )." "4-M$) +6 D" &% N+*E#4%! F '& $&+%)H

5+ %+ *+$+%&%)5+ )." (&% +%A!$)#-! (&  !!$(&"+(+' (&' &"(&"#&' ONQ?RP )-*%&-&"#+(!

U



 !  " #$%&'(") *+ ,-!$". !' /  !  " 0$%&'(") 1 2 %3 2 !'$! $"4(!$2 #)!#"(2-)! 2 2)53 

 " '3$5$6) 3 $"-7$8)+

 ! "#$%&'#()*

9 ") "$34) 8  2' '3$5$6) ('-"-7$3 .)2 "$ 2-4(- !' 2 !)'$#-)! 2:

∇f(x) ;" 43$8- !' 8 (!$ <(!#-=! f 8-< 3 !#-$5"  ! x

yt =
∂y
∂t

>3-. 3$ 8 3-?$8$ %$3#-$" 8 (!$ <(!#-=! y #)! 3 2% #') $ t

Ω @! 8).-!-) A-%2#B-'7 $#)'$8)  ! R.

Γ ,3)!' 3$ 8 Ω.

(·, ·) C %3 2 !'$  " %3)8(#')  2#$"$3  ! L2(Ω)

‖ · ‖L2(Ω) A$ !)3.$ #)33 2%)!8- !' $"  2%$#-) <(!#-)!$" L2(Ω)

‖x‖ℓ2 = (
∑

i x
2
i )

1
2

A$ !)3.$  (#"-8 $!$ 8 R
n

‖x‖ℓ1 =
∑

i |xi| A$ !)3.$ ℓ1

t D$3-$5" 8 " '- .%)

EF+FG

>$3$ -!8-#$3 "$2 -' 3$#-)! 2 8 ")2 $"4)3-'.)2 2 ('-"-7$3H! 2(% 3I&!8-# 2/ J %$3$

#$8$ #).%)! !' 8 ")2 ? #')3 2 2(5I&!8-# 2/  2 8 #-3/ "$ !)'$#-=! xk
i B$# 3 < 3 !#-$

$ "$ #).%)! !' iIK2-.$ 8 "$ kIK2-.$ -' 3$#-=! 8 $"4L! $"4)3-'.)/ %$3$  " #$2) 8 

#)!'3)" M%'-.) #)! #)!'3)" 2 N!-')2 2 ' !83H "$ !)'$#-=! xi(k) 8)!8 2 B$# 3 < 3 !#-$

$ "$ #).%)! !' iIK2-.$ 8 "$ kIK2-.$ -' 3$#-=! 8 $"4L! $"4)3-'.)+ A$2 .$'3-# 2 2 

8 !)'$3H! #)! " '3$2 .$JL2#("$2 J ")2 ? #')3 2 #)! .-!L2#("$2+

 !+ ,#-./0%&'1( 2)0 3-#40).%

O .$! 3$ 4 ! 3$"  2'(8-$.)2  " %3)5" .$:

mı́nF (y, u) := f(y, u) + γP (u), EF+PG

8)!8 f  2 (! <(!#-)!$" 8-< 3 !#-$5" #($83H'-#) Q( 8 % !8 8 "$2 ?$3-$5" 2 8 

 2'$8) y J 8 " #)!'3)" u+ P  2 (!$ <(!#-=! %3)%-$ #)!? R$ J 2 .-I#)!'-!($ -!< 3-)3/ "$

#($" !)  2 ! # 2$3-$. !' 8-< 3 !#-$5" J #)!'- !  " 'K3.-!) 3 2%)!2$5" 8 -!8(#-3

8-2% 32-=!  ! "$2 2)"(#-)! 2+

A$ ?$3-$5" y #)!2-8 3$8$  ! EF+PG 8 5 2$'-2<$# 3 "$  #($#-=! 8  2'$8)/ Q(  2'H

8$8$ %)3 "$  #($#-=! %$3$5="-#$ "-! $":

*



yt −∆y + y =
∑m

i=1 uiϕi, Q,

∂vy = 0, Σ,

y(0, ·) = yini, Ω.

 !"#$

%&'%( Q = Ω × (0, T )) Σ = Γ × (0, T )) ∆y (* (+ ,-.+-/0-'& %( y) /&' T > 0 1'

20(3.& 45& 4'-+ 6 γ ≥ 0 1'- /&'*2-'2( 45-" 7*13-3&* 81( yini ∈ L2(Q) (* 1'- 91'/0:'

%-%- 6 81( ϕi ∈ L2(Q)) .-;- i = 1, 2, 3, ...,m

<' '1(*2;& /-*& 2&3-3&* P = γ‖ · ‖ℓ1 + χUad
(+ /&'2;&+ :.203& .(;2('(/( - 1'

(*.-/0& %( %03('*0:' 4'02- 6- 81( (+ /&'2;&+ u *( 2&3- /&3& 1'- /&3=0'-/0:' +0'(-+

%( 1' '>3(;& 4'02& %( 91'/0&'(* (ϕi)i=1...m" <' '1(*2;& .;03(; .;&=+(3- -'-+0?-;(3&*

 !"@$) %&'%( γ = 0 6 +&* /&'2;&+(* (*2A' (' 1' (*.-/0& %( %03('*0:' 4'02-" ,1(B&) ('

'1(*2;& *(B1'%& /-*& 2('%;(3&* γ = 0 /&' /&'2;&+(* 81( *&' %(.('%0('2(* %(+ 20(3.&)

.-;- 2(;30'-; -=&;%-'%& (+ 2(3- %( /&'2;&+(* %0*.(;*&* /&' γ > 0"

C&'20'1-;(3&* ('2&'/(* (' +- *0B10('2( *(//0:' /&' (+ (*21%0& %( +- (/1-/0:' %(

(*2-%&"

 !" #$%&'() '* +, *-&,-(./ '* *$%,')

 !"! #$%&'($)*+ ,-.(%*+ *) *% *+/0'($ W (0, T )

<3.(?-;(3&* /&' +-* %(4'0/0&'(* 2&3-%-* %(+ +0=;& %( /&'2;&+ :.203& .-;- <"D"E" %(

F;(%0 G;&+2?*/H /"9" IJ) .AB !K!L) '(/(*-;0-* .-;- '1(*2;& (*21%0&"

 !"#$%$&# '(  !"#$!%&' (!)*%+) ,&-)%," ,& [a, b] ⊂ R &) !) &./"*%0 ,& 1")"*2 X .&

##"3" 91'/0:' M(/2&;0-+4

 !"#$%$&# )( 5&" {X, ‖ · ‖X} !) &./"*%0 ,& 1")"*2 '&"#4 6&*%30. $!& !)" 91'/0:'

M(/2&;0-+ y : [a, b] → X &. *0)7%)!" &) &# /!)70 t ∈ [a, b] .% ĺım
τ→t
‖y(τ) − y(t)‖X = 04

6&)07"30. &# &./"*%0 ,& 70,". #". (!)*%0)&. 8&*70'%"#&. $!& .0) *0)7%)!". &) 70,0 /!)70

t ∈ [a, b] /0' C([a, b] , X)4 9# &./"*%0 C([a, b] , X) &. !) &./"*%0 ,& 1")"*2 *0) '&./&*70

" #" )0'3"

‖y‖C([a,b],X) = máx
t∈[a,b]

‖y(t)‖X  !"K$

 !"#$%$&# *( :)" (!)*%+) 8&*70'%"# y : [a, b] → X .& ##"3" 91'/0:' %( .-*&* .% 2";

!) )<3&'0 -)%70 ,& yi ∈ X ; *0)=!)70. ,%.=!)70. Mi ⊂ [a, b] #&>&.?!& 3&,%>#&.@ *0) m

K



 !" #$% 1 ≤ i ≤ m& ' [a, b] =
m
⋃

i=1

Mi ' y(t) = yi (!)!  *+* t ∈Mi& 1 ≤ i ≤ m,

 !"#$%$&# '( -.! /$.012. 3%0 *)1!" y : [a, b] → X 4% +10%  !"#$%! 41 %514 % $.!

4$0%412. {yk}
∞

k +% /$.01*.%4 +% (!4*4 yk : [a, b]→ X  !" #$% y(t) = ĺım
k→∞

yk(t) (!)! 0!41

 *+* t ∈ [a, b],

 !"#$%$&# )( 64(!01*4 Lp

(i) 7%.* !8*4 (*) Lp(a, b;X)& 1 ≤ p <∞& "*4 %4(!01*4 "1.%!"%4 +%  *+!4 "!4 90"!4%4 +%

%#$13!"%.01!: /$.01*.%4 3%0 *)1!"%4 8%+1;"%4 y : [a, b]→ X #$%  1%.%. "! ()*(1%+!+

∫ b

a

‖y(t)‖pXdt <∞. &'()*

6" %4(!01* Lp(a, b;X) %4 $. %4(!01* +% <!.!0= 0*. )%4(%0 * ! "! .*)8!

‖y‖ :=

(∫ b

a

‖y(t)‖pXdt

)(1/p)

. &'(+*

(ii) 7%.* !8*4 (*) L∞(a, b;X) %" %4(!01* +% <!.!0= +%  *+!4 90"!4%4 +% %#$13!"%.>

01!: "!4 /$.01*.%4 3%0 *)1!"%4 8%+1;"%4 y : [a, b]→ X #$%  1%.%. "! ()*(1%+!+

‖y‖L∞(a,b;X) := ess sup
[a,b]

‖y(t)‖X <∞ &'(,*

-. %/0 !0123#/0 "!4.#"/05 %20 67.3#/.!0 87! "#4!9!. !. 7. 07$3/.:7.;/ "! [a, b] "!

 !"#"2 "! %!$!0<7! 0 1!9;!.!3!. 2 %2  #0 2 3%20! "! !87#=2%!.3#2 > 0! %/0 ;/ 2 3/ /

#<72%!0( ?2 $#@. 02$! /0 87! C([a, b], X) ⊂ Lp(a, b;X) ⊂ Lq(a, b;X) 1292 1 ≤ q ≤

p ≤ ∞(

 $*+,$-.%$/#!* 0!%+/,$12!*

-. %2 0#<7#!.;! 0!33#A. 19!0!.;29! /0 2%<7./0 3/.3!1;/0 0/$9! "#0;9#$73#/.!0 =!3;/9#2B

%!0 3(6( C,5 1D< 'E)F(

 !"#$%$&# 3( ?%.%8*4 %" %4(!01* +% <!.!0= V = H1(Ω), @!)! $. y ∈ X& +%A.18*4

$.! +14 )1;$012. 3%0 *)1!" T : C∞
0 (0, T )→ V 0*8* 41B$%

T ϕ :=

∫ T

0

y(t)ϕ(t)dt ∀ϕ ∈ C∞
0 (0, T ). &'(G*

)



 !"#$%&'(#)*$+ ",*-(.! /, %)#(0,%, %) T '$*$ &!, %(+"#(-&'(1! 0)'"$#(,/ )! ".#2

*(!$+ %) /, (!")3#,/ %) 4$'5!)# '676 89: ;<3 =>?@A

T ′ϕ := −

∫ T

0

y(t)ϕ′(t)dt. B=6CD

E-+)#0)*$+ F&) y )+ &!, 7&!'(1! 0)'"$#(,/: *()!"#,+ ϕ )+ #),/6 G( )H(+") &!, 7&!'(1!

w = w(t) ∈ L1(0, T ;V ) ",/ F&)

T ′ϕ = −

∫ T

0

y(t)ϕ′(t)dt =

∫ T

0

w(t)ϕ(t) dt ∀ϕ ∈ C∞
0 (0, T ), B=6=ID

)!"$!')+ T ′
;&)%) +)# (%)!"(J',%, '$! w: K, F&) )+ (!%&'(%, ;$# .+",6 L,%$ F&)

(%)!"(J',*$+ T '$! y K T ′
'$! w: 5,')*$+ /$ *(+*$ ;,#, y′ K %)J!(*$+A

y′(t) := w(t), B=6==D

)! )+") +)!"(%$: ")!)*$+ F&) y′ ∈ L1(0, T ;V )6

 !"#$%$&# '(  !"!#$% V = H1(Ω) &" !%'()*$ +! ,("()- . V ∗
%& +&(/0 +!"$1(#$%

'$2 W (0, T ) (/ !%'()*$ /*"!(/ +! 1$+(% /(% y ∈ L2(0, T ;V ) 3&! 1*!"!" &"( +!2*4(+( 5!"

!/ %!"1*+$ +! +*%12*6&)*$"!%7 y′ ∈ L2(0, T ;V ∗)0 )&.( "$2#( !%18 +!9"*+( '$2

‖y‖W (0,T ) =

(∫ T

0

(‖y(t))‖2V + ‖y′(t))‖2V ∗)dt

)1/2

. B=6=MD

N/ )+;,'($ W (0, T ) = {y ∈ L2(0, T ;V ) : y′ ∈ L2(0, T ;V ∗)} )+ &! )+;,'($ %) O(/-)#"

'$! )/ ;#$%&'"$ )+',/,#

(u, v)W (0,T ) =

∫ T

0

(u(t), v(t))V dt+

∫ T

0

(u′, v′)V ∗dt B=6=PD

 !" #$%&$'()*+ ,&-&./0'$&+ 0')*&0*+

Q,#, ;$%)# #)+$/0)# /$+ ;#$-/)*, %) '$!"#$/ 1;"(*$ F&) ;/,!"),*$+ )! )+") ;#$K)'"$

/$ ;#(*)#$ F&) %)-)*$+ )0,/&,# )+ /, )'&,'(1! %(7)#)!'(,/: '$!$'(%, '$*$ )'&,'(1! %)

)+",%$6 R, #)+$/&'(1! %) /, )'&,'(1! %) )+",%$ )+ (*;$#",!") K, F&) )+ /, F&) ;&)%)

*$%)/,# 7)!1*)!$+ '$*$ /, ;#$;,3,'(1! %)/ +$!(%$ $ %)/ ',/$#: )/)'"#$+"<"(',: )/)'"#$2

%(!<*(',: %(!<*(', %) S&(%$+: )/,+"('(%,%: *)'<!(', '&<!"(', )!"#) $"#$+6 T$*$ ',+$

U



 !"#$%&'!" #()(*+, &)! (%&!%$-)  !"!.-'$%! '$)(!'/  !"! '! %&!' ,( 0$,%&#$"1 ,+."( '!

(2$,#()%$! 0( '!, ,+'&%$+)(, 3 ,&,  "+ $(0!0(,4

5(! Ω ⊂ R
N
&) 0+*$)$+ 6$ ,%7$#8 !%+#!0+ %+) 9"+)#("! Γ = Ω̄ \ Ω 3 ,(! T > 0 &)

#$(* + :;+ :)!'4

<+),$0("!*+, ('  "+.'(*!=

yt −∆y + y = f, Ω× (0, T ),

∂vy = 0, Σ× (0, T ),

y(0, ·) = yini, Ω,

>?4?@A

0+)0(/

Q = Ω× (0, T ),

Σ = Γ× (0, T ),

f ∈ C2(Ω),

>?4?BA

%+) '!, 7$ -#(,$, 0('  "+.'(*! >?4CA4

D!"! !)!'$8!" >?4?@A 0(.(*+, 0$E$0$"'+ () 0+, ,&. "+.'(*!,4

 !"#$%$&# '(  !" Ω ⊂ R
N
#$ %&'($(& )(*+,-(./ ",&."%& ,&$ 01&$.!1" Γ = Ω̄ \ Ω 2

+!" T > 0 #$ .(!'*& 34& 3$"56

7!$!'&+ !5 *1&85!'"

yt −∆y + y = f, Q,

∂vy = 0, Σ,

y(0, ·) = 0, Ω.

>?4?FA

3

 !"#$%$&# )(  !" Ω ⊂ R
N
#$ %&'($(& )(*+,-(./ ",&."%& ,&$ 01&$.!1" Γ = Ω̄ \ Ω 2

+!" T > 0 #$ .(!'*& 34& 3$"56

7!$!'&+ !5 *1&85!'"

y0,t −∆y0 + y0 = 0, Q,

∂vy0 = 0, Σ,

y0(0, ·) = yini, Ω,

>?4?GA

%&$%! Q 2 Σ +! .&'"$ ,&'& "$.!+6

H* (8!"(*+, "(!'$8!)0+ '! 9+"*&'!%$-) E!"$!%$+)!' 0( >?4?FA () H1(Ω)4 D!"! ()I

%+)#"!" '! ,+'&%$-) 0J.$'/ .&,%!*+, y ∈ W (0, T ) #!' K&(  !"! #+0+ v ∈ H1
#()L!*+,

G



∫

Ω

ytv +

∫

Ω

∇y∇v +

∫

Ω

yv =

∫

Ω

fv  !"!#$

 !"#$%$&# '()  ! "#$%! &'(')*!(+ ,#)-').! / ,#*$,'0! a(y, v, t) !1#,'!2! ! (! "#$%.(!3

,'4) 0!$'!,'#)!( *)  !"!#$ *1-5 2*6)'2! 7#$

a(y, v, t) :=

∫

Ω

∇y∇v +

∫

Ω

yv = (∇y,∇v) + (y, v)  !"!%$

,#) y ∈ W (0, T ) / v ∈ H1(Ω) 2#)2* (·, ·) $*7$*1*)-! *( 7$#2.,-# *1,!(!$ *) L2(Ω)+

!2*%51 2*6)'%#1 *( ".),'#)!( (')*!( F (v, t) 7#$

F (v) :=

∫

Ω

fv  !"&'$

()* +), -.)*./0,  1"%$2  1"!&$ 3  1"!1$ .4 .+ +56*) 7. 8*)+-9,:; :"<" =>2 (?@ !A'2!A%2!B'C2

0(+5:07), (0*0 i = 1, ...,m2 f = f 2 α = 02 c0 = 1 3 g = 0 ()7./), <)*/D+0*  !"!%$

:)/) D40 .:D0:5E4 75<.*.4:50+ )*7540*50

(yt, v) + a(y, v, t) = F (v) c.t.p. t ∈ [0, T ],  !"&!$

+0 :D0+ -5.4. D40 ,)+D:5E42 ŷ ∈ W (0, T ) FD. ., G45:0"

H;)*0 I0/), 0 :)4,57.*0* .+ (*)6+./0 :)4 +0 :)475:5E4 545:50+ .4 .+ -5./()2 *.0+5J

9047) ,D <)*/D+0:5E4 I0*50:5)40+" KD,:0/), y0 ∈ W (0, T ) -0+ FD. (0*0 -)7) v ∈ H1

-.4@0/),

∫

Ω

y0,tv +

∫

Ω

∇y0∇v +

∫

Ω

y0v = 0  !"&&$

L0:5.47) *.<.*.4:50 0 +0 7.M45:5E4  !'$ -.4./), .+ )(.*07)* 7.M457) 04-.*5)*/.4-.

a 3 -)/0/), .+ <D4:5)40+ F = 02 ()* +), -.)*./0,  1"!1$2  1"!&$ 3  1"%$ .4 .+ +56*)

7. 8*)+-9,:; :"<" =>2 (?@ !A'2!A%2!B'C2 0(+5:07), (0*0 f = 02 α = 02 c0 = 12 g = 0 3

y0 = yini -.4./), FD. +0 .:D0:5E4 75<.*.4:50+ )*7540*50

(yt, v) + a(y, v, t) = 0 c.t.p. t ∈ [0, T ]  !"&1$

-5.4. D40 ,)+D:5E42 y0 ∈ W (0, T ) FD. ., G45:0"

N.M45*./), .4-)4:., +0 ,)+D:5E4 7.  !"!A$ 7. +0 ,5@D5.4-. /04.*0

y = ŷ + y0  !"&A$

#



 !" #! $%&$!' !($)&)*!+ ,-) #% +!#-./0& 1)#  "!(#)*% 234356 )7/+$) 8 )+ 9&/.%4

 !"#$"%$&'& &( )'* +!)%,$!"(*

:&% ;)< =%##%1%+ #%+ +!#-./!&)+ 1) #%+ ).-%./!&)+  %"%(0#/.%+ &!+ /&$)")+% #% .!&$/&-/>

1%1 1) #%+ */+*%+  !" #! ,-) )& )+$% +)../0& ./$%")*!+ )# #)*% 1) )+$/*%./!&)+ %  "/!"/

1) ?"!#$<+.= @A'  BC DAEF % #/.%1! % &-)+$"!  "!(#)*%4

 !"# $%&%$%  !" Ω ⊂ R
m
#$ %&'($(& )(*+,-(./ ",&."%&0 1 +#*&$2"'&+ 3#! 3#! -"1

4#$,(&$!+ ",&."%"+ %"%"+ f ∈ L2(Q)0 1 y0 ∈ C(Ω̄)0 %&$%! r > N/2 + 1 1 s > N + 15

6$.&$,!+ 7" +&7#,(8$ %9:(7 y %! 7" !,#",(8$ *";":87(," 7($!"7

yt +∆y + y = f, !$ Q,

∂vy = 0, !$ Σ,

y(0, ·) = yini !$ Ω.

234GH6

*!;.!$!,! " W (0, T ) ∩ C(Ω̄)5 <%!'=+0 !>(+.! #$" ,&$+."$.! c > 00 3#! $& %!*!$%!

%! f & y00 ."7 3#!

‖y‖W (o,T ) + ‖y‖C(Q̄) ≤ c(‖f‖L2(Q) + ‖y0‖C(Ω̄)). 234GI6
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 !"#$%&' (

)*'+&,-!. /,  '0$*'& 1"$2-' 3'0

*,4%&!*25!3260 ,0 0'*-! L2

 ! "#$" %&'($)*+ ,&-+# & ."#+*,". '.+/*"-&# 0" %+!$.+* 1'$2-+ 0" $2'+ '&.&/1*2%+

%+! 3)!%2+!&*"# 0"* $2'+ *2!"&* 4 %)&0.5$2%+ %+! ."6)*&%2+!"# L2
7 %+!$.+*"# 8!2$+# #2!

0"'"!0"!%2& 0"* $2"-'+ 7 %+! 0"'"!0"!%2& 0"* $2"-'+9  #$+# '.+/*"-&# #" .26"! '+.

"%)&%2+!"# 023"."!%2&*"# '&.%2&*"# '&.&/1*2%&#: *&# %)&*"# 3)".+! '."#"!$&0&# "! "* %&'(4

$)*+ &!$".2+.9 ;!&*2<&-+# *& "=2#$"!%2& 7 )!2%20&0 0" *&# #+*)%2+!"# '&.& "* '.+/*"-&

0" %+!$.+* 1'$2-+ 7 0".2,&-+# #)# %+!02%2+!"# 0" +'$2-&*20&09 >"#&..+**&-+# )! &*4

6+.2$-+ '&.& #) ."#+*)%21! !)-?.2%& /&#&0+ "! "* -?$+0+ '.2-&*40)&* 0" %+!@)!$+#

&%$2,+# AB>;CD E)" #" 0"#%.2/2.5 -5# &0"*&!$"9 F+#$.&-+# &#'"%$+# '.5%$2%+# 0" 2-4

'*"-"!$&%21! 7 '+. G*$2-+ '."#"!$&."-+# *+# ."#)*$&0+# +/$"!20+# '+. -"02+ 0" *+#

"='".2-"!$+# !)-?.2%+# ."&*2<&0+#9

C2 /2"! "# %*&.+ E)" "* &*6+.2$-+ '.2-&*40)&* "# 02."%$&-"!$" &'*2%&/*" "! "#$" $2'+ 0"

'.+/*"-&#: ?#$" ."E)2"." &*6)!&# -+028%&%2+!"# 7 %+!#20".&%2+!"# E)" !+ #" "!%)"!$.&

"! *2$".&$).& "=2#$"!$": !2 $&-'+%+ "='".2-"!$+# !)-?.2%+#9  # 2!$"."#&!$" !+$&. E)"

#2 /2"! "* &*6+.2$-+ 0" H"I$+! #"-24#)&," "# "E)2,&*"!$" &* B>;C A/&@+ %2".$&# %+!024

%2+!"#D )! "#E)"-& 0" H"I$+! #"-24#)&," !+ &'.+,"%J& *& "#$.)%$).& 0" *+# %+!$.+*"#

8!2$+#9 K"."-+# -5# &0"*&!$" E)" "* &*6+.2$-+ B>;C &'.+,"%J& 02%J& "#$.)%$).& 0"

-&!".& !&$).&*9
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 !" #$%&'$( )*&+,$ -$% -$%&'$(./ 0%+&$/

 !"!" #$%&'()*+,- ./( 0%$1(/&)

 !"! #$%#&!" '!$() ! *+!" !,-./!) 01%23#)1) -#/#"!,#) #/ ,() 4!3() 4!4()5 6.# )#"7/

4# .31,14!48

 !"#$%&!& '()()(  !" Ω ⊂ R
N
#$ %&'($(& )(*+,-(./ ",&."%& ,&$ 01&$.!1" Γ = Ω̄ \ Ω2

Σ = Γ× (0, T ) 3 Q = Ω× (0, T )2 ,&$ T > 0 #$ .(!'*& 45& 4$"6 3 λ ≥ 0 #$" ,&$+."$.!

45"7 8+#'"'&+ 9#! yd ∈ L2(Q) !+ #$" 0#$,(:$ %"%" 3 ua, ub ∈ R
m
."6 9#! ua ≥ ub7

8%!';+ ϕi ∈ L2(Ω)2 *"1" i = 1, 2, 3, ...,m

9#! #, ).:;(/+./3( 4# ,() ;(/3"(,#) !4$1)1:,#) 4#*/14( 4# ,! )1-.1#/3# $!/#"!

Uad = {u ∈ R
m : ua ≤ u ≤ ub} . <=8>?

 "(;#4#$() #/3(/;#) ! 4#*/1" #, %"(:,#$! ;($( )1-.# :!+( ,!) 01%23#)1) !/3#"1("#)8



















































mı́n J(y, u) = 1
2
‖y − yd‖

2
L2(Q) +

λ
2
‖u‖2L2(0,T ;Rm)

).+#3( !@

yt −∆y + y =
∑m

i=1 uiϕi, Q,

∂vy = 0, Σ,

y(0, ·) = yini, Ω,

u ∈ Uad.

<=8=?

 !"! 2-3(+4+4 ./( 5%$1(/&) ./ *$-6%$( ,56+&$

A! #B1)3#/;1! C ./1;14!4 4#, %"(:,#$! )# #)3.41!"7 .)!/4( #, 0#;0( 4# 6.# #, ;(/+./3(

4# ,() ;(/3"(,#) #)37 #/ ./ #)%!;1( 4# 41$#/)12/ */13!8 D ;!4! ;(/3"(, */13( )# ,#

"#,!;1(/! ./ #)3!4( $#41!/3# ,! )1-.1#/3# #;.!;12/

yt −∆y + y =
∑m

i=1 uiϕi, Q,

∂vy = 0, Σ,

y(0, ·) = yini, Ω,

u ∈ Uad.

<=8E?

)# %.#4# 41'141" #/ m ).:%"(:,#$!) 4#*/14() ;($( #/ <>8>F? 3($!4( f = ϕiG C ,!)

>>



 !"#$%!&' (' ' )! m  #*+,!*"'-. ' )/& (.(! +!, yi (!&(' yi  .)% 0.$'

yi,t −∆yi + yi = ϕi,

∂vyi = 0,

yi(0, ·) = 0.

12345

$!& i = 1, 2, 3, ...,m3 6(%$%!&."-'&)'  ' $!& %(',. '"  #*+,!*"'-. 173785 $#9.  !"#:

$%;& ' ). (.(. +!, y03 <.  !"#$%!&' $!,,' +!&(%'&)' '=% )'& 9  !& >&%$. $!-! "!

('-! ),.-! '& ". +,%-',.  '$$%;& 173453

?#")%+"%$.-! "! m  #*+,!*"'-. +!, ui $!& i = 1, 2, 3, ...,m@

y =
m
∑

i=1

uiyi,

yt =
m
∑

i=1

uiyit ,

∆y =
m
∑

i=1

ui∆yi.

123A5

B.,. ". $!&(%$%!&' '& ". 0,!&)',. )'&'-! 

∂v

m
∑

i=0

uiyi =
m
∑

i=1

ui∂vyi = 0. 123C5

D&)!&$' +.,. ". '$#.$%;&

yt −∆y + y =
∑m

i=1 uiϕi, Q,

∂vy = 0, Σ,

y(0, ·) = 0, Ω.

12385

E .-! '" +,%&$%+%! ('  #+',+! %$%;& $%).(! '& '" .+F&(%$' 16375 )!-.&(! c1 = u1@

f1 = ϕ1 @c2 = u2 9 f2 = ϕ2 9 !*)'&'-! ".  !"#$%;& y12 = u1y1 + u2y2@ "#'G! )!-.-! 

c2 = u3 9 f2 = ϕ3 $!& ".  !"#$%;& y13 = u1y1 + u2y2 + u3y3 9 . H  #$' %I.-'&)' +!,

"! ).&)! +!('-! ' $,%*%, J#' +!, '" +,%&$%+%! ('  #+',+! %$%;& ".  !"#$%;& '=% )'@ ' 

>&%$. 9 ' ). (.(. +!,

y =
m
∑

i=1

uiyi + y0, 123K5

(!&(' y0 ' ".  !"#$%;& (' ". '$#.$%;& +.,.*;"%$. "%&'." (.(. +!, 1737853

72



 !"#$%&' (%)*+,)"

 !"! #"!#!" $% &"'(%$)! *$ $+,-#$./,!0 1!)'- ! "$$-/",(," $% &"'(%$)! *$ /'.#"'% 2&#,)'

34546 /')' 7. &"'(%$)! *$ '&#,),8!/,2. $. #9"),.'- *$ u5  !"! $-#' "$$)&%!8!)'- $.

y *$:.,*' $. 34546 &'" $% '&$"!*'" *$ /'.#"'% ; $-#!*' <7$ *$:.,"$)'- $. %! -,=7,$.#$

-$//,2.

 !"#$%&#"' ()*"$("' %" +&*,#&(-.',$%&

 !"! &'*$" "$-'%1$" 7. &"'(%$)! *$ '&#,),8!/,2. *$($)'- "$%!/,'.!" %! -'%7/,2. *$ %!

$/7!/,2. *$ $-#!*' /'. %! >7./,2. ,.*$&$.*,$.#$0 %' "$!%,8!"$)'- )$*,!.#$ %! *$:.,/,2.

*$ '&$"!*'"$- %,.$!%$- <7$ .'- &$"),#$ $-/",(," $% &"'(%$)! *$ '&#,),8!/,2. $. #9"),.'-

*$ u5 ? /'.#,.7!/,2. -$ *$-/",($ 7.! >'")! =$.$"!% *$ %'- '&$"!*'"$-5

@$.$)'- <7$ %! -'%7/,2. *$ %! $/7!/,2. &!"!(2%,/! %,.$!% $-#A *!*! $. 345B60 %'- '&$"!;

*'"$- $-#A. *$:.,*'- $.#'./$- &'"

/"0*)1)2* 334  !" i = 1, ...,m # $!"% Gi # G0 &'$ '(!)"*')!$ *!+%,*'$ (')

Gi : R → W (0, T )

u 7→ yi ,
345C6

-"& ./! yi !$ $'&/0,1% *!& ()'2&!3" 3D5DE64

5$6 3,$3' *!+%,3'$ G0 *! &" $,7/,!%-! 3"%!)"

G0 : R → W (0, T )

u0 7→ ỹ0,
345DF6

-"& ./! ỹ !$ $'&/0,1% *!& ()'2&!3" 3D5DG6

H$:.,)'- $% '&$"!*'" *$ /'.#"'%;$-#!*'

/"0*)1)2* 354  !" S !& '(!)"*') *! 0'%-)'&8!$-"*' *!+%,*' (')

S : R
m → W (0, T )

u 7→ y = Su = G(u) +G0(u),
345DD6

*'%*! G(u) =
∑m

i=1 Gi(u) # y !$ $'&/0,1% *!& ()'2&!3" 34546

I.! *$ %!- &"'&,$*!*$- ,.)$*,!#!- *$ $-#$ '&$"!*'" $-#A $. $% -,=7,$.#$ %$)!

6"7$ 543454 9: '(!)"*')  !$ ";6%8&,%!"& # 0'%-,%/'4

DJ



 !"#$%&'()*+  ! !"#$ %&'$!%&(!( )' )&*+' (' %! (',$&-&.$ (' G / G00 1+') %!) Gi

)2$ %&$'!%') / G0 ') -2$)3!$3'0 124 %2 3!$32 S ') !"#$5%&$'!%6

 ! -2$3&$+&(!( 3'$'72) ('% 8'-82 (' 9+' %2) 21'4!(24') Gi ')3:$ !-23!(2) 124 %!)

')3&7!-&2$') ! 14&24& '$ ;<6=>? 124 %2 3!$32 )2$ -2$3&$+2)0 / -272 G0 ') -2$)3!$3'

3'$'72) 9+' S ') -2$3&$+26

@824!0 1!4! 2A3'$'4 '% 142A%'7! 4'(+-&(2 ('A'72) -!%-+%!4 '% "+$-&2$!% (' -2)32

F 6 B!43&72) (' %! )2%+-&.$ y (' ;=6=?6 C'$'72) 9+'

y = Su, ;=6<=?

4''71%!D!$(2 '$ '% "+$-&2$!% (' -2)32 J (',$&72) F : Rm −→ R -272 F (u) =

J(S(u), u)

F (u) =
1

2
‖S(u)− yd‖

2
L2(Q) +

λ

2
‖u‖2

Rm ;=6<E?

@)# 8'72) 2A3'$&(2 '% "+$-&2$!% (' -2)326 @ -2$3&$+!-&.$ ')3+(&!72) %! 'F&)3'$-&!

('% -2$342% .13&726

 !"#$%&'"( )%* +,&$-,* ./$"0,

@824! ('72)34!4'72) %! 'F&)3'$-&! ('% -2$342% .13&72 +)!$(2 )+ "247+%!-&.$ 4'(+-&(!6

,!#&!"' -./.0.  !"#$% &' ()'$*)+ ,-$".) ū -/*/ %+ -*)0+%./ ;=6=?1 2&% %# 3'"() 4

%#$5 /()$/6)7

 !"#$%&'()*+

G272 Uad ') -2$H'F20 -'44!(2 / !-23!(26 F ') -2$3&$+!0 1+') %2) 21'4!(24') G0 /

Gi )2$ -2$3&$+2)0 !('7:) ') -2$H'F!0 124 %2 3!$32 124 '% 3'24'7! (' I'&'4)34!)) JKL '%

21'4!(24 S !%-!$D! )+) H!%24') 7#$&72) '$ Uad

B!4! 2A3'$'4 &$"247!-&.$ )2A4' %! )2%+-&.$ ('% 142A%'7! ;=6=? ') $'-')!4&2 -!4!-3'4&5

D!4%! 7'(&!$3' %!) -2$(&-&2$') (' 213&7!%&(!(6 M)3!) -2$(&-&2$') 142H''$ &$"247!-&.$

')'$-&!% 1!4! '% (&)'N2 (' !%*24&372) $+7O4&-2)6 P!(2 9+' 34!3!72) -2$ 142A%'7!)

-+!(4:3&-2) %&$'!%')0 / 124 3!$32 -2$H'F2)6  !) -2$(&-&2$') $'-')!4&!) (' 14&7'4 24('$

3!7A&O$ )2$ )+,-&'$3')6 B24 3!$320 )& +$ -2$342% )!3&)"!-' (&-8!) -2$(&-&2$') '$32$5

-') ')3: *!4!$3&D!(2 9+' ') %! )2%+-&.$ A+)-!(!6 @ -2$3&$+!-&.$ +3&%&D!72) %! 3O-$&-!

 !*4!$*'!$! 1!4! ('(+-&4 (&-8!) -2$(&-&2$') '$ 3O47&$2) (' +$ )&)3'7! (' 213&7!%&(!(

<Q



 !"!# $%&'()(%&*+ '* ,-.(/01('0'

 !"! #!$#%$!" $!& #'()*#*'(+& )+ ',-*.!$*)!) %-*$*/!"+.'& +$ .0-')' )+$ 1!2"!(2+!('3

 '" $' -!(-' )+4(*.'& +( $!2"!(2+!(' #'.'

L(y, u, p, µa, µb) =

1

2
‖y − yd‖

2
L2(Q) +

λ

2
‖u‖2

Rm +

∫ T

0

∫

Ω

p(yt −∆y + y −
m
∑

1

uiϕi)dxdt

+ 〈µa, ua − u〉+ 〈µb, u− ub〉

563789

)'()+ p: µa ; µb &'( $'& .%$-*,$*#!)'"+& )+ 1!2"!(2+ <%+ ,+(!$*/!( $!& "+&-"*##*'(+&

)+$ #'(-"'$ )!)!& ,'" ua ; ub: "+&,+#-*=!.+(-+3

1!& #'()*#*'(+& )+ ',-*.!$*)!) &+ '>-*+(+( ?!$$!()' $'& ,%(-'& #"@-*#'& )+$ 1!A

2"!(2+!(' ; '>&+"=!.'& ,!"! <%+ +B,"+&*'(+& &+ #%.,$+ $!& #'()*#*'(+& (+#+&!"*!& )+

',-*.!$*)!)3

C%&#!.'& ū ∈ L2(0, T,Rm): ȳ ∈ W (0, T ): p ∈ W (0, T ) ; µa, µb ∈ R
m
-!$+& <%+

Dy(ȳ, ū, p, µa, µb) = 0 5637D9

Du(ȳ, ū, p, µa, µb) = 0 5637E9

1! ,"*.+"! +#%!#*F( ('& $$+=! ! $! +#%!#*F( !)G%(-! #3H3 IJK: ,'" $' -!(-' $! )+"*=!)!

('& <%+)!L

Dy(ȳ, ū, p, µa, µb)y =

∫ T

0

∫

Ω

(ȳ − yd) y dx dt+

∫ T

0

∫

Ω

p(yt −∆y + y)dx dt

=

∫ T

0

∫

Ω

(ȳ − yd) y dx dt+

∫ T

0

∫

Ω

ytp dx dt

−

∫ T

0

∫

Ω

∆y p dx dt+

∫ T

0

∫

Ω

y p dx dt

5637J9

M(-+2"!()' ,'" ,!"-+& "+&,+#-' ! $! =!"*!>$+ -+.,'"!$ ; %-*$*/!()' $! HF".%$! )+ N"++(

7D



 ! "# $#%&#'"  ()#*&#" +', ! -+(

Dy(ȳ, ū, p, µa, µb)y =

∫ T

0

∫

Ω

(ȳ − yd) y dx dt−

∫ T

0

∫

Ω

pty dt

+

∫ T

0

∫

Ω

∇y∇p dxdt+

∫ T

0

∫

Ω

y p dx dt

+

∫

Ω

(y(0, x)p(0, x)− y(T, x)p(T, x))dx

−

∫ T

0

∫

Γ

∂vy p ds dt,

./0123

#)"&*#!4+ "# 56%-7"# 4 8%  ! !7 $#- !, 

Dy(ȳ, ū, p, µa, µb)y =

∫ T

0

∫

Ω

(ȳ − yd) y dx dt−

∫ T

0

∫

Ω

pty dt

−

∫ T

0

∫

Ω

y∆pdxdt+

∫ T

0

∫

Ω

y p dx dt

+

∫

Ω

(y(0, x)p(0, x)− y(T, x)p(T, x)) dx

−

∫ T

0

∫

Γ

(∂vy p − ∂vp y) ds dt.

./0193

:+, -+( #;+%# <7 (&  ! )#%,&*7"#% y ∈ C∞
0 (Q)= "#(  >)% (&+! ( y(T, x)= y(0, x)= ∂vp

? ∂vy ( #!7"#!  ! Ω ? Σ % () *,&$#- !, = )+% "+ ,#!,+ , ! -+(@

∫ T

0

∫

Ω

(ȳ − yd) y dx dt+

∫ T

0

∫

Ω

(−pty −∆p y + p y) dx dt = 0 ./0/A3

*+-+ C∞
0 (Q)  ( 4 !(+  ! L2(Q) , ! -+(

∫ T

0

∫

Ω

(−pt −∇p∇+ p)y dx dt =

∫ T

0

∫

Ω

(yd − ȳ)) y dx dt ./0/13

4 4+!4 +', ! -+(

− pt −∆p+ p = yd − ȳ  ! Q ./0//3

B;+%# $#-+( # *+!(&4 %#% y ∈ C1(Q̄)= ,#" <7 y‖Σ = 0 ? y(0, x) = 0= ? *+-+ C1(Q̄)

 ( 4 !(+  ! L2(Q) *+!*"7&-+(

y(T )p(T ) = 0

p(T ) = 0
./0/C3

1D



 !"#$ %$&"' $ (")'*+,#$# -., y ∈ C1(Q̄) / "01,),&"' -.,

∫

Ω

∫ T

0

∂vp y = 0 234356

("&" '$0,&"' -., C1(Q̄) ,' +,)'" ,) L2(Σ)7 (")(8.*&"' 9"#&$8&,)1, -., ,8 '*:

;.*,)1, '*'1,&$ ,' .) ($)+*+$1" <$#$ ',# 8$ ,(.$(*=) $+>.)1$

−pt −∆p+ p = yd − ȳ, ,) Q

∂vp = 0, ,) Σ

p(T, x) = 0, ,) Ω
2343?6

@8 <#"08,&$ <$#$0=8*(" 2A43B6 1*,), '"8.(*=) +C0*8 D)*($ p ∈ W 1,1
2 (Q) <"# ,8 E,&$

F4AG +,8 8*0#" +, H#"81'I(! JGK ,) 8$ <L;*)$ A?G4

@) (.$)1" $ 8$ ,(.$(*=) +,8 ;#$+*,)1, <"+,&"' <#"(,+,# +, 8$ '*;.*,)1, &$),#$M

<$#$ 1"+" u ∈ R
m
', 1*,), -.,M

DuL(ȳ, ū, p, µa, µb)(u) = λūTu−

∫ T

0

∫

Ω

pϕT u y dx dt

−µT
a u+ µT

b u

= λūT u−

∫ ∫

Σ

p u ds dt

= −

∫ T

0

∫

Ω

pϕT u dx dt− (µa − µb)
T u

=
(

λū+ µa − µb)
T
)

u−

(∫ T

0

∫

Ω

pϕT dxdt

)

u

=

〈

λū−

∫ T

0

∫

Ω

p(x, ·)ϕdx+ µb − µa, u

〉

Rm

= 0.

2343N6

O, +")+, ', "01*,), 8$ ,(.$(*=) +,8 ;#$+*,)1,M

λū−

∫ T

0

∫

Ω

p(x, ·)ϕ(x)Tdx dt+ µb − µa = 0. 2343G6

 'P 1,),&"' ,8 '*;.*,)1, '*'1,&$ +, "<1*&$8*+$+M
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 !"#!$%& '( ()*#'+ ȳt −∆ȳ + ȳ =
∑m

i=1 uiϕi(x), (& Q

∂vȳ = 0, (& Σ

ȳ(0, ·) = y0, (& Ω

 !"#!$%& #',"&*# −p̄t −∆p̄+ p̄ = ȳ − yd (& Q

∂vp̄ = 0 (& Σ

p̄(T, ·) = 0 (& Ω

 !"#!$%& '(- ./#'$(&*( λū−

∫ T

0

∫

Ω

p̄(x, ·)ϕ(x)Tdx dt+ µb − µa = 0

012134

5+'(6+) 7(/ (& ()*( !#)+ 8"( +9*(&(6+) "&# '+9-( $&*(:/#- (& -# (!"#!$%& '(-

:/#'$(&*( (& (- *;/6$&+ 8"( !+&*$(&( # p< ="() !+6+ ()*#6+) (& (- !#)+ 8"( u &+ '(=(&'(

'(- *$(6=+ &$ '(- ()=#!$+ (&*+&!() )+-#6(&*( 8"('#& -#) $&*(:/#-() '( -# >"&!$%& p(x, t)2

?#-!"-#/(6+) (- +=(/#'+/ #',"&*+ S∗
=#/# ()*+ 7+-7(6+) # '(@&$/ (- +=(/#'+/ '(

!+&*/+- A ()*#'+ S '( -# )$:"$(&*( 6#&(/#

S : R
m −→ L2(Q)

u −→ Su =
m
∑

i=1

uiyi
0121B4

5+/ -+ 8"( (- +=(/#'+/ !+&*/+-A()*#'+ )( ()!/$9( !+6+ u 7−→ Su+ y02

 !"# $%&%'%  ! "#$%&'"% &'()*+" S∗
'$ S $,+- '&'" #"%

S∗ : L2(Q) −→ R
m

v −→ S∗v =













∫ T

0

∫

Ω
y1v

∫ T

0

∫

Ω
y2v

.

.

.

∫ T

0

∫

Ω
ymv













012CD4

(!")*+,#-./0

E(&(6+) 8"(

(Su, v)L2(Q) = (u, S∗v)Rm
012CF4

5+/ -+ *#&*+ /((6=-#G#&'+ *(&(6+)

F3



(Su, v)L2(Q) =

∫ T

0

∫

Ω

Su v

=

∫ T

0

∫

Ω

m
∑

i=1

uiyi v

=
m
∑

i=1

ui

∫ T

0

∫

Ω

yiv

= uT ζ

= (u, ζ)Rm ,

 !"#!$

%&'%( ζ () (* +(,-&. %( ,&/0&'('-() ζi =
∫ T

0

∫

Ω
yivi" 12'3*/('-( &4-('(/&) 56( (*

&0(.3%&. S∗
()-3 %(7'2%& 0&.

S∗ : L2(Q) −→ R
m

v −→ S∗v =













∫ T

0

∫

Ω
y1v

∫ T

0

∫

Ω
y2v

"

"

"

∫ T

0

∫

Ω
ymv













 !"##$

 ! "#$%&#' ()%*+# ,#$ ,#$%&#'-. /-)-$/*-$%-. /-'

%*-+)#

 ! !" #$%&'()*+,- ./( 0%$1(/&)

83.3 (/0(93. +3/&) 3 7:3. 3*;6'3) <20=-()2) ;('(.3*() (' *&) %3-&) %3%&)> 56( )(.?'

%( 6-2*2%3%"

 !"#$%&!& '('()(  !" Ω ⊂ R
N
#$ %&'($(& )(*+,-(./ ",&."%& ,&$ 01&$.!1" Γ = Ω̄ \ Ω2

Σ = Γ× (0, T ) 3 Q = Ω× (0, T )2 ,&$ T > 0 #$ .(!'*& 45& 4$"6 3 λ ≥ 0 #$" ,&$+."$.!

45"7 8+#'"'&+ 9#! yd ∈ L2(Q) !+ #$" 0#$,(:$ %"%" 3 ua(·), ub(·) ∈ L2(0, T ;RN) ."6

9#! ua(t) ≥ ub(t) *"1" ,"+( .&%& t ∈ [0, T ]7 8%!';+ ϕi ∈ L2(Ω)2 *"1" i = 1, 2, 3, ...,m

@(3 (* )64,&:6'-& %( *&) ,&'-.&*() 3%/2)24*() %(7'2%& %( *3 )2;62('-( /3'(.3

Uad =
{

u ∈ L2(0, T ;Rm) : ua(t) ≤ u(t) ≤ ub(t)
}

 !"#A$

BC



 !"#$%$&"' $()"(#$' * %$+(,! $- .!"/-$&* %$ #"()!"- 0.),&" #"&" ',12$ /*3" -*'

4,.0)$',' *()$!,"!$'5



















































mı́n J(y, u) = 1
2
‖y − yd‖

2
L2(Q) +

λ
2
‖u‖2L2(0,T ;Rm)

'23$)" *6

yt −∆y + y =
∑m

i=1 uiϕi, $( Q,

∂νy = 0, $( Σ,

y(0, ·) = yini, $( Ω,

u ∈ Uad

7859:;

 ! ! "#$%&'&' ()% *+,-%)./ () 0,#1+,% 2*1&.,

 *!* ."%$! )!*)*! $- .!"/-$&* %$ #"()!"- 0.),&" -" .!,&$!" <2$ 4*!$&"' $' %$+(,! $-

".$!*%"! %$ #"()!"-=$')*%"5  *!* $')" %$/$&"' !$'"->$! -* $#2*#,0( %$ $')*%"5 ?0)$'$

<2$ .*!* $')$ #*'" $- .!,(#,.," %$ '2.$!."',#,0( (" '$ *.-,#*5

@$($&"' <2$ -* $#2*#,0( %$ $')*%" $' 2(* $#2*#,0( .*!*/0-,#* -,($*- #"&" $( 7A5AB;

#"( f = u =
m
∑

i=1

uiϕiC (0)$'$ <2$ f %$.$(%$ %$ (x, t) D* <2$ u = u(t) D ϕ = ϕ(x)5 E(

.*!),#2-*! .*!* $')$ .!"/-$&* -* $#2*#,0( %$ $')*%" '$ .2$%$ %,>,%,! $( 2 '2/.!"/-$&*'C

$- .!,&$!" %$+(,%" #"&" $( 7A5AF;C $')" $'

ŷt −∆ŷ + ŷ = f, $( Q,

∂vŷ = 0, $( Σ,

ŷ(0, ·) = 0, $( Ω.

7859F;

E' #-*!" <2$ $')* $#2*#,0( ),$($ '"-2#,0(C D* <2$ $' 2( #*'" .*!),#2-*! %$ 7859F;

$( -* '$##,0( 7A5B; )"&*(%" f =
∑m

i=1 uiϕi5 ?0)$'$ <2$ f $')G $( L2(Q) D #"&" ui ∈

L2(0, T ;Rm) -* $#2*#,0( ),$($ '"-2#,0( $( W (0, T ) D $' H(,#*5

I $- '$12(%" '2/.!"/-$&* %*%" #"&" $( 7A5AJ;

ỹt −∆ỹ + ỹ = 0, $( Q,

∂vỹ = 0, $( Σ,

ỹ(0, ·) = yini, $( Ω.

7859J;

$- #2*- )*&/,K( ),$($ 2(* '"-2#,0( H(,#* #"&" -" >,&"' $( 7A5B; D $')* %*%* ."! y0

8L



 !" #!$%&' ()*+,-*

./0 &/ 1'21/ &' "#!'#342 5" "61'5/ 5"& %0/7&"$' ()*+8- 13"2" 6/&!#342 923#' : "61;

5'5' %/0

y = ŷ + y0 ()*+<-

 !"#$%&' (%)*+,)"

=' #/2 &' 6/&!#342 5" &' "#!'#342 5" "61'5/> ?'$/6 ' 0""6#03730 "& %0/7&"$' 5" #/210/&

4%13$/ ()*+8- #/$/ !2 %0/7&"$' 5" /%13$3@'#342 "2 1A0$32/6 5" u* .'0' "61/ ?'$/6 '

5"B230 "& /%"0'5/0 5" #/210/&C"61'5/

 !"#$%&#"' ()*"$("' %" +&*,#&( - .',$%&

.'0' %/5"0 0"6/&?"0 !2 %0/7&"$' 5" /%13$3@'#342 5"7"$/6 0"&'#3/2'0 &' 6/&!#342 5" &'

"#!'#342 5" "61'5/ #/2 &' D!2#342 325"%"253"21"> "61/ &/ 0"'&3@'$/6 %/0 $"53/ 5" &'

5"B23#342 5" /%"0'5/0"6 &32"'&"6  !" 2/6 %"0$31"2 "6#03730 "& %0/7&"$' 5" /%13$3@'#342

"2 1A0$32/6 5" u* E #/2132!'#342 6" 5"6#037" !2' D/0$' F"2"0'& 5" &/6 /%"0'5/0"6*

G"2"$/6  !" &' 6/&!#342 5" &' "#!'#342 %'0'74&3#' &32"'& "61; 5'5' "2 (E*H-> &/6 /%"C

0'5/0"6 "61;2 5"B235/6 "21/2#"6 %/0

/"0*)1)2* 345  !"# G $ G0 %&' &(!)"*&)!' *!+#,*&' (&)

G : L2(0, T ;R) → W (0, T )

u 7→ ŷ ,
()*+I-

-"% ./! ŷ !' '&%/0,1# *!% ()&2%!3" ()*+J- 4'5 3,'3& *!+#,3&' !% &(!)"*&) G0 *"*& (&)

G0 : L2(0, T ;R) → W (0, T )

u0 7→ ỹ0
()*KL-

-"% ./! ỹ0 !' '&%/0,1# *!% ()&2%!3" ()*+,-

M"B23$/6 "& /%"0'5/0 5" #/210/&C"61'5/ #/$/

/"0*)1)2* 365  !" S !% &(!)"*&) *! 0&#-)&%6!'-"*& *!+#,*& (&)

S : L2(0, T ;R) → W (0, T )

u 7→ ȳ = S(u) = G(u) +G0

()*KH-

*&#*! G(u) $ G07 !'-8# *"*&' (&) (H+-

)H



 !" #$ %"& '()'*$#"#$& *!+$#*","& #$ $&,$ )'$("#)( $&,- $! $% &*./*$!,$ %$+"

 !"# $%$%$%  ! "#$%&'"% ( $) &*+, -.,$&- / 0",1.,2"3

&!"'()*#+,-. 0$!$+)& 1/$ $% )'$("#)( 23 $&,- "&)4*"#) " %)& )'$("#)($& G(u) 5

G06 7% )'$("#)( G0 !) #$'$!#$ #$ u ')( %) 1/$ #$,$(+*!" $% ,8(+*!) "9:!3 ')( %) ,"!,)

%" %*!$"%*#"# $&,- #"#" ')( $! $% )'$("#)( G(u)6

2$" z /!" &)%/4*;! #$ %" $4/"4*;!

δtz −∆z + z =
∑m

i=1(ui(t) + αvi(t))ϕi, Q,

∂vz = 0, Σ,

z(0, ·) = 0, Ω.

<=6>=?

@A)(" ,)+$+)& zu 4)+) &)%/4*;! #$ %" $4/"4*;!

δtzu −∆zu + zu =
∑m

i=1 ui(t)ϕi, Q,

∂vzu = 0, Σ,

zu(0, ·) = 0, Ω.

<=6>B?

5 zv 4)+) &)%/4*;! #$

δtzv −∆zv + zv =
∑m

i=1 αvi(t)ϕi, Q,

∂vzv = 0, Σ,

zv(0, ·) = 0, Ω.

<=6>>?

C"(" #$+)&,("( %" %*!$"%*#"# #$ G #$D$+)& '()D"( 1/$ G(zu + αzv) = G(zu) +

αG(zv)6 E/%,*'%*4"!#) <=6>>? ')( /! $&4"%"( 5 &/+"!#) 4)! <=6>B? ,$!$+)&

δt(zu + αzv)−∆(zu + αzv) + (zu + αzv) =
m
∑

i=1

ui(t)ϕi + αvi(t)ϕi,

δt(zu + αzv)−∆(zu + αzv) + (zu + αzv) =
m
∑

i=1

(ui(t) + αvi(t))ϕi,

<=6>F?

'"(" %"& 4)!#*4*)!$& #$ 9()!,$(" ,$!$+)& 1/$

∂νzu = 0

∂ναzv = 0
<=6>G?

')( %) ,"!,)

∂ν(zu + αzv) = 0 <=6>H?

==



 !" #! $%& '&(&)!* G(u) &* #+(&,#- . /!)! S(u) = G(u)+G00 &('!(/&* S(u) &* ,12(

#+(&,#-

3,", 4&)!*'"," #, /!('+(%+4,4 4& G(u)0 4&)!*'","&)!* $%& &*'5 ,/!',4!0 %*,(4! 67-89:

‖G(u)‖W (0,T ) ≤ c‖
m
∑

i=1

uiϕi‖L2(Q),

≤ c

m
∑

i=1

∫ T

0

∫

Ω

ui(t)ϕi(x)dx dt,

68-;<:

='+#+>,(4! #, 4&*+?%,#4,4 4& @A#4&" '&(&)!*

‖G(u)‖W (0,T ) ≤ c

m
∑

i=1

∫ T

0

√

∫

Ω

(ui(t))2dx ‖ϕi‖L2(Ω)dt,

≤ c
m
∑

i=1

√

|Ω|

∫ T

0

ui(t) dt ‖ϕi‖L2(Ω),

≤ c
√

|Ω|
m
∑

i=1

‖ui‖L2(0,T )‖ϕi‖L2(Ω),

≤ c
√

|Ω| ‖u‖L2(0,T,Rm) máx
i
‖ϕi‖L2(Ω),

≤ c
√

|Ω| máx
i
‖ϕi‖L2(Ω)‖u‖L2(0,T,Rm),

≤ c̄ ‖u‖L2(0,T,Rm)

68-;B:

4!(4& c̄ &* %(, /!(*',('& $%& (! 4& &(4& 4& u C /!('+&(& ,

√

|Ω| C máxi ‖ϕi‖L2(Ω)-

3!" #! ',('! &# ! &",4!" &* ,/!',4!0 &('!(/&* &* /!('+(%!- D!)! S &* #, *%), 4& %(

! &",4!" /!('+(%! )5* %( /!(*',('&0 ',)E+F( &* /!('+(%!-

GH!", "&&) #,>,)!* &( &# 1%(/+!(,# 4& /!*'! J  !"#$%&'( F : L2(0, T,Rm) −→ R

)'&' F (u) = J(S(u), u) *'$*"

F (u) =
1

2
‖S(u)− yd‖

2
L2(Q) +

λ

2
‖u‖L2(0,T.R) +, -./

0(1 2"&'( '34"$%*' "5 67$)%'$85 *" )'(4' F  0 )'$4%$78)%9$ "(47*%8&'( 58 ":%(4"$)%8

*"5 )'$4;'5 9<4%&' 

 !"#$%&'"( )%* +,&$-,* ./$"0,

 !"#!$% &'&'('  !"#$% &' ()'$*)+ ,-$".) ū -/*/ %+ -*)0+%./ +, =-/1 2&% %# 3'"() 4

%#$5 /()$/6)7

)!$"*+#%,-./ >"8 7$8 (7)"(%9$ (un) ⊂ Uad ?7" &%$%&%@8 f A "( *")%;A f(un) → j

,=



 !"#$% n → ∞& '%(% L2(Q) )* +),)-./% 0" 1!) )* !# )*2" .% $) 3.45)+67 0 (un) )*

" %6"$%7 6)#)(%* 1!) )-.*6) !#" *!5*! )*.8# unk
6"4 1!) unk

⇀ ū )# L2(Ω)  !"#$%

k →∞&

'%(% Uad )*  %#/)-% 0  )++"$%7 2%+ 6"#6% )* $95.4()#6)  )++"$% 0 f )*  %#6.#!"7 2!)*

4%* %2)+"$%+)* G0 0 G *%#  %#6.#!%*7 "$)(:* )*  %#/)-"7 2%+ 4% 1!) 6)#)(%* 1!) )*

$95.4()#6) *)(. %#6.#!" .#;)+.%+7 $) $%#$) 2%$)(%* $)$! .+ 1!)

j = ĺım f(unk
) = ĺım

k→∞
ı́nf f(unk

) ≥ f(ū) <=&>?@

2%+ $)A#. .8# $) B#A(% 6)#)(%* )#6%# )* 1!) j = f(ū)7 2%+ 4% 6"#6%7 ū )* !#

(B#.(% 2"+" f & C" !#. .$"$ *) *.D!) $) 4"  %#/)-.$"$ )*6+. 6" $) f )#  "*% 1!) λ > 0

E"+" %56)#)+ .#;%+(" .8# *%5+) 4" *%4! .8# $)4 2+%54)(" <=&F>@ )* #) )*"+.%  "+" G

6)+.H"+4" ()$."#6) 4"*  %#$. .%#)* $) %26.("4.$"$& I*6"*  %#$. .%#)* 2+%/))# .#;%+("G

 .8# )*)# ."4 2"+" )4 $.*)J% $) "4D%+.6(%* #!(9+. %*& K"$% 1!) 6+"6"(%*  %# 2+%54)("*

 !"$+:6. %* 4.#)"4)*7 0 2%+ 6"#6%  %#/)-%*& C"*  %#$. .%#)* #) )*"+."* $) 2+.()+ %+$)#

6"(5.9# *%# *!A .)#6)*& E%+ 6"#6%7 *. !#  %#6+%4 *"6.*;" ) $. L"*  %#$. .%#)* )#6%#G

 )* )*6: D"+"#6.H"$% 1!) )* 4" *%4! .8# 5!* "$"& M  %#6.#!" .8# !6.4.H"(%* 4" 69 #. "

C"D+"#D)"#" 2"+" $)$! .+ $. L"*  %#$. .%#)* )# 69+(.#%* $) !# *.*6)(" $) %26.("4.$"$

 ! !" #$%&'('$%)* &) +,-'./0'&/&

N)" ū !#  %#6+%4 826.(% $) <=&F>@& I# )*6" *)  .8# .#/)*6.D"(%* 4"*  %#$. .%#)* 1!) ū

$)5) *"6.*;" )+ *. "*!(.(%* 1!) )* 826.(%7

'%#*.$)+)(%* 2+.()+%  %#6+%4)* 1!) *%# ;!# .%#)* $) 4" /"+."54) t *%4"()#6)& I*

$) .+7

Uad =
{

u ∈ L2(0, T ;Rm) : ua(t) ≤ u(t) ≤ ub(t)
}

. <=&>=@

$%#$) ua, ub ∈ L2(0, T,Rm) 0 ua ≤ ub  "*. 6%$% 2!#6% )# t ∈ (0, 1)7 )#6)#$.9#$%*)

4" +)4" .8# ” ≤ ”  %(2%#)#6)G"G %(2%#)#6)&

O#6+%$! .(%* )4 4"D+"#D)"#% "*% ."$% "4 2+%54)(" <=&F>@  %(%

L(y, u, p, µa, µb) =

1

2
‖y − yd‖

2
L2(Q) +

λ

2
‖u‖2L2(0,T ;Rm) +

∫ T

0

∫

Ω

p(yt −∆y + y −
m
∑

1

uiϕi)dxdt

+ 〈µa, ua − u〉+ 〈µb, u− ub〉

<=&>F@

=P



 !" # p$ µa % µb &!" '!& ()'*+,'+-. !/#&  # 0.1/."1# 2)# ,#".'+3." '.& /#&*/+--+!"#&

 #' -!"*/!'  . .& ,!/ ua % ub$ /#&,#-*+4.(#"*#5

0.& -!" +-+!"#&  # !,*+(.'+ . &# !6*+#"#" 7.''." ! '!& ,)"*!& -/8*+-!&  #' 0.9

1/."1#."! % !6&#/4.(!& ,./. 2)# #:,/#&+!"#& &# -)(,'# '.& -!" +-+!"#& "#-#&./+.&  #

!,*+(.'+ . 5

;)&-.(!& ū ∈ L2(0, T,Rm)$ ȳ ∈ W (0, T )$ p ∈ W (0, T ) % µa, µb ∈ L2(0, T,Rm) *.'#&

2)#

Dy(ȳ, ū, p, µa, µb) = 0 <=5>?@

Du(ȳ, ū, p, µa, µb) = 0 <=5>>@

0. ,/+(#/. #-).-+A" "!& ''#4. . '. #-).-+A" . B)"*. CDE$ ,!/ '! *."*! '.  #/+4. .

"!& 2)# .F

Dy(ȳ, ū, p, µa, µb)y =

∫ T

0

∫

Ω

(ȳ − yd) y dx dt+

∫ T

0

∫

Ω

p(yt −∆y + y)dx dt

=

∫ T

0

∫

Ω

(ȳ − yd) y dx dt+

∫ T

0

∫

Ω

ytp dx dt

−

∫ T

0

∫

Ω

∆y p dx dt+

∫ T

0

∫

Ω

y p dx dt

<=5>G@

H"*#1/." ! ,!/ ,./*#& /#&,#-*! . '. 4./+.6'# *#(,!/.' % )*+'+3." ! '. IA/()'.  # J/##"

#" '. 4./+.6'# #&,.-+.' !6*#"#(!&

Dy(ȳ, ū, p, µa, µb)y =

∫ T

0

∫

Ω

(ȳ − yd) y dx dt−

∫ T

0

∫

Ω

pty dt

+

∫ T

0

∫

Ω

∇y∇p dxdt+

∫ T

0

∫

Ω

y p dx dt

+

∫

Ω

(y(0, x)p(0, x)− y(T, x)p(T, x))dx

−

∫ T

0

∫

Γ

∂vy p ds dt,

<=5>D@

=>



 !"#$ %&' " ()*+," &- .*--% %,-/ +-%0-

Dy(ȳ, ū, p, µa, µb)y =

∫ T

0

∫

Ω

(ȳ − yd) y dx dt−

∫ T

0

∫

Ω

pty dt

−

∫ T

0

∫

Ω

y∆pdxdt+

∫ T

0

∫

Ω

y p dx dt

+

∫

Ω

(y(0, x)p(0, x)− y(T, x)p(T, x)) dx

−

∫ T

0

∫

Γ

(∂vy p − ∂vp y) ds dt.

123456

7'0-+'8  9'* :,- 8# -% ! *0#$," * y ∈ C∞
0 (Q); " 8 -<!*-8#'%-8 y(T, x); y(0, x); ∂vp

= ∂vy 8-  %," % -% Ω = Σ *-8!-$0#/ +-%0-; !'* "' 0 %0' 0-%-+'8>

∫ T

0

∫

Ω

(ȳ − yd) y dx dt+

∫ T

0

∫

Ω

(−pty −∆p y + p y) dx dt = 0 1234?6

$'+' C∞
0 (Q) -8 &-%8' -% L2(Q) 0-%-+'8

∫ T

0

∫

Ω

(−pt −∆p+ p)y dx dt =

∫ T

0

∫

Ω

(yd − ȳ)) y dx dt 123@A6

&- &'%&- 'B0-%-+'8

− pt −∆p+ p = yd − ȳ  ! Q 123@C6

D9'* / +'8  $'%8#&-* * y ∈ C1(Q̄); 0 " :,- y‖Σ = 0 = y(0, x) = 0; = $'+' C1(Q̄)

-8 &-%8' -% L2(Q) $'%$",#+'8

y(T )p(T ) = 0

p(T ) = 0
123@26

D9'* / +'8  $'%8#&-* * :,- y ∈ C1(Q̄) = 'B0-%-+'8 :,-

∫

Ω

∫ T

0

∂vp y = 0 123@E6

$'+' 8 B-+'8 :,- C1(Q̄) -8 &-%8' -% L2(Σ); $'%$",#+'8 ('*+ "+-%0- :,- -" 8#F

.,#-%0- 8#80-+ -8 ,% $ %&#& 0' ! * 8-* -" 8#80-+ &- " -$, $#)%  &G,%0 

2@



−pt −∆p+ p = yd − ȳ,  ! Q

∂vp = 0,  ! Σ

p(T, x) = 0,  ! Ω
"#$%&'

() *+,-) ./ */+/-0)12, "3$#4' 51 ! 6,)7210! 89-1) :!12/ p ∈ W 1,1
2 (Q) *,+  ) ; ./

<$3= 8 ) )1-+, 8 >+,)56?2@ A=B  ! )/ *CD1!/ 3E=$

F@,+/ G/.,6 / 2,!618 +/+ )/ 8 +1G/8/ 2,! + 6* 25, / u 8 ) ;/D+/!D /!,$ H / ϕ =

(ϕ1, ϕ2, ..., ϕm) ∈ (L2(Ω))m

DuL(ȳ, ū, p, µa, µb)v = λ

∫ T

0

ūT v dt−

∫ T

0

∫

Ω

pϕT v y dx dt

−

∫ T

0

µa(t)
T v dt+

∫ T

0

µb(t)
T v dt

= λ

∫ T

0

ūT v dt+

∫ ∫

Σ

p v ds dt

−

∫ T

0

∫

Ω

pϕT v dx dt−

∫ T

0

(µa(t)− µb(t))
T v dt

=

∫ T

0

[

λ(ūT −

∫

Ω

pϕT dx+ (µa(t)− µb(t))
T

]

v dt

=

(

λūT −

∫

Ω

p(x, ·)ϕTdx+ µb(t)− µa(t), v

)

L2(0,T )

= 0

"#$%E'

8 8,!8 6 ,-51 ! )/  27/210! 8 ) D+/81 !5 

λū−

∫

Ω

p(x, ·)ϕ(x)Tdx+ µb − µa = 0,
"#$%%'

*,+ ), 5/!5, ,-5 ! .,6  ) 6165 ./ 8 ,*51./)18/8 2,., 61D7 I

#=

















































































 !"#!$%& '( ()*#'+ ȳt −∆ȳ + ȳ =
∑m

i=1 ūi(t)ϕi(x), (& Q

∂vȳ = 0, (& Σ

ȳ(0, ·) = y0, (& Ω

 !"#!$%& #',"&*# −p̄t −∆p̄+ p̄ = yd − ȳ, (& Q

∂vp̄ = 0, (& Σ

p̄(T, x) = 0, (& Ω

 !"#!$%& '(- ./#'$(&*(0 λū−

∫

Ω

p̄(x, ·)ϕ(x)Tdx+ µb − µa = 0

123456

7%*()( (- !#/8!*(/ $&*(9/#- '( -# (!"#!$%& '(- 9/#'$(&*(: )( '(;( # <"( -+) !+&*/+-()

'(=(&'(& '( t =(/+ &+ '( x3

 !" #$%&'()*+, -(./0*)1

 & ()*# )(!!$%& >#?+) # '('"!$/ "& ?@*+'+ =/$?#-A'"#- '( !+&,"&*+) #!*$>+) BCD: <"(

E(?+) "*$-$F#'+ =#/# $?=-(?(&*#/ (- =/+;-(?# '( +=*$?$F#!$%&3 G'(?8) =/()(&*#/(?+)

(- ?$)?+ ?@*+'+: =#/# (- !#)+ H&$*+ !+& -+ <"( -"(9+ =#)#/(?+) # -# $?=-(?(&*#!$%&

I # -+) (J=(/$?(&*+) &"?@/$!+)3

 !"!# $%&'(' )*+,-. /0-. (1 2'3403&'5 67&+8'5 9)/6:; <-*-

1. 7-5' 7'3 7'3&*'.15 =3+&'5

 - ?@*+'+ =/$?#-A'"#- '( !+&,"&*+) #!*$>+) 1KLGM6 "*$-$F# $&N+/?#!$%& '( -+) ?"-*$A

=-$!#'+/() '( O#9/#&9( I -# )";)(!"(&*( #!*"#-$F#!$%& '( -+) !+&,"&*+) #!*$>+)3  & -+

<"( )$9"( '(H&$?+) -+) !+&,"&*+) #!*$>+) I ?+)*/#?+) (- #-9+/$*?+ '( @)*( ?@*+'+3

 !"#$%$&# '()  !" i ∈ ℑ = {1, 2, ...,m} #$ %&$'#$(& )! *$)+%!, ("- .#! u = (u(1), u(2), ..., u(m))

%&$ u(i) ∈ R / c > 0 0 -&, %&$'#$(&, "%(+1&, !,(2$ )!3$+)&, )! -" ,+4#+!$(! 5"$!6"7

A+
k+1 =

{

i ∈ ℑ|uk(i) +
µi

c
≥ ub(i)

}

, 1234P6

/

A−
k+1 =

{

i ∈ ℑ|uk(i) +
µi

c
≤ ua(i)

}

. 1234Q6

2P



 !"#$ %#&'&()$#&*"' &+ $+,"#-)*"

 !"#$%&'# ( ./ 0

 ! 1(-2-$+-3$# u04 µ0 5 k = 16

"! 7$+28+$# yi4 i = 1, ...,m 9"(9& yi &' +$ '"+82-:( 9& +$ &28$2-:( ;<6=>

#! /&)&#*-($# +"' 2"(?8()"' $2)-@"' 2"*" &( ;<6AB> 5 ;<6AC> 5 +8&," "D)&(&*"' Ik+1 =

[0, T ] \
(

A+
k+1 ∪ A

−
k+1

)

6

$! '%)*&$+, 0- k ≥ 24 A+
k+1 6= A

+
k 4 A

−
k+1 6= A

−
k 5 Ik+1 6= Ik -+.)$

%! 7$+28+$# (yk+1, pk+1, uk+1) )$+ E8&

yk+1 =
m
∑

i=1

uk+1(i)yk+1 + y0,

pk+1 = S∗(yQ − yk+1),

;<6=F>

9"(9&

uk+1 =











ub(i), si i ∈ A+
k+1,

ua(i), si i ∈ A−
k+1,

1
λ

∫ T

0

∫

Ω
pk+1ϕ, si i ∈ Ik+1.

;<6=G>

&!  2)8$+-3$# µk+1 =
∫ T

0

∫

pk+1ϕ− λuk+16

'! k ← k + 16

(! /* '%)*&$+,

H"*$(9" S∗
2"*" &( ;<6IF>4 &')" &' S∗(vi) =

∫ T

0

∫

Q
yivi  9&*J'

(S u, ȳ + y0 − yd) = (S
∑

i

uiϕi, ȳ + y0 − yd)

=
∑

i

ui(Gϕi, ȳ + y0 − yd)

=
∑

i

ui(ϕ,G
∗(ȳ + y0 − yd))

=
∑

i

ui(ϕ, p)

;<6=<>

%"# +" )$()"4

∫ T

0

∫

Ω

pk+1ϕi =

∫ T

0

∫

Ω

(ȳ + y0 − yd)yi ;<6=I>

."9&*"' &'2#-D-# 8( (8&@" $+,"#-)*" ./ 0 285$ -*%+&*&()$2-:( (" 9&%&(9$ 9&

+$ #&'"+82-:( 9& +$ &28$2-:( 9-K&#&(2-$+ $9?8()$ 9& +$ '-,8-&()& *$(&#$4

<C



 !"#$%&'# (  !"#

 ! $%&'&()&*(+ u0, µ0 - k = 1.

"! /()'0)(+ yi, i = 1, ...,m 12%13 yi 34 )( 42)0'&5% 13 )( 3'0('&5% 67.89

#! !3:3+;&%(+ )24 '2%<0%:24 (':&=24 '2;2 3% 67.>?9 - 67.>@9 - )03A2 2B:3%3;24 Ik+1 =

[0, T ] \
(

A+
k+1 ∪ A

−
k+1

)

.

$! '%)*&$+, #& k ≥ 2, A+
k+1 6= A

+
k , A

−
k+1 6= A

−
k - Ik+1 6= Ik -+.)$

%! /()'0)(+ (yk+1, uk+1) :() C03

yk+1 =
m
∑

i=1

uk+1(i)yk+1 + y0, 67.8D9

12%13

uk+1 =











ub(i), si i ∈ A+
k+1,

ua(i), si i ∈ A−
k+1,

1
λ

∫ T

0

∫

Ω
(yk+1 + y0 − yd)yi, si i ∈ Ik+1.

67.8E9

&! "':0()&*(+ µk+1 =
∫ T

0

∫

(yk+1 + y0 − yd)yi − λuk+1.

'! k ← k + 1.

(! /* '%)*&$+,

 !"! #$%&'('( )* +,$-*./*$+'0 123#45 6 70(, 7,$8.,&*( 9'$'8,(

F( '2%=3+A3%'&( 13) ;G:212  !"# H(+( 3) H+2B)3;( 67.IE9 43 2B:&3%3 1&+3':(;3%:3

13 )24 +340):(124 H+343%:(124 3% 3% 3) (+:J'0)2 13 K. K0%&4'L - ". MN4'L OIPQ -( C03

%034:+2 H+2B)3;( 34 0% '(42 H(+:&'0)(+ 13 H+2B)3;(4 13 '2%:+2) 5H:&;2 H(+(B5)&'24

)&%3()34.  2+ :(%:2, 4& 43 :2;( λ (13'0(1(;3%:3 - 43AR% )2 34H3'&S'(12 OIPQ T2+3;(4

2 - 3 - /2+2)(+&2 4 3% OIP, HUA4. I7?,IIP,I7?Q, )( 40'3'&5% (un, yn, pn, µn) '2%=3+A3 ( )(

42)0'&5% 5H:&;( (ū, ȳ, p̄, µ̄) '2% =3)2'&1(1 13 '2%=3+A3%'&( 40H3+)&%3().

 !"!" :;8,), 2.'<0& 3=0& )* 7,$>=$8,( #+8'-,( 123#45 ?0.0

*& +0(, +,$ +,$8.,&*( )*?*$)'*$8*( )*& 8'*<?,

V;H3*(+3;24 13S%&3%12 )24 '2%<0%:24 (':&=24 '2)2 )2 L&'&;24 3% )( 43''&5% (%:3+&2+

0)/*%.%1* 234  !" c > 0 # $!"% (uk)k& (µka)k& (µkb)k& $'(!$)*%!$ +'! ",-*.)/"% "

ū&µa # µb -!$,!(0)1"/!%0!& 2*$ (*%3'%0*$ "(0)1*$ $! 4!5%!% 4! 2" $)6')!%0! /"%!-"7

A+
k+1 =

{

t ∈ [0, T ]

∣

∣

∣

∣

uk(t) +
µkb(t)

c
≥ ub(t)

}

, 67.8>9

IP



 

A−
k+1 =

{

t ∈ [0, T ]

∣

∣

∣

∣

uk(t) +
µka(t)

c
≤ ua(t)

}

.  !"##$

%&'() *(+,+-.)(+/', +0 )01'(2./'

 !"#$%&'# ( 34%5

 ! 6-272)028)( u09 µ0 : k = 1"

"! ;)07<0)( yi

#! 4+.+(/2-)( 0', 7'-=<-.', )7.2>', A+
k+1  !"#?$ : A−

k+1  !"##$ : 0<+1' '@.+-+/',

Ik+1 = [0, T ] \
(

A+
k+1 ∪ A

−
k+1

)

"

$! '%)*&$+, k ≥ 29 A+
k+1 6= A

+
k 9 A−

k+1 6= A
−
k : Ik+1 6= Ik -+.)$

%! ;)07<0)( (yk+1, pk+1) .)0 A<+

yk+1 t −∆yk+1 + yk+1 =
∑m

i=1 uk+1 iϕi(x), +- Q

∂vyk+1 = 0, +- Σ

yk+1(0, ·) = y0, +- Ω

 !"#B$

−pk+1 t −∆pk+1 + pk+1 = ȳk+1 − yd +- Q

∂vpk+1 = 0 +- Σ

pk+1(T, ·) = 0 +- Ω

 !"#C$

D'-D+

uk+1(t) =











ub(t), si t ∈ A+
k+1,

ua(t), si t ∈ A−
k+1,

1
λ

∫

Ω
pk+1ϕ, si t ∈ Ik+1.

 !"BE$

&! %7.<)028)( µk+1 =
∫

Ω
pk+1ϕ− λuk+1"

'! k ← k + 1"

(! /* '%)*&$+,

 !"!# $%&'()() *+ ,-%.+/0+%,(1 234$56 7 81)- ,-%9/-'+) *+:+%7

*(+%9+) *+' 9(+;:-

4+ 0) /2,/) /)-+() A<+ +- +0 7),' )-.+(2'(9 0) 7'->+(1+-72) D+0 /F.'D' 34%5 *)() +0

*('@0+/)  !"GH$ ,+ '@.2+-+ D2(+7.)/+-.+ D+ 0', (+,<0.)D', *(+,+-.)D', +- +- +0 )(.I7<0'

D+ J" J<-2,7& : %" KL,7& MGEN :) A<+ -<+,.(' *('@0+/) +, <- 7),' *)(.27<0)( D+ *('O

@0+/), D+ 7'-.('0 P*.2/' *)()@P027', 02-+)0+," 3'( .)-.'9 ,2 ,+ .'/) λ )D+7<)D)/+-.+

: ,+1Q- 0' +,*+72R7)D' MGEN S+'(+/), 2 : 3 : ;'('0)(2' 4 +- MGE9 *T1," G!B9GGE9G!BN9

GU



 ! "#$%$&'( (un, yn, pn, µn) $)(*%+,% !  ! ") #$&'( '-.&/! (ū, ȳ, p̄, µ̄) $)( *% )$&0!0 0%

$)(*%+,%($&! "#-%+ &(%! 

 !" #$%&'$'()*+,-(

1! &/- %/%(.!$&'( 0% ! ,)+&./) +%2#&%+% +%") *%+ (#/3+&$!/%(.%  !" 456" 0% %".!0)

7 !08#(.!9 :- &$!+%/)" #(! "%/&0&"$+%.&;!$&'(9 4" 0%$&+<  ! 0&"$+%.&;!$&'( %"-!$&! "%

=!+> #"!(0) % %/%(.)" ?(&.)"  &(%! %" 0%  !,+!(,% /&%(.+!" 2#%  ! 45@ +%"# .!(.% "%

+%") *%+> $)( % /3.)0) 0% 4# %+ &/- A$&.)< .!(.) -!+!  ! %$#!$&'( 0% %".!0) $)/) -!+!

 ! %$#!$&'( !08#(.! $)/) "% %B- &$! ! $)(.&(#!$&'(9

 !"#$%&'(%)* +, -' .(/'(%)* +, .01'+#

C&,#&%(0)  ! /%.)0) ),A! %( D+)""/!(( EF< -GH, IJKL< +%") *%/)" (#/3+&$!/%(.% #"!(M

0) % /3.)0) 0% "%/&0&"$+%.&;!$&'(< % $#! $)("&".% %( 0&"$+%.&;!+  ! *!+&!N % %"-!$&! 

%( $!0! &(".!(.% 0% .&%/-) #"!(0) % %/%(.)" ?(&.)"  &(%! %" 0% 1!,+!(,%<  ) $#! 0!

$)/) +%"# .!0) #( "&".%/! 0% 45@ 2#% %" +%"#% .) $)( % /3.)0) 0% 4# %+ &/- A$&.)9

O)/!(0) V = H1
%(  ! 0%?(&$&'( PJQ 7 "%! Vh #( "#N%"-!$&) 0% 0&/%("&'( ?(&.! %(

H1(Ω)9 O)/%/)" ξi = ξi(x) (i = 1, 2, ..n) R#($&)(%" "#!*%" .! %" 2#%<

{ξk}
n
k=1 %" #(! N!"% )+.)()+/! 0% Vh< , PS9TIQ

:=)+! %(  ! R)+/# !$&'( *!+&!$&)(! 2#% )N.#*&/)" %( PI9SIQ .)/!/)"

v = ξj

y =
n

∑

i=1

yiξi

f =
m
∑

i=1

fiξi

PS9TSQ

7 +%%/- !;!(0) )N.%(%/)" % "&,#&%(.% "&".%/! 0% %$#!$&)(%" 0&R%+%($&! %" )+0&(!M

+&!"U

n
∑

i=1

y′j(ξi, ξj) +
n

∑

i=1

yia(ξi, ξj, t) =
m
∑

i=1

fi (ξi, ξj)L2 , j = 1, ..., n
PS9TKQ

KS



 ! "##$%"!&!'($ )&"!#*+( #, (-#")+(" a(·, ·, t) (&.#*#'($

n
∑

i=1

y′i(ξi, ξj) +
n

∑

i=1

yi ((∇ξi,∇ξj) + (ξi, ξj)) =
n

∑

i=1

fi (ξi, ξj), /01234

n
∑

i=1

y′i(ξi, ξj) +
n

∑

i=1

yi(∇ξi,∇ξj) +
n

∑

i=1

yi(ξi, ξj) =
n

∑

i=1

fi (ξi, ξj), /01254

+(*+# (·, ·) "#-"#$#*.) #, -"(+6%.( #$%),)" #* L2
1 7#8*!'($ )9(")

M = (ξj, ξi) K = (∇ξj,∇ξi) ∀i = 1, ..., n /012:4

,)$ ')."!%#$ +# ')$) ; "!<!+#= "#$-#%.!>)'#*.#? ,6#<( >(,>#'($ ) #$%"!&!" #, -"(&,#')

%('( $!<6#

My′ +Ky +My = M f /012@4

A9(") >(,>#'($ ) ,) >)"!)&,# .#'-("), ; 6.!,!=)*+( #, 'B.(+( +# C6,#" !'-,D%!.( .#*#E

'($

M yk+1−yk
δt

+Kyk+1 +Myk+1 = M f

Myk+1 + δt(K +M)yk+1 = Myk + δtM f

(M + δt(K +M))yk+1 = Myk + δtM f

/01224

 !"# F)") #, %)$( +# %(*."(,#$ 8*!.($ ,) $(,6%!G* +# ,) #%6)%!G* +# #$.)+( #$.H

+)+) -(" ,) "#$(,6%!G* +# m $6&-"(&,#')$ %('( #* /I1I:4? +(*+# $# .(') f = ϕi -)")

i = 1, ...,m +#&!+( ), -"!*%!-!( +# $6-#"-($!%!G*1

$%&!'()#*(+, -. /# 0*1#*(+, $-21,"#

A*H,(<)'#*.# 9)"#'($ ,) )-"(J!')%!G* +# ,) #%6)%!G* )+K6*.) -(" '#+!( +# #,#'#*.($

8*!.($1  #) Vh ⊂ H1
6* $6&#$-)%!( +# +!'#*$!G* 8*!.)1 L(')*+( ,) '!$') &)$# {ξk}

n
k=1

.#*#'($

p =
n

∑

j=1

pjξj

ȳ =
n

∑

j=1

ȳjξj,

/012M4

NN



 !" # ȳ #$ %& $!%'()*"  # %& #('&()*"  # #$+& !, -##./%&0&" ! #" 12,3245 !6+#"#.!$

n
∑

j=1

p′j(ξj, ξi) +
n

∑

j=1

pja(ξj, ξi) = h.± kjjk, loim, op.u, o.p±−i.pu, o.pi−m.pmP :]P :]OP ] ::]P ∗ P ∗

13,784

9) :##$(:)6).!$ &6:)#" ! #% !/#:& !: a(·, ·) !6+#"#.!$

m
∑

j=1

p′j(ξj, ξi) +
n

∑

j=1

pj(∇ξj,∇ξi) +
n

∑

j=1

pj(ξj, ξi) =
n

∑

j=1

(ȳj − yQ)(ξj, ξi). 13,724

;&.!$ & +!.&: M < K (!.! &"+#$5 %&$ .&+:)(#$  # .&$& < :)=) #0 :#$/#(+)>&.#"+#5

%'#=! >!%>#.!$ & #$(:)6): #% /:!6%#.& (!.! $)='#

Mp′ +Kp+Mp = M(ȳ − yQ) 13,734

?+)%)0&" ! #% .@+! !  # A'%#: )./%B()+! +#"#.!$

M pk−pk−1

δt
+Kpk−1 +Mpk−1 = M(ȳ − yQ),

(M − δt(M +K))pk−1 = Mpk − δtM(ȳ − yQ).

13,7C4

 !"# D& )./%#.#"+&()*"  #% .@+! !  # E!"F'"+!$ &(+)>!$ $# %! :#&%)0& .# )&"+#

#% &%=!:)+.!  #+&%%& ! #" %& $#(()*" 13,C4, E&6#  #$+&(&: G'# /&:& #% (&$! (!" (!"+:!%#$

 #/#" )#"+#$  #% +)#./! %& /&:+#  # %& #('&()*"  #% =:& )#"+#

∫

Q

p ϕ dx ≈ p M ϕ 13,7H4

$# %! I&(# .# )&"+# %& .&+:)0  # .&$& (&%('%& & &% )./%#.#"+&: %& :#$!%'()*"  # %&

#('&()*"  # #$+& ! < & F'"+&,

J&:& #% (&$! (!" (!"+:!%#$ K")+!$ +#"#.!$

∫ T

0

∫

Q

(ȳ + y0 − yd)yi dx dt ≈

∫ T

0

(ȳ + y0 − yd)M yi dt 13,7L4

 !" # $# '+)%)0& %& .&+:)0  # .&$& /&:& %& )"+#=:&% #$/&()&% < #% .@+! !  #% +:&/#()!

/&:& /! #:  )$(:#+)0&: %& )"+#=:&% (!" :#$/#(+! &% +)#./!,

CH



 !"#$%&#'() *#+,$%",%-'

 !" #$%& '()*)+,(%)&($- .&( #&(/0&-,% ,( R
m

 ! #$%& '()*)+,(%)&($- .&( #&(/0&-,% *,1,(*),(/,% *,- /),+1&

2$3-$  !"4 5,%6+,( *, -&% ,71,0)+,(/&%

 !" #$%&'()&*+,- ./)0'(1,-

8( ,%/$ %,..)9( 0,$-):$0,+&% ,71,0)+,(/&% ;$0)$(*& $-<6(&% 1$0=+,/0&% *, )(/,0>%!

?0,;)$+,(/, )+1-,+,(/$+&% ,- $-<&0)/+& *,- +>/&*& 10)+$-@*6$- *, .&(A6(/&% $./);&%

*$*& ,( -$ %,..)9( B !CD! E$0,+&% ,71,0)+,(/&% 6()*)+,(%)&($-,% F 3)*)+,(%)&($-,%!

G&-;,+&% $- 10&3-,+$ B !CHD 3$A& -$% I)19/,%)% *,J()*$% ,( B ! !"D4



















































mı́n J(y, u) := 1
2
‖y − yQ‖

2
L2(Q) +

λ
2
‖u‖2L2(Q)

s.a.

yt −∆y + y =
∑m

i=1 uiϕi, #' Q,

∂νy = 0, #' Σ,

y(0, x) = y0, #' Ω,

B !KLD

*&(*, I,+&% 0,$-):$*& -&% %)<6),(/,% ,71,0)+,(/&%M .&( -&% *$/&% N6, %, *,%.0)3,(

$ .&(/)(6$.)9(!

 !"# $%&'&()%"&#%!* +#% +#%,-#*)" .%&,#"

 !"#$%&#'() ./0

?$0$ ,- ,71,0)+,(/& /,(,+&% -&% %)<6),(/,% *$/&% N = 1750M n = 280M u0 = ones(10, 1)M

Mu = 0M µ = 1M ub = 2 ∗ u0M ua = −1 ∗ u0M λ = 1

2&+$0,+&% m = 10M -$% O6(.)&(,% ,%/=( *$*$% .&+& ,- ,71,0)+,(/& $(/,0)&0 +&%@

/0$*$% ,( -$ J<60$  !P F yd ,%/= *$*$ 1&0

yd =











30 sin(π x) cos(π t), 0,25 < t < 0,75,

−10, x < 0,5,

−80, casocontrario.

B !KQD

R&%/0$+&% ,( -$% J<60$% -$ ,.6$.)9( *, ,%/$*& B ! D F -$ ,;&-6.)9( *,- O6(.)&($- *,

.&%/& ,( -$ J<60$ B !"D

?$0$ ,- #$%& 6()*)+,(%)&($- .&( .&(/0&-,% N6, (& %&( *,1,(*),(/,% *,- /),+1& %,

CH
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4 Evolución del Funcional de costo por cada iteración

Número de Iteraciones

V
a

lo
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d
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d

e
 C
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s
to

 !"#$% &'() *+,-#.!/0 12- 3#0.!,0%- 12 4,56, 12- 52"#01, 2782$!9206, :λ = 1;

 !"#$% &'&) <,-#.!/0 12 -% 2.#%.!/0 12 256%1, 12- 52"#01, 2782$!9206, :λ = 1;

=>



λ  !"  !# $ $!%

&'()*+(,- ./ )+01+ 2# 2#$ 2#% 2##

34+! 51/4,)*+(/0 $6 7 7 7

1*/89+ ./ /:/)')*;( <0= >!%22? "!2$%# "!27 2 "!2$?7

@,A-, 6!6B C/0'-1,.+0 ./- /D9/4*8/(1+ 6 )+( -, 94*8/4, .*0)4/1*E,)*;(

λ  !"  !# $ $!%

&'()*+(,- ./ )+01+ 2#$ 2#% 2## 2#?

34+! 51/4,)*+(/0 $6 7 7 7

1*/89+ ./ /:/)')*;( <0=  !"$  !6>  !6$  !66

@,A-, 6!"B C/0'-1,.+0 ./- /D9/4*8/(1+ 6 )+( '(, .*0)4/1*E,)*;( 8F0 G4'/0,

4/,-*E,4F /D9/4*8/(1+0 H,4*,(.+ λI ./ .+(./ 1/(/8+0 -+0 4/0'-1,.+0 8+014,.+0 /( -,

1,A-, <6!6=

J./8F0 4/,-*E,4/8+0 -+0 8*08+0 /D9/4*8/(1+0 9,4, '(, .*0)4/1*E,)*;( 8F0 G4'/0,I

/01+ /0 N = 150I n = 80I -+0 4/0'-1,.+0 0/ 94/0/(1,( /( -, 1,A-, <6!"=

K+./8+0 +A0/4H,4 L'/ ,- 1+8,4 '( .*0)4/1*E,)*;( 8F0 G4'/0, -+0 1*/89+0 ./ /:/)'M

)*;( .*08*('N/( ./ 8,(/4, )+(0*./4,A-/! K/4+ )+( -, .*0)4/1*E,)*;( 8F0 O(, 0/ +A1*/(/

'( H,-+4 8/(+4 9,4, /- P'()*+(,- ./ )+01+ N, L'/ 1/(/8+0 '(, 8/:+4 ,94+D*8,)*;(!

 !"#$%&'& &! (#)*!+,!)$%' &!" -./#&#

Q( /01, 0'A0/))*;( /01*8,4/8+0 -, H/-+)*.,. ./ )+(H/4G/()*, ./- ,-G+4*18+ KRJS 9,4,

)+(14+-/0 O(*1+0 8/.*,(1/ -, /01*8,)*;( ./- /44+4! K,4, /01+ )+(0*./4,4/8+0 )+8+ 0+-'M

)*;( /D,)1, /- )+(14+- ū +A1/(*.+ /( -, T-1*8, *1/4,)*;( ./- ,-G+4*18+ ./- /D9/4*8/(1+

(2,2) N /- /44+4 .,.+ 9+4B

error = ‖u− ū‖Rm
<6!?7=

@/(/8+0 L'/ /- /44+4 /H+-')*+(, )+8+ 0/ 8'/014, /( -, 1,A-, <6!%= N /( -, OG'4,

<6!"= -, )',- 1*/(/ /- /:/ y , /0),-, -+G,4U18*),

@/(/8+0 L'/ /- H,-+4 ./- /44+4 /( -, T-1*8, *1/4,)*;( 0*/894/ 0/4, 0I 9+4 -, 0+-')*;(

L'/ /01,8+0 1+8,(.+ )+8+ ;91*8,!

K+./8+0 H/4 L'/ -, )+(H/4G/()*, ./- 8V1+.+ /89*/E, ./0./ -, 1/4)/4, *1/4,)*;(! @/(/M

8+0 L'/ -, 4/-,)*;( /(14/ /44+4/0 ./ .+0 *1/4,)*+(/0 )+(0/)'1*H,0 /01, .,., 9+4B

υ =
‖ū− uk+1‖L2

‖ū− uk‖L2

<6!??=

"2



 !"#$%&'(") "##'#

* +,-.//*01.**

. 2-32+4,..1,

1 3-.,./12+4/

/ *-/.,/0334,

4 2-+2/3/1,*.

, 2-22+3221,+

+ 2-222233,./

3 2

5$67$ .-/8 9:'7;%&<( ="7 "##'# >'# %$=$ &!"#$%&<(? @ABCD%'(!#'7") E(&!')
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Evolución del error por cada iteración
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F&G;#$ .-18 9:'7;%&<( ="7 "##'# "( %$=$ &!"#$%&<(? @ABCD%'(!#'7") E(&!')
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 !"#$%&'(") *"+$%&,( υ

- ./.-.01-234

5 -./56-656366

6 ./-254733-5

7 ./717-.2621

0 ./.--.443.0

4 ./.--64-016

2 .

8$9+$ 5/0: *"+$%&,( ;" ;') "##'#") %'()"%<!&=')> ?@ABC%'(!#'+") D(&!')

E9!"("F') +$ !$9+$ G5/0H ;'(;" I';"F') ="# J<" υ )" %'FI'#!$ %'F' <($ K<(%&,(

J<" !&"(;" $ 0 I'# +' !$(!' "+ "##'# %'(="#L" )<I"#+&("$+F"(!"/

 !"# $%&'&()%"&#%!* +#% +#%,-#*)" ').)%'&)%,)" ')* ,&)(.#

 !"#$%&#'() *+*

M( "+ I#")"(!" "N"FI+' )"+"%%&'($F') +') )&L<&"(!") =$+'#"):

N = 1750> n = 280> u0 = 0,5 ∗ ones(N, 10)> Mu = 0> µ = 1> ub = 1> ua = −1>λ = 1

O %'( +$) )&L<&"(!") K<(%&'(") ϕi> i = 1, ...,m

ϕ1 = 1,

ϕ2 = x− 1,

ϕ3 = (x− 1)2,

ϕ4 = (x− 1)3,

ϕ5 = x2,

ϕ6 = sin(π x),

ϕ7 = cos(π x),

ϕ8 = 5 log(3(x+ 1)),

ϕ9 = exp(−(x− 0,5)2),

ϕ10 = (sen(4π x)) + cos(4π x),

G5/-..H

%'( x ∈ [0, 1] O J<" ")!P( L#$D%$;$) "( +$ DL<#$ 5/7/ Q'F'  !"#$% $ ! #$% !'F$F')

yd =











30 sin(π x) cos(π t), 0,25 < t < 0,75,

−10, x < 0,5,

−80, %$)' %'(!#$#&'.

G5/-.-H

M( +$ DL<#$ G5/4H I';"F') ="# +') #")<+!$;') ;" +$ "%<$%&,( ;" ")!$;'> +$ )'+<%&,( ;"

+$ "%<$%&,( $;N<(!$ "( +$ DL<#$ G5/2H O "+ %'(!#'+ "( +$ DL<#$ G5/3H J<" ") ;"I"(;&"(!"

61
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Funciones Test

Funciones Test para los experimentos

Variable Espacial

V
a

lo
r 

d
e

 l
a

s
 F

u
n

c
io

n
e

s
 t

e
s
t

 !"#$% &'()  #*+!,*-. ϕi +,* i = 1, ..., 10 /-0 1$!2-$ -31-$!2-*4,

λ 5'&6 5'6 7 7'(

 #*+!,*%0 /- 8,.4, 9:5 9:6 9:; 997

<$,' =4-$%+!,*-. &7 9 : :

4!-21, /- ->-+#+!?* @.A 5'(6BB 5'766; 5'7B(7 5'7B;:

C%D0% &':) E-.#04%/,. /-0 -31-$!2-*4, 7 +,* 0% 1$!2-$% /!.+$-4!F%+!?*

/-0 4!-21, G .- 2#-.4$% -0 H#*+!,*%0 /- +,.4, -* +%/% !4-$%+!?* -* 0% I"#$% @&'6A'

J- $-%0!F% -0 -31-$!2-*4, K%$!%*/, 0% +,*.4%*4- λL /- /,*/- 4-*-2,. 0,. $-.#04%/,.

2,.4$%/,. -* 0% 4%D0% @&':A

M/-2N. $-%0!F%2,. 0,. 2!.2, -31-$!2-*4,. 1%$% #*% /!.+$-4!F%+!?* 2N. I*% 4,O

2%*/,) N = 1750L n = 280' P,. $-.#04%/,. .- 1#-/-* ,D.-$K%$ -* 0% 4%D0% @&'9A

 !"#$%&'& &! (#)*!+,!)$%' &!" -./#&#

Q* -.4% .#D.-++!?* -.4!2%$-2,. 0% K-0,+!/%/ /- +,*K-$"-*+!% /-0 %0",$!42, 2-/!%*4-

0% -.4!2%+!?* /-0 -$$,$' R%$% -.4, +,*.!/-$%$-2,. +,2, .,0#+!?* -3%+4% -0 +,*4$,0 ū

λ 5'&6 5'6 7 7'(

 #*+!,*%0 /- 8,.4, 9:& 9:B 9:6 9:9

<$,' =4-$%+!,*-. 76 ; S S

4!-21, /- ->-+#+!?* @.A B'B9 &'5( 7';S 7'S&

C%D0% &'9) E-.#04%/,. /-0 -31-$!2-*4, 7 +,* 0% .-"#*/% /!.+$-4!F%+!?*

(5
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4 Funcional de Costo

Número de Iteraciones
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 !"#$% &'() *+,-#.!/0 12- 3#0.!,0%- 12 4,56, 12- 7$!82$ 2972$!8206, :λ = 1;

 !"#$% &'<) =,-#.!/0 12 -% 2.#%.!/0 12 256%1, 12- 7$!82$ 2972$!8206, :λ = 1;

>?



 !"#$% &'() *+,#-!./ 01 ,% 1-#%-!./ %02#/3% 01, 4$!51$ 1641$!51/3+ 7λ = 1 
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,...,u
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Control Óptimo

Variable Temporal

V
al

or
 d

el
 c

on
tr

ol

!"#$%& '()* +,-.%,/ 01."2, 34/ 1%"24% 4514%"24-., 6λ = 1 

7'



 !"#$%&'( "##)#

* +,-../,0,,/1

2 ,-/..3+0/2*

, 1-14*,0/+*4

/ 0-/21*+*+,/

1 0-0324.*.04

4 0-000*3,0+*

+ 0-0000021/4

. 0

5$67$ 2-.8 9:)7;%&'( <"7 "##)# =)# %$<$ &!"#$%&'(> ?@AB C D)(!#)7"E <"="(<&"(!"E <"7

!&"F=)

 !"#$%&)("E G"7$%&'( υ

* 0-0/+2220+3

2 *-13,34+2.+

, 0-0+4/1*+34

/ 0-2*+3.4+14

1 0-0020.,*42

4 0-0*,*./34,

+ 0

5$67$ 2-38 G"7$%&'( <" <)E "##)#"E %)(E"%;!&:)E> ?@AB C D)(!#)7"E <"="(<&"(!"E <"7

!&"F=)

)6!"(&<) "( 7$ H7!&F$ &!"#$%&'( <"7 $7I)#&!F) <"7 "J="#&F"(!) (2,1) K "7 "##)# <$<) =)#8

error =

(∫ 1

0

‖u(t)− ū(t)‖2
)

1
2

L2-*02M

5"("F)E N;" "7 "##)# ":)7;%&)($ %)F) E" F;"E!#$ "( 7$ !$67$ L2-.M K "( 7$ OI;#$ L2-3M

7$ %;$7 !&"(" "7 "P" y $ "E%$7$ 7)I$#Q!F&%$

?)<"F)E :"# N;" 7$ %)(:"#I"(%&$ <"7 FR!)<) "F=&"S$ <"E<" 7$ !"#%"#$ &!"#$%&'(-

5"("F)E N;" 7$ #"7$%&'( "(!#" "##)#"E <" <)E &!"#$%&)("E %)(E"%;!&:$E "E!$ <$<$ =)#8

υ =
‖ū− uk+1‖L2

‖ū− uk‖L2

L2-*0,M

T6!"("F)E 7$ !$67$ L2-3M <)(<" =)<"F)E :"# N;" υ E" %)F=)#!$ %)F) ;($ U;(%&'(

N;" !&"(<" $ 0 %;$(<) k $;F"(!$> =)# 7) !$(!) "7 "##)# !&"(" ;($ %)(:"#I"(%&$ F$K)# $

7&("$7- 9E!) %)(O#F$ 7)E #"E;7!$<)E <" %)(:"#I"(%&$ %)()%&<)E K N;" U;"#)( F"(%&)($<)E

"( 7$ B"%%&'( L2-,-2M <" N;" "7 )#<"( <" %)(:"#I"(%&$ "E E;="#7&("$7-

/,
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Evolución del error por cada iteración
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 !"#$% &'() *+,-#.!/0 12- 2$$,$ 20 .%1% !32$%.!/04 5678 9 :,03$,-2; 12<201!2032; 12-

3!2=<,

>>



 !"#$%&' (

)*'+&,-!. /,  '0$*'& 1"$2-' 3'0

*,4%&!*25!3260 ,0 0'*-! ℓ1

 ! "#$" %&'($)*+ ,&-+# & $.&$&. %+! )! $/'+ "#'"%/&* 0" %+!$.+*"#1 **&-&0+#  !"# $ + '+2

%+ 0"!#+# 3& 4)" "* $5.-/!+ ‖·‖ℓ1 /!0)%" )!& "#$.)%$).& 0" *&# #+*)%/+!"# 4)" %+!$/"!"!

)!& 6.&! %&!$/0&0 0" "!$.&0&# !)*&# 0"* ,"%$+. 4)" *&# ."'."#"!$&7  #$+ "# 8$/*1 ')"#

)! ,"%$+. %+! '+%&# %+-'+!"!$"# !+ !)*&# "# -9# :9%/* 0" /!$".'."$&. " /-'*"-"!$&.1

#+;." $+0+ #/ #" $.&;&<& %+! )!& 6.&! %&!$/0&0 0" 0&$+#7

=+# %+!%"!$.&."-+# "! "#$&;*"%". -5$+0+# &0&'$&0+# & *&# '&.$/%)*&./0&0"# 4)" ">?/2

;"! "#$" $/'+ 0" '.+;*"-&#1 )$/*/@&."-+# "* -5$+0+ './-&*20)&* 0" %+!<)!$+# &%$/,+# 3

*)"6+ ">$"!0"."-+# &*6+./$-+# 0" %++.0"!&0&# 0" 0"#%"!#+1 /!#'/.&0+ "! +'$/-/@&%/A!

"! 0/-"!#/A! B!/$&7

 !" #$%&'()&*+

C/ 4)"."-+# %+*+%&. 0/#'+#/$/,+# 0/#'+!/;*"# 0" )!& -&!".& A'$/-&1 *& !+.-& ℓ1 %+-;/2

!&0+ %+! %+!$.+*"# B!/$+# 0& /!:+.-&%/A! &%".%& 0" *& );/%&%/A! A'$/-& 0" *+# 0/#'+#/2

$/,+# 0" %+!$.+* 3 !+# '".-/$" "!%+!$.&. *+# %+!$.+*"# -9# ."*",&!$"# '&.& "* :"!A-"!+

DEF7 G&# ."6)*&./@&%/+!"# !+ #)&,"# '&.& '.+;*"-&# 0" +'$/-/@&%/A! "!  HI ?&! #/0+

'./!%/'&*-"!$" )$/*/@&0+# '&.& '.+;*"-&# /!,".#+# %+! '&.9-"$.+# B!/$+#1 ,5&#"1 '+.

"<"-'*+1 DJKF1 DJJF1 DJLF7  ! '&.$/%)*&.1 "* )#+ 0" *& !+.-& ℓ1 ?& 0&0+ *)6&. & -"<+."#

."#)*$&0+# '&.& *& ."%)'".&%/A! 0" *+# 0&$+# 0" *&# -"0/%/+!"# 0" .)/0+ 4)" *& ."6)*&2

./@&%/A! #)&," DEF7

ME



 !"#$%&'('&)!# &* #$+,$&"-& .'!/*&)( %& 0!"-'!* 1.-$)! %& -$.! .('(/1*$0! 0!"

-2')$"! '&+,*('$3("-& ℓ1 &" &* 4,"0$!"(* %& 0!#-!5

6%&)7# #&( &* #,/0!"8,"-! %& *!# 0!"-'!*&# (%)$#$/*&# %&9"$%! %& *( #$+,$&"-& )(:

"&'(

Uad = {u ∈ R
m : ua ≤ u ≤ ub} . ;<5=>

?'!0&%&)!# &"-!"0&# ( %&9"$' &* .'!/*&)( 0!)! #$+,& /(8! *(# @$.1-&#$# ("-&'$!'&#5



















































mı́n J(y, u) = 1
2
‖y − yd‖

2
L2(Q) +

λ
2
‖u‖2l2 + γ‖u‖l1

#,8&-! (A

yt −∆y + y =
∑m

i=1 uiϕi, &" Q,

∂νy = 0, &" Σ,

y(0, ·) = y0, &" Ω,

u ∈ Uad.

;<5B>

%!"%& ϕi ∈ L2(Ω)C D (%&)7#C

Q = Ω× (0, T ) y0 ∈ L2(Ω) yQ ∈ L2(Q)

Σ = Γ× (0, T ) ua, ub ∈ R
m

;<5<>

 !" #$%&'('( )*& +,-.&*/0 )* 1-$2,-& 3+2'/-

E&"&)!# F,& *( &0,(0$1" %& &#-(%! &#-7 %(%( .!' *( &0,(0$1" .('(/1*$0(

yt −∆y + y = u, &" Q,

∂νy = 0, &" Σ,

y(0, ·) = y0, &" Ω.

. ;<5G>

H( &I$#-&"0$( %& ,"( #!*,0$1" .('( &#-( &0,(0$1" D( #& ("(*$31 &" &* 0(.J-,*! ;B>C

.!' *! -("-! -&"&)!# F,& *( )$#)( &#-7 &I.'&#(%( .!' ;B5<K>C F,& &#

y = S(u) =
m
∑

i=1

uiyi + y0, ;<5L>

%!"%& yi #(-$#4(0& *( &0,(0$1" ;B5<M> 0!" f = ϕi .('( i = 1, ...,m5  !" &#-( #!*,:

0$1" .'!0&%&'&)!# ( %&-&')$"(' &* .'!/*&)( '&%,0$%! .('( !/-&"&' *( &I$#-&"0$( D *(#

0!"%$0$!"&# %& !.-$)(*$%(% %&* .'!/*&)( %&  !"-'!* N.-$)!5

GM



 !"#$%&' (%)*+,)"

 ! "#$% #&'#"(()*! +%,-# % ."/!)0 "1 20-'1",% 0".&().- 2&"# "# !"("#%0)- 2%0% ."3

$"0,)!%0 1% "4)#$"!()% ."1 (-!$0-1 *2$),-5 6"!",-# 7&" 1% #-1&()*! ." 1% "(&%()*! ."

"#$%.- "# y = S(u) =
m
∑

i=1

uiyi + y08 2-0 1- $%!$- +%,-# % ."/!)0 &! 20-'1",% ." -23

$),)9%()*! "! $:0,)!-# ." u 0"",21%9%!.- ;<5=> "! "1 ?&!()-!%1 ." (-#$- ."/!).- "!

;<5@>8 %#A -'$"!",-#

 !"#$%$&# '()  !" F !# $%&'()&"# *! ')+,) ,"# -%!

F : R
m → R

u → F (u)
;<5B>

*)&*! F (u) !+," *!.&(*) /)0

F (u) =
1

2
‖S(u)− yd‖

2
L2 +

λ

2
‖u‖2ℓ2 +

γ

2
‖u‖ℓ1 . ;<5C>

D)E&)"!.- 1% ,"$-.-1-EA% "! "1 1)'0- ." F$- 3 G&!)#(H IJ<K +%,-# % 0""#(0)')0 "1

20-'1",% ." -2$),)9%()*! (-,- 1% #&,% ." .-# ?&!()-!"#8 $-,%!.-

f(u) =
1

2
‖S(u)− yd‖

2
L2 +

λ

2
‖u‖2ℓ2

L

ς(u) =
γ

2
‖u‖ℓ1 .

;<5M>

6"!",-# "!$-!("# 7&" "1 20-'1",% 0".&().- #" 2&"." "420"#%0 ." 1% #)E&)"!$" ,%3

!"0%

mı́n
u∈Uad

F (u) = f(u) + ς(u) ;<5N>

2%0% u ∈ Uad8 .-!." f(u) "# &!% ?&!()*! (-!+"4% (-!$)!&%,"!$" .)?"0"!()%'1"8

L ς(u) "# &!% ?&!()*! 20-2)% (-!+"4%8 #",)3(-!$)!&% )!?"0)-08 2"0- !- .)?"0"!()%'1"5

O$)1)9%0",-# %1E&!-# 0"#&1$%.-# ." %!P1)#)# (-!+"4- "42&"#$-# "! 1% #"(()*! ;Q5J> 2%0%

1).)%0 (-! 1% !- #&%+).%. ." ς5

-.,/0%1+,' )%$ 2"10!"$ 340,&"

Q (-!$)!&%()*! .".&(),-# 1% "4)#$"!()% ."1 (-!$0-1 *2$),-

*!+,!-. /)0)') 12(+,! %& ')&,0)# 3/,(4) ū /"0" !# /0)5#!4" ;<5@>6 -%! !+ 7&(') 8

!+,9 "'),"*):

RC



 !"#$%&'()*+  !"!#$% &'! !" !( )*$+(!#, -./01 F (u) !% 2$"34"', 5 ,6!#7% !%37

6!8"46$ !" '" !%),24$ 6! 64#!"%49" 8"43,/ Uad !% 2!**,6$ 5 ,2$3,6$ !" R
m
)$* (,%

*!%3*4224$"!% 6!( 2$"3*$(: )$* ($ 3,"3$: )$* !( 3!$*!#, 6! ;!4!*%3*,%% !<4%3! '" #="4#$

),*, -./01 5 !% >"42$

 ! "#$%&'&#$() %( *+,&-./&%.%

?*$2!6!*!#$% !"3$"2!% , 2,(2'(,* (,% 2$"6424$"!% 6! $)34#,(46,6 6!( )*$+(!#,/ @#)!A

B,*!#$% $+3!"4!"6$ (, 6!%4C',(6,6 D,*4,24$",(: ),*, !%3$ D,#$% , ,)(42,* !( 3!$*!#,

(E/E0) !" (, )7C4", 110 6!( (4+*$ 6! F3$ A G'"4%2H IJ.K , "'!%3*$ 2,%$: 2$" ($ &'!

$+3!"!#$% !( %4C'4!"3! 3!$*!#,

,!#&!"' -.-./.  !" #$!%&#&'! !(#()"*&" + ),-#&(!.( /"*" 0,( ū ∈ Uad )(" ,! 12!&1$

(! -./L1 ().3 %"%" /$*

〈f ′(u), u− ū〉+ ς(u)− ς(ū) ≥ 0, para todo u ∈ Uad. -./JM1

6$"6! f !% '", N'"249" 2$"D!<, 2$"34"',#!"3! 64N!*!"24,+(!: 5 ς(u) !% '", N'"249"

)*$)4, 2$"D!<,: %!#4A2$"34"', 4"N!*4$* )!*$ "$ "!2!%,*4,#!"3! 64N!*!"24,+(!/

 !"!#$% &'! (, 6!*4D,6, 6! f !" 64*!2249" v !%3, 6,6, )$*

f ′(ū) v = 〈f ′(ū), v〉+ λ〈ū, v〉

= 〈Sū+ y0 − yd, Sv〉+ λ〈ū, v〉
-./JJ1

,6!#7% 3!"!#$% &'! !( $)!*,6$* ,6O'"3$ S∗
-0/.M1 6!8"46$ !" (, %!2249" -0/J/.1

2'#)(! 2$" (, 2$"64249"

〈Su, v〉L2(Q) = 〈u, S
∗v〉Rm , -./J01

6$"6! S∗
!%3, 6!8"46$ )$*P

S∗ : L2(Q) −→ R
m

v −→ S∗v =













∫ T

0

∫

Ω
y1v

∫ T

0

∫

Ω
y2v

/

/

/

∫ T

0

∫

Ω
ymv













.
-./J.1

Q)(42,"6$ -./J01 !" -./JJ1 $+3!"!#$% &'!

ER



f ′(ū) v = 〈S∗(Sū+ y0 − yd), v〉+ λ〈ū, v〉

= 〈S∗(Sū+ y0 − yd) + λū, v〉,
 !"#$%

& '( )**+,-./.+0'  !"#$% *1  !"#2% 034*1*+0' -. 5*'(67.-5.5 8.)(.9(01.- :7* *'4.

5.5. ,0)

(S∗(Sū+ y0 − yd) + λū, u− ū) + γ(|u|l1 − |ū|l1) ≥ 0, ∀ u ∈ Uad  !"#;%

5015* S∗
*'4< 5.50 ,0)  !"#!%"

=>0). 4).3.?.+0' 901 -. ,.)4* 10 5(@*)*19(.3-* 5*- ,)03-*+.  !"A%" B.). *'40 74(C

-(/.+0' -0' )*'7-4.50' 034*1(50' *1 *- D.,E47-0 # *1 -. F*99(G1 ="#" H*104.+0' ,0)

∂ς(ū) *- '735(@*)*19(.- 5* ς *1 ūI *' 5*9()I

∂ς(ū) = {µ ∈ R
m : ς(v)− ς(ū) ≥ 〈µ, v − ū〉, ∀ v ∈ R

m} .  !"#J%

=5*+<'I ,0) *- K*0)*+. $"$! & $"$; 5*- -(3)0 5* L40 C M71('9> N#!O *1 -. ,<6(1. (113)

'* ,7*5* 5*579() :7* '( ū *' 71 +(1(+(/.50) 5*  !"A% *14019*' *P('4* 71 µ̄ ∈ ∂ς(ū) 4.-

:7* *- ,.) (ū, µ̄) ∈ (Uad, ∂ς(ū)) '.4('@.9*Q

〈S∗(Sū+ y0 − yd) + λū+ µ̄, u− ū〉 ≥ 0, ∀u ∈ Uad.  !"#R%

 !"# $%$%&%  !"! µ̄ ∈ ∂ς(ū) #$%$"!& $% '()#*+,-() .,$

µ ∈ Λad := {µ ∈ R
m : |µ| ≤ γ}  !"#S%

/!%/$ -( 0-#*"( /$&*1,(-/(/ &$ $%#*$%/$ +!"'!%$%#$2(2+!"'!%$%#$3

'!"()*+#,-./ K*1*+0' :7* ς(u) = γ‖u‖ℓ1 & :7* *- '735(@*)*19(.- *'4< 5*T1(50

,0)

∂ς(ū) = {µ ∈ R : ς(u)− ς(ū) ≥ 〈µ, u− ū〉}  !"#A%

)**+,-./.150 ς 034*1*+0' :7*

∂ς(ū) = {µ ∈ R
m : γ(‖u‖ℓ1 − ‖ū‖ℓ1) ≥ 〈µ, u− ū〉, ∀ u ∈ R

m}  !"U2%

*' 5*9()

µT (u− ū) ≤ γ(‖u‖ℓ1 − ‖ū‖ℓ1).  !"U#%

$A



 ! "# $%&'!()*%& '+,%,+-

v =

{

ūi si i 6= j,

vj si i = j,
./0112

3+#3" uaj ≤ vj ≤ ubj0 4"",$*%5%#3+ u = v '"#",+-6

µj(vj − ūj) ≤ γ(
∑

i 6=j

|ui|+ |vj| −
∑

j 6=i

|ūi| − |ūj|)

= γ(|vj| − |ūj|)

./01/2

"#'+#("-

µj(vj − ūj) ≤ γ(|vj| − |ūj|) ≤ γ|vj − ūj| ./0172

3" 3+#3"8 (+,+ vj 9%&:% "# R8 -" '!"#" ;)"

|µj| ≤ γ, ./01<2

$%&% ()%*;)!"& j = 1, ...,m0

=>+&% 9%,+- % !#(*)!& *%- &"-'&!((!+#"- 3" (%?% 3" *+- (+#'&+*"-8 $%&% "-'+ '"#",+-

(+,+ "# @A7B )'!*!5%&",+- ,)*'!$*!(%3+&"- 3" C%D&%#D" %-+(!%3+- % *%- &"-'&!((!+#"-6

ua − ū ≤ 0 E ū− ub ≤ 0 3" 3+#3" +F'"#",+- *% -!D)!"#'" !D)%*3%3

S∗(Sū+ y0 − yd) + λū+ µ̄+ µb − µa = 0 ./01G2

=-: *% -+*)(!H# H$'!,% -" 3"-(&!F" "# "* -!D)!"#'" '"+&",%6

 !"#!$% &'&'&'  ! "#$%&'() (*+',! -. ./012 ū ". &!/!&+./'0! *#/ $! .1'"+.)&'! -.

(µ̄, µ̄a, µ̄b) ∈ Λad × R
m × R

m
+!$ 2%.

S∗(Sū+ y0 − yd) + λū+ µ̄+ µ̄b − µ̄a = 0 ./01I%2

µ̄b ≥ 0, ub − ū ≥ 0, µ̄b(ub − ū) = 0 ./01IF2

µ̄a ≥ 0, ū− ua ≥ 0, µ̄a(ū− ua) = 0 ./01I(2

µ̄ = γ c.t.p. en {x ∈ Ω : ū > 0} ./01I32

|µ̄| ≤ γ c.t.p. en {x ∈ Ω : ū = 0} ./01I"2

µ̄ = −γ c.t.p. en {x ∈ Ω : ū < 0} ./01IJ2

(!$")*#%+,-.  "% (µ̄, µ̄a, µ̄b) ∈ Λad ×R
m ×R

m
*% -+*)(!H# H$'!,% 3" ./0120 K%&%

<L



 !"#$%& '()(*+, -.( (,'% /%/% 0+1  !"#2& 3  !"#$(& 0+1  !"!"#&"

4%, (5.%56+)(,  !"#$7& 3  !"#$5& ,+) 8%, 5+)/656+)(, 5+*08(*()'%16%, 0%1% 8%, 1(,'1659

56+)(, /( 5%:% -.( /(;)( Uad" <+1 =8'6*+ '()(*+, -.(

µ ∈ ∂(γ‖u‖ℓ1) =











γ ui > 0,

−γ ui < 0,

[−γ, γ] si ui = 0,

 !"#>&

/( /+)/( +7'()(*+,  !"#$/& 3  !"#$?&

@+) (,'( 1(,.8'%/+ /(16A%*+, (8 ,6,'(*% /( +0'6*%86/%/ 0%1%  !"#&" <16*(1%*()'(

A%*+, % +7'()(1 8% (5.%56B) %/:.)'%C '+*%/+ ̺ := S∗(Sū + y0 − yd) 3 1((*08%D%)/+

()  !"#$& '()(*+,

∫ T

0

∫

Ω

̺ dx dt+ λū+ µ̄+ µb − µa = 0.  !"#E&

%0865%)/+ (8 +0(1%/+1 S ()  !"#E& ,( ,6F.( -.(

S ̺ = Sū+ y0 − yd = ȳ + y0 − yd,  !"!G&

/( /+)/( (8 01+78(*% %/:.)'+ (,'% /%/+ 0+1

−pt −∆p+ p = ȳ − yd, () Q,

∂vp = 0, () Σ,

p(T, x) = 0, () Ω.

 !"!H&

IJ+1% (,'./6%1(*+, 8%, 5+)/656+)(, 5+*08(*()'%16%, 1(01(,()'K)/+8%, /( *%)(1%

5+*0%5'%" <%1% (,'+C A%*+, % 5+)/(),%1 8+, *.8'60865%/+1(, /( 4%F1%)F( ,6F.6()/+ 8%

*('+/+8+FL% () MNOC /+)/( ,( /(;)( .) *.8'60865%/+1 η /( 8% ,6F.6()'( *%)(1%

η := µ̄− µ̄a + µ̄b.  !"!#&

@+*+ '()(*+, -.( uai < ubiC i = 1, ...,m (,'% 5+)/(),%56B) 0.(/( ,(1 1(A(1'6/%C (,

/(561C 0%1% ū /%/%C ,( 0.(/( 5%85.8%1 µ̄C µ̄aC µ̄b /( 8% ,6F.6()'( *%)(1%











µ̄ = mı́n(γ,máx(−γ, η̄),

µ̄a = −mı́n(0, η̄ + γ),

µ̄b = máx(0, η̄ − γ).

 !"!!&

NH



 !" #$%&'(%)" máx * mı́n ") )%+')%,)% &(-.(%)%+)/!/&(-.(%)%+)0 12!&'!" !3  )-!

404 )% 567 +)%)-(" 8$) η̄ ∈ R
m
+!3 8$) (ū, η̄) "!+'"#!&) 9:0:;< * µ̄= µ̄a= µ̄b .$),)% ")2

(>+)%',!" ,) 9:0::<0 ?,)-@"= ") +')%) 8$) 3! &(%,)%"!&'A% 9:0:4< .)2-'+) 2)#(2-$3!2 )3

"'"+)-! 9:04B<= +(-!%,( c > 0 )% $%! "(3! )&$!&'A% %( "$!C) ,)D%',! .(2E

C(ū, η̄) := ū−máx(0, ū+ c(η̄ − γ))−mı́n(0, ū+ c(η̄ + γ))

+ máx(0, (ū− ub) + c(η̄ − γ))+

+ mı́n(0, (ū− ua) + c(η̄ + γ)) = 0 9:0:;<

F% )3 "'G$')%+) +)(2)-! ") 2)"$-)% 3!" &(%,'&'(%)" ,) 3! )&$!&'A% !,H$%+! * ,) 3!

,)"'G$!3,!, C!2'!&'(%!3 .!2! )3 .2(>3)-! 9:04<

 !"#!$% &'&'('  ! "#$%&'() (ȳ, ū) ∈ W (0, T ) × R
m
*+ 9:04< +" &!,!&-+,'.!*! /#, $!

+0'"-+)&'! *+ (p, η̄) ∈ H1
0 (Ω)× R -!$ 1%+

ȳ = Su+ y0,

p = S∗(ȳ − yd),
9:0:6<

ū−máx(0, ū+ c(η̄ − γ))−mı́n(0, ū+ c(η̄ + γ))

+ máx(0, (ū− ub) + c(η̄ − γ))

+ mı́n(0, (ū− ua) + c(η̄ + γ)) = 0 9:0:I<

&#) c > 02

JA+)") 8$) )% .!2+'&$3!2 )3 &!"( "'% 2)G$3!2'K!&'A% ℓ1 +(-!%,( γ = 0 ") .$),)

)L.2)"!2 3! M3+'-! )&$!&'A% ,) 3! "'G$')%+) -!%)2!0

ū+máx(0, η̄ + c−1(ū− ub)) + mı́n(0, η̄ + c−1(ū− ua)) = 0. 9:0:B<

F3 "'"+)-! ,) (.+'-!3',!, )"+! ,!,( .(2

64









































































































 !"#!$%& '( ()*#'+ ȳt −∆ȳ + ȳ =
∑m

i=1 ūiϕi(x, t), (& Q

∂vȳ = 0, (& Σ

ȳ(0, ·) = y0, (& Ω

 !"#!$%& #',"&*# −p̄t −∆p̄+ p̄ = yd − ȳ, (& Q

∂vp̄ = 0, (& Σ

p̄(T, x) = 0, (& Ω

 !"#!$%& '(- ./#'$(&*( ū−máx(0, ū+ c(η̄ − γ))

−mı́n(0, ū+ c(η̄ + γ))

+máx(0, (ū− ub) + c(η̄ − γ))

+mı́n(0, (ū− ua) + c(η̄ + γ)) = 0.

012134

 !" #$%&'()*+, -(./0*)1

5()+-6(7+) (- 8/+9-(7# !+& '+) 7:*+'+) &"7:/$!+) '$)*$&*+)2  - 8/$7(/+ () (- ;:*+'+

</$7#- ="#- '( >+&,"&*+) ?!*$6+) 6$)*+ #&*(/$+/7(&*(@ (& ()*( !#)+ -+ #8-$!#/(7+)

*#79$:& #- 8/+9-(7# !+& /(A"-#/$B#!$%& '( *$8+ '$)8(/)+ "*$-$B#&'+ (- )$)*(7# '( +8*$C

7#-$'#' +9*(&$'+ 012134 )$A"$(&'+ -# 7(*+'+-+AD# '#'# (& EFG2  - )(A"&'+ 7:*+'+ H"(

")#/(7+) 8#/# -# $78-(7(&*#!$%& '(- 8/+9-(7# () (- '( >++/'(&#'#) =()!(&'(&*() H"(

*/#&)I+/7# &"()*/+ 8/+9-(7# 012J4 # "& 8/+9-(7# '( '$7(&)$%& K&$*# !"L# /()+-"!$%&

&"7:/$!# () 7(&+) !+)*+)# H"( (- '( !+&,"&*+) #!*$6+)2  - 7:*+'+ '( >++/'(&#'#) =()C

!(&'(&*() $78-$!# !#-!"-#/ (- A/#'$(&*( '(- I"&!$+&#- '( !+)*+@ 8#/# (--+ &+) #8+L#/(7+)

(& /()"-*#'+) '( #&M-$)$) !+&6(N+ 8"()*+ H"( '(9(7+) -$'$#/ !+& -# &+ '$I(/(&!$#9$-$'#'

'(- 7$)7+2

 !"!# $%&'(' )*+,-. /0-. (1 2'3403&'5 67&+8'5 9)/6:;

<#/# /()+-6(/ ()*( 8/+9-(7# 8+/ 7('$+ '(- 7:*+'+ '( !+&,"&*+) #!*$6+) 6#7+) # *+7#/

(& !"(&*# -#) !+&'$!$+&() '( +8*$7#-$'#' 0121F4 L #'(7M) -+) /()"-*#'+) +9*(&$'+) 8+/

.(+/A O*#'-(/ EFG 08MA$&# PJ42

 !"#$%$&# '()  !" c > 0 # $!" ℑ = {1, 2, 3, ...,m}% &'$ (')*+),'$ "(,-.'$ $! /!0)!)

/! 1" $-2+-!),! 3")!4"5

F1



Aa
k+1 =

{

i ∈ ℑ
∣

∣

∣uk(i) +
ηk(i)
λ

+ γ
λ
≤ ua(i)

}

,

I−
k+1 =

{

i ∈ ℑ
∣

∣

∣
ua(i) < uk(i) +

ηk(i)
λ

+ γ
λ
≤ 0

}

A0
k+1 =

{

i ∈ ℑ
∣

∣

∣

∣

∣

∣
uk(i) +

ηk(i)
λ

∣

∣

∣
< γ

λ

}

I+
k+1 =

{

i ∈ ℑ
∣

∣

∣0 ≤ uk(i) +
η(i)

λ
− γ

λ
< ub(i)

}

Ab
k+1 =

{

i ∈ ℑ
∣

∣

∣uk(i) +
ηk(i)
λ
− γ

λ
≥ ub(i)

}

 !"!#$

%&' ()*+ ,(-'.%./' *('(0&) 12( (3 +34&5.*0& ()*+ ,+,& 6&5

 !"#$%&'# ( 789:

 ! ;'.%.+3.<+5 u0= η0= p0 > k = 1"

"! ?+3%23+5 yi

#! 8(*(50.'+5 3&) %&'@2'*&) +%*.A&) %&0& ('  !"!#$

$! '%)*&$+, :. k ≥ 2= Ab
k+1 6= A

b
k= A

0
k+1 6= A

0
k= A

a
k+1 6= A

a
k= I

−
k+1 6= I

−
k > I+

k+1 6= I
+
k

-+.)$

%! ?+3%23+5 (yk+1, pk+1, uk+1) *+3 12(

yk+1 =
m
∑

i=1

uk+1ϕk+1,

pk+1 = S∗(uk+1)

 !"BC$

> +,(0D)

uk+1 =



























ub si t ∈ Aa
k+1,

0 si t ∈ A0
k+1,

ua si t ∈ Ab
k+1,

1

λ

∫ T

0

∫

Ω

pk+1ϕi %+)& %&'*5+5.&

 !"BE$

&! 9%*2+3.<+5

ηk+1 =



















−γ si t ∈ I−
k+1,

γ si t ∈ I+
k+1,

∫ T

0

∫

Ω

pk+1ϕi − λuk+1 %+)& %&'*5+5.&

 !"BF$

'! k ← k + 1"

(! /* '%)*&$+,

G&0+',& S∗
%&0& ('  F"!C$= ()*& () S∗(vi) =

∫ T

0

∫

Q
yivi" 9,(0D)=

HB



(S u, ȳ + y0 − yd)L2(Q) = (S
∑

i

uiϕi, ȳ + y0 − yd)L2(Q)

=
∑

i

ui(Gϕi, ȳ + y0 − yd)L2(Q)

=
∑

i

ui(ϕ,G
∗(ȳ + y0 − yd))L2(Q)

=
∑

i

ui(ϕ, p)L2(Q)

 !"#!$

%&'%( G =
∑m

i=1 Gi ) Gi (* (+ &,(-.%&- +/'(.+ %.%& ,&- +. %(0'/1/2'  33$ ) G∗
(*

*4 &,(-.%&- .%54'6&7 ,&- +& 6.'6&7

∫ T

0

∫

Ω

pk+1ϕi =

∫ T

0

∫

Ω

(ȳ + y0 − yd)yi.  !"##$

8-.1/.* .  !"##$ ,&%(9&* (*1-/:/- 4' '4(;& .+<&-/69& =>?@ 14). /9,+(9('6.1/2'

'& %(,('%. %( +. -(*&+41/2' %( +. (14.1/2' %/A(-('1/.+ .%54'6." B4). /9,+(9('6.1/2'

(* 9C* (01/('6( ). D4( '& *( %(:( -(*&+;(- &6-. (14.1/2' %/A(-('1/.+"

EE



 !"#$%&'# (  !"#

 ! $%&'&()&*(+ u0, η0, p0 - k = 1.

"! /()'0)(+ yi

#! !121+3&%(+ )45 '4%60%245 ('2&745 '434 1% 89.9:;

$! '%)*&$+, #& k ≥ 2, Ab
k+1 6= A

b
k, A

0
k+1 6= A

0
k, A

a
k+1 6= A

a
k, I

−
k+1 6= I

−
k - I+

k+1 6= I
+
k

-+.)$

%! /()'0)(+ (yk+1, uk+1) 2() <01

yk+1 =
m
∑

i=1

uk+1ϕk+1, 89.=>;

- (?13@5

uk+1 =



























ub si t ∈ Aa
k+1,

0 si t ∈ A0
k+1,

ua si t ∈ Ab
k+1,

1

λ

∫ T

0

∫

Ω

(yk+1 + y0 − yd)yi '(54 '4%2+(+&4

89.=A;

&! "'20()&*(+

ηk+1 =



















−γ si t ∈ I−
k+1,

γ si t ∈ I+
k+1,

∫ T

0

∫

Ω

(yk + y0 − yd)yi − λuk+1 '(54 '4%2+(+&4,

89.=B;

'! k ← k + 1.

(! /* '%)*&$+,

 !"!# $%&'()*(&+,- .(/ 012%.% 3),0-/ 45-/ .( $%&65&2%7 8+9

2,'%7 :348;<

C) (%@)&5&5 ?1 '4%71+D1%'&( ?1) ()D4+&234  !"# E(+( 1) '(54 '4% E1%()&*('&F% ℓ1 15 0%

E+4G)13( (G&1+24 - 50 (%@)&5&5 %4 H01 '4%5&?1+(?4 1% 152( 215&5. #&% 13G(+D4, 0%( ?1 )(5

H4+3(5 ?1 E+4G(+ 50 '4%71+D1%'&( E4?+I( 51+ ?13452+(+ )( 1<0&7()1%'&( '4% 1) 3J24?4

?1 K1L24% #13&53442M '0(%?4 1N&521% E1%()&*('&4%15 '4% %4+3( ℓ1. O2+( H4+3( ?1

(%()&*(+ )( '4%71+D1%'&( E4?+I( 51+ (?(E2(%?4 )( 3&53( 214+I( ?15(++4))(?( 1% P9QR,

)( ?&H1+1%'&( +(?&'( 1% <01 51 ?1G1 &%')0&+ 1) 30)2&E)&'(?4+ (54'&(?4 ( )( +152+&''&F%

>A



 ! "#$%&% '#()*% % %* ( +*#,#,- ,% .!"&/( %,.%&(& 01% %* ( +*#,#, ,% (.*#01% ,# 2(3!&%,

"#4'1*5("%, 3( 01% %* 21*5#.*#'("!& (,!'#("! ( *(, &%,5&#''#! %, ℓ1 ,% % '1% 5&( % R
m

3 *( &%61*(&#"(" "%* 21*5#.*#'("!&  ! #2.*#'( "#4'1*5("%, ("#'#! (*%,7

 !"! #$%&'& '( )&&*'(+,',- '(-.(+'(+%(- /)01#2

8* 295!"! "% '!!&"% ("(, "%,'% "% 5%, %, 1 295!"! .&!:#2(*- %,5!, 295!"!, ,! 

%,.%'/4'(2% 5% ("(.5("!, .(&( !.5#2#;(& 1 ( $1 '#< !)=%5#>! 01% ,% .1%"% "%,'!2?

.! %& % "!, $1 '#! %,- 1 ( 01% ,%( @#.,'A#5; "#$%&% '#()*%- 3 !5&( 01%  ! ,%( "#$%&% ?

'#()*%7 B!& *! 01% "%)%2!, '(*'1*(& %* ,1)6&("#% 5% "%* $1 '#! (* CD7EF %4'#% 5%2% 5%7

B(&( (.&!>%'A(& %,5% 295!"! "% *( 2%=!& 2( %&( >(2!, ( &%%,'&#)#& %* .&!)*%2(

CD7EF '! ,#"%&( "! *(, &%,5&#''#! %, "% '(=( Uad "%* '! 5&!* u '! 1 ( $1 '#< # "#'("!&(

"% Uad











































mı́n J(y, u) = 1
2
‖y − yd‖

2
L2(Q) +

λ
2
‖u‖2ℓ2 + γ‖u‖ℓ1 + P (u)

s.a.

yt −∆y + y = u, % Q,

∂vy = 0, % Σ,

y(0, ·) = y0, % Ω,

CD7GHF

"! "% P %,5( "("! .!&

P (u) =

{

0 si ua ≤ u ≤ ub,

∞ '(,! '! 5&(&#!.
CD7GIF

3 ua ≤ 0 ≤ ub ,! *(, '! "#'#! %, "% $&! 5%&( "%* '! 5&!* u7

J%61#&%2!, *( 2%5!"!*!6/( 15#*#;("( % KLGM- %:.&%,(&%2!, %* $1 '#! (* J(y, u) '!2!

$1 '#< ,!*! "% u- %,5! %, J(y, u) = F (u) .!& 2%"#! "%* !.%&("!& S(u) = y "%4 #"! % 

CD7NF- %,5! %,

F (u) =
1

2
‖Su− yd‖

2
L2(Q) +

λ

2
‖u‖2ℓ2 + γ‖u‖2ℓ1 + P (u) CD7NOF

,%.(&(&%2!, ("%2+, F % "!, $1 '#! %, f 01% %, *( .(&5% "#$%&% '#()*% "% F (u) 3

Φ 01% %, *( .(&5%  ! "#$%&% '#()*%- "% *( ,#61#% 5% 2( %&(

f(u) =
1

2
‖Su− yd‖

2
L2(Q) +

λ

2
‖u‖2ℓ2 CD7NLF

3

NP



Φ(u) = γ‖u‖ℓ1 + P (u)  !"#$%

&'( )' *+, '-.,(,/'0 *+, ,) 12'-),/3 3 2,0')4,2 ,0

mı́nF (u) = f(u) + Φ(u)  !"#!%

5,(,/'0 *+, ,) 3)6'27./' -807&' 9, &''29,(3930 9,0&,(9,(.,0 2,0+,)4, 12'-),/30 9,

'1.7/7:3&7;( /,973(., ,) &8)&+)' 0+&,074' 9, )30 97<,2,(.,0 972,&&7'(,0 *+, /7(7/7:3( ,)

12'-),/3 =>#?" @'(070., ,( 9,.,2/7(32 )3 972,&&7;( 9, 9,0&,(0' 1'2 /,97' 9,) 62397,(.,

9, f ,( )3 7AB07/3 &'/1'(,(.," 5,(,/'0 1'2 .3(.' *+, ,) 3)6'27./' ,0.3 939' 1'2C

 !"#$%&'# ( @DEF

 ! G(7&73)7:32 u0H γH λH yd I δ"

"! )*$* k = 1 : m +*,-$

#! @3)&+)32

dk = dHk
= argmin

d

{

∇f(uk)
Td−

1

2
dTHkd+ Φ(uk + d)

}

 !"#J%

$! K&.+3)7:32 uk+1 = uk + δk dk"

%! ./ )*$*

9'(9, Hk
,0 )3 /3.27: L,0073(3 9, f &3)&+)393 1323 &393 &'/1'(,(., k = 1, ...m

I δk 0, '-.7,(, 1'2 /,97' 9, )3 2,6)3 9, 32/7M'

G(7&73)7:32 δinitk > 0 I 0,3 δk ,) ,),/,(.' /80 623(9, 9,

{δinitk , η}j=0,1,... .3) *+, 03.70<363

J(uk + δk dk) ≤ J(uk) + δk σΛk,  !"##%

9'(9, 0 < η < 1H 0 < σ < 1H 0 < ρ < 1 I

Λk = ∇f(uk)
Tdk+ρ dTkHkdk+Φ(uk+dk)−Φ(uk)  !"#N%

@'/' 1'9,/'0 4,2 ,( ,) /B.'9' 9, &''29,(3930 9,0&,(9,(.,0 9,-,/'0 &3)&+)32

)3 972,&&7;( 1'2 &393 &'/1'(,(., 9,) &'(.2') 1'2 0,13239'H 1'2 ,0.' 9,-,/'0 9,O(72

+( 0+-12'-),/3 &+3928.7&' +(797/,(07'(3)" P0., ,0 +( 12'-),/3 9, '1.7/7:3&7;( *+,

9,1,(9, 9, )3 972,&&7;( dkH I 0, 2,0+,)4, &3)&+)3(9' +( '1,239'2 12'Q7/3) 30'&739' 3)

#R



 !"#$%& '( "()*+,"$-,.$/% Φ 0, 1*( (2 & 3"&3&".$&%, *%, $% ("(2,% ( )(%(",+$-,.$/% '(

.,#4$&2 (% (+ )",'$(% (5 (2 & (2 *%, )",% 6(% ,7, 0, 1*( (2 *% 3"&4+(#, (% '$#(%2$/%

8%$ , 0 (+ &3(",'&" 3"&9$#,+ .,+.*+, '( :&"#, (93+;.$ , +, 2&+*.$/% '(+ 3"&4+(#, ,*9$+$,"<

=% (:(. &5 (+ &3(",'&" 3"&9$#,+ 1*( %&2& "&2 '(%& ,"(#&2 .&#& Prox(u) ,2$)%, , *%

6(. &" u +, 2&+*.$/% >%$., '(+ 2*43"&4+(#, .*,'"? $.& ','& 3&"@ A(, H +, #, "$-

B(22$,%, 0 d +, '$"(..$/%  (%(#&2

mı́n
d

Fi = ∇f(u)Td+
1

2
dTHd+ γ‖ui + d‖ℓ1 + P (ui + d) CD<EFG

H,+.*+," (+ &3(",'&" 3"&9$#,+ (2 :*%',#(% ,+ 3,", &4 (%("  ,2,2 '( .&%6(")(%.$,

"?3$', (% +&2 #! &'&2 3"&9$#,+(2 IJKL< M&" +&  ,% &5 %&2 .(% ",#&2 (% 2* .?+.*+& 3,",

%*(2 "& .,2&<

 !"#$%"&'() *!)+$,-./%

H&%2$'("(#&2 (+ 2*43"&4+(#, .*,'"? $.&

mı́n
d

Fi = ∇f(u)Td+
1

2
dTHd+ γ‖ui + d‖ℓ1 + P (ui + d) CD<ENG

.&% d +, '$"(..$/% 0 H +, #, "$- B(22$,%, '( f <

O(4(#&2 (%.&% "," ∇f(u) 0 +, #, "$- B(22$,%, H5 3,", (2 & 3," $#&2 '(+ :*%.$&%,+

'( .&2 &

mı́n
u

F (u) =
1

2
‖Su− yd‖

2 +
λ

2
‖u‖2ℓ2 + γ‖u‖ℓ1 + P (u)

=
1

2
(Su− yd, Su− yd) +

λ

2
〈u, u〉+ γ‖u‖ℓ1 + P (u)

CD<EPG

M,", +*()& (%.&% "," ∇f(u)Td .&#& 2$)*(

∇f(u)Td = 〈Su− yd, Sd〉+ λ〈u, d〉

= 〈S∗(Su− yd), d〉+ λ〈u, d〉

= 〈S∗(Su− yd) + λu, d〉

CD<QRG

3&"  ,% &5

∇f(u) = S∗(Su− yd) + λu. CD<QJG

ST&", 6,#&2 , .,+.*+," H &4 (%$(%'& +, 2()*%', '("$6,', '( f < M,", (2 & '(8%$#&2

g(u) = ‖Su− yd‖
2
5 3&" +& 1*( &4 (%(#&2

EP



g(u) = (Su− yd, Su− yd)

= (
∑

i

uiyi − yd,
∑

i

uiyi − yd)
 !"#$%

&'()*+,&- &-. *'/'.

g′′(u) =

[∫ T

0

∫

Ω

yiyj

]

ij=1,...,m

,  !"#!%

0-( 1- 23' 1+. /-40-,',5'. &' H '.56, &+&+. 0-(

Hij =

∫ T

0

∫

Ω

yiyj + λδij = β, i, j = 1, ...,m.  !"#7%

89).5', *+()+. 0-.):)1)&+&'. ', 1+ &';,)/)<, &'1 .3:0(-:1'4+ /3+&(65)/-" 8, 0+(5)=

/31+(> '.5+4-. ),5'('.+&-. ', '1 +1?-()54- &' /--(&',+&+. &'./',&',5'. 23' -05)4)@+

'1 0(-:1'4+ /--(&',+&+ + /--(&',+&+> 0-( 1- /3+1 /-,.)&'(+4-. '1 .3:0(-:1'4+ /3+=

&(65)/- 3,)&)4',.)-,+1 +.-/)+&- + /+&+ /--(&',+&+> '1 /3+1 '.56 &+&- 0-(A

mı́n
di

Fi = ∇f(ui)
Tdi +

1

2
dTi Hidi + γ‖ui + di‖ℓ1 + P (ui + di)  !"#B%

C''401+@+,&- Hi D ∇f(ui) /-,

αi = ∇if(u) =

∫ T

0

∫

Ω

yi(ȳ − yd) + λui  !"##%

D

β = Hi =

∫

Ω

y2i + λ.  !"#E%

5','4-.

mı́n
di∈R

Fi(ui) = αdi +
β

2
d2i + γ|ui + di|+ P (ui + di)  !"#F%

G+/)',&- '1 /+4:)- &' *+()+:1' ζ = di + ui 5','4-.

mı́n
ζ∈R

Fi(ζ) = α(ζ − ui) +
β

2
(ζ − ui)

2 + γ|ζ|+ Pi(ζ),  !"#H%

&-,&' Pi(ζ) '.56 &+&+ 0-(

Pi(ζ) =

{

0, .) uai ≤ ζ ≤ ubi

+∞, /+.- /-,5(+()-.
 !"EI%

J 0+(5)( &' '.5' 0(-:1'4+ 0(-/'&'4-. /-, '1 /61/31- &'1 -0'(+&-( 0(-9)4+1"

#I



 !"#$%&# '#&()*$+

 !"# $%#&'($& #! )#*"&'+ %'&' +$! ,-"$($! %&$./,'+#! 0' 12# *$! %#&,/"# )'&')"#&/3'&

+' !$+2)/4* (#+ !25%&$5+#,' )2'(&6"/)$ ,#(/'*"# 2*' 74&,2+' %'&' #*)$*"&'& #+ ,8*/,$

(#+ %&$5+#,'

mı́n
di

Fi(ui) 9:;<=>

%'&' #!"$ '%+/)'&#,$! +' ,#"$($+$?8' ('(' #* @=AB;

C'&' )'+)2+'& #+ $%#&'($& %&$./,'+ !# "/#*# 12# (#"#&,/*'& ∂Fi; D$,$ Fi = f +

ΦiE "#*#,$! 12# f #! 2*' 72*)/4* (/7#&#*)/'5+#E %$& +$ "'*"$ *$! #*7$)'&#,$! %$& 2*

,$,#*"$ #* +' %'&"# *$ (/7#&#*)/'5+# (#+ %&$5+#,'E #! (#)/& Φ(ζ)E +' )2'+ #!"6 ('(' %$&

2*' !2,' (# ($! "-&,/*$! *$ (/7#&#*)/'5+#!; F"/+/3'&#,$! +' "#$&8' (# '*6+/!/! )$*G#.$

%'&' )'+)2+'& #+ !25(/7#&#*)/'+ (# Φ(u); H+ &#!%#)"$E "#*#,$! #+ !/?2/#*"# &#!2+"'($ (#

'*6+/!/! )$*G#.$ ('($ %$& #+ I#$&#,' 9H;=;J>E #* *2#!"&$ )'!$ %'&"/)2+'&E "#*#,$! 12#

('($! Φ(ζ) = γ|ζ|+ P (ζ)E (#K*/($ #* 9:;AL>; M2#&#,$! )'+)2+'& ∂Φ = ∂(‖ · ‖ℓ1 + P );

,"&#"*$ -./.0 9N25(/7#&#*)/'+ (# +' !2,'>.  !"# ϕ = ‖ · ‖ℓ1 $ P %&' ()#*+&#!'

*&#,!-"' .)! "%/+0!# )# 1)#0& !# dom ϕ∩ dom P !# !2 *)"2 ϕ !' *&#0+#)"3 4#0&#*!'

0!#!/&'

∂(ϕ+ P )(u) = ∂ϕ(u) + ∂P (u) ∀ u ∈ (dom ϕ ∩ domP ). 9:;<O>

P# ')2#&($ ' #!"# "#$&#,' %$(#,$! )'+)2+'& ∂ϕ 0 ∂P %$& !#%'&'($ 0 "#*#,$! 12#

!/ Φi = γ| · |+ PiE #*"$*)#!

∂Φi = ∂ϕ+ ∂Pi. 9:;<:>

C$& +$ "'*"$E %'&' Fi ('($ #* 9:;JL> '%+/)'*($ 9:;<:> "#*#,$!Q N#' ζ ∈ RE

∂Fi(ζ
∗) =

∂

∂ζ
(α(ζ∗ − ui) +

β

2
(ζ∗ − ui)

2) + γ∂| · |(ζ∗) + γ∂Pi(ζ
∗)

= α + β(ζ∗ − ui) + γ∂P (u) + γ











1, si ζ∗ > 0,

−1, si ζ∗ < 0,

[−1, 1] , si ζ∗ = 0.

9:;<A>

HR$&'E %'&' P (ζ∗) #+ !25(/7#&#*)/'+ #!"' ('($ %$& #+ )$*$ *$&,'+ (# Uad #* uE #!"$

#!

J=



NUad
(ζ∗) = ∂P (ζ∗)) =

{

{z ∈ R : 〈z, c− ζ∗〉 ≤ 0, uai ≤ c ≤ ubi} , ζ∗ ∈ Uad,

∅, ζ∗ /∈ Uad,

=

{

{z ∈ R : z(c− ζ∗) ≤ 0, uai ≤ c ≤ ubi} , ζ∗ ∈ Uad,

∅, ζ∗ /∈ Uad.

 !"#$%

&'(')*+ '(,*(-'+ ./' 0'')12343(5*  !"#$% '(  !"#6%

∂Fi(ζ
∗) = α + β(ζ∗ − ui) + γ











1, si ζ∗ > 0,

−1, si ζ∗ < 0,

[−1, 1] , si ζ∗ = 0.

+

{

{z ∈ R : z(c− ζ∗) ≤ 0, uai ≤ c ≤ ubi} , ζ∗ ∈ Uad,

∅, ζ∗ /∈ Uad.
 !"#7%

8*,' ./' +9 zc ≤ 0 1303 uai ≤ cubi 9)129-3 ./' z = 0 :3 ./' c 1/'5' ,*)30 ;32*0'+

1*+9,9;*+ : ('<3,9;*+ 1*0 5'=(9-9>( 5' Uad"

?+/)9'(5* ./' u ∈ Uad@ 10*-'5')*+ '(,*(-'+ 3 3(329430 1*0 -3+*+ 1303 1*5'0

*A,'('0 '2 *1'035*0 10*B9)32"

C3+* ζ∗ = 0 D

0 ∈ α− βui + γ[−1, 1],

⇔ βui ∈ α + γ[−1, 1],

⇔ ui ∈
α

β
+

γ

β
[−1, 1],

⇔ ui −
α

β
∈

[

−
γ

β
,
γ

β

]

.

 !"##%

C3+* ζ∗ > 0 D

0 ∈ α + β(ζ∗ − ui) + γ,

⇔ 0 = α + βζ∗ − βui + γ,

⇔ ζ∗ = ui −
α

β
−

γ

β
,

 !"#E%

./' -*(;'(9'(,')'(,' +' '+-09A'D

ζ∗ =

(

1−

γ
β

(ui −
α
β
)

)

(

ui −
α

β

)

 !"#F%

7G



 !"# ζ∗ < 0 $

0 ∈ α + β(ζ∗ − ui)− γ,

⇔ 0 = α + βζ∗ − βui − γ,

⇔ ζ∗ = ui −
α

β
+

γ

β
,

%&'()*

+ ,-./!0.,1. ."234540#"

ζ∗ =

(

1−

γ
β

(ui −
α
β
)

)

(

ui −
α

β

)

%&'(6*

7#3 8# 1!,1#9 .8 #7.3!:#3 73#;40!8 7!3! u ∈ Uad ."1! :!:# 7#3

ζ∗ = Prox(ui) =







































0, si

∣

∣

∣

∣

ui −
α

β

∣

∣

∣

∣

≤
λ

β
,

(

1−

γ
β

ui −
α
β

)

(

ui −
α

β

)

, si ui −
α

β
>

λ

β
,

(

1−

γ
β

ui −
α
β

)

(

ui −
α

β

)

, si ui −
α

β
< −

λ

β
.

%&'(<*

8-.=#9 .;73.">,:#8# :. 0!,.3! 2#07!21! 1.,.0#"

ζ∗ =



1−

γ
β

∣

∣

∣
ui −

α
β

∣

∣

∣





+

(

ui −
α

β

)

. %&'(&*

?#3 #13# 8!:#9 2-!,:# u /∈ Uad9 1#0!:# ., 2-.,1! %&'@A* 1.,.0#" B-.

u =

{

ua, si u ≤ ua,

ub, si u ≥ ub.
%&'(C*

D"E 7#:.0#" ."234543 .8 "4=-4.,1. !8=#3410#

F&



 !"#$%&'# (  !"#$# $% &##'$%()$)* $%+ ,')$-%("% .%*/%($%("% 0 1&,. 02

 ! 3(-/-)+-4)' u0
5 γ5 λ5 yd 6 δ7

"! &)+/8+)' ȳ = [yi] /#( yi i = 1, ...,m *#+8/-#(%* $% 19702

#! '%)*&$+, ‖uk+1 − uk‖ > 1× 10−5
-+.)$

$! /+$+ i = 1 : m -+.)$

%! &)+/8+)'

αk =

∫ T

0

∫

Ω

yki (ȳ
k − yd) + λuk

i

βk =

∫ T

0

∫

Ω

yk
2

+ λ

d∗i =

(

1−

γ
βk

|ui −
αk

βk

|

)

+

(

ui −
αk

βk

)

:)') i = 1, ...,m

197;<2

&! =>"%(%' δ ):+-/)($# +) '%?+) $% )'@-A# 197<<2

'! B/"8)+-4)'

uk+1
i =











uai uk+1
i < uai

uk
i + δd∗i uai ≤ uk+1

i ≤ ubi

ubi uk+1
i > ubi

197;C2

(! k ← k + 1

)! 0* /+$+

 *! 0* '%)*&$+,

 !"!" #$%&'('( )* &+ ,-$.*/0*$,'+ )*& 123-)- )* 4--/)*$+)+(

)*(,*$)*$3*( 546789

D)') %+ )(E+-*-* $% /#(F%'?%(/-) $%+ @!"#$# &,. 8"-+-4)'%@#* +#* '%*8+")$#* #>"%(-G

$#* :#' D7 H*%(? 6 I7 J8( %( KL;M7 H%(%@#* N8% (8%*"') @)"'-4 O%**-)() $%P(-$) :#'

*8* /#@:#(%("%* Hij /#''%*:#($% ) +) @)"'-4 )*#/-)$) ) 8() Q#'@) /8)$'E"-/) $)$)

Q#' %+ Q8(/-#()+ #>A%"-F# $% "-:# "')/R-(?5 $#($% %+ :)'E@%"'# λ > 0 ?)')("-4) N8% %*

$%P(-$) :#*-"-F)7 B$%@E* $)$# N8% +#* yi *#( PA#*5 6) N8% %*"#* %*"E( $%"%'@-()$#*

:#' +)* Q8(/-#(%* φi5 %("#(/%* +)* %("')$)* Hij (# $%:%($%( $% u 6 :#' ")("# +) Q#'G

@) /8)$'E"-/) )*#/-)$) ) +) @)"'-4 O%**-)() %*"E )/#")$) *8:%'-#'@%("% 6) N8% +#* u

:%'"%(%/%( )+ /#(A8("# )/#")$# Uad7 S* $%/-'5 "%(%@#* N8%

uTHu ≤ ‖H‖‖u‖2, ∀u ∈ Uad 197;T2

CU



 !"#" uad $% &!"'&(") '$*$#"% +,$

uTHu ≤ cUad
‖H‖, -./001

("*($ cUad
$% ,*& !"*%'&*'$ 2*($3$*(2$*'$ ($ u) 3$4" ($3$*($ 5& &!"'&!26* ($ Uad/

7"4 5" '&*'") 3"4 $5 8$"4$#& 9 $* :90) 3;< .==> '$*$#"% +,$ 5& !"*?$4<$*!2& &352!& &

*,$%'4" #@'"("/

 !" #$%&'()&*+,- *.)/'(0,-

A* $%'& %$!!26* 34$%$*'&#"% &5<,*"% $B3$42#$*'"% *,#@42!"% 3&4& 5"% &5<"42'#"% 7CDE

 FGCH) 24$#"% $?&5,&*("  !"#3&4&*(" %, ($%$#3$I" 3&4& $5 #2%#" 34"J5$#&/ K&

4$%"5,!26* ($ 5&% $!,&!2"*$% (2L$4$*!2&5$% %$ 4$&52M& #$(2&*'$ $5 #@'"(" ($ $5$#$*'"%

N*2'"% 3&4& &34"B2#&4 5& ?&42&J5$ $%3&!2&5  ,* $%+,$#& ($ A,5$4 2#35O!2'" 3&4& 4$%"5P

?$4 $5 %2%'$#& ACQ 4$%,5'&*'$/ K& (2%!4$'2M&!26* ($ 5&% 2*'$<4&5$% ,'252M& $5 #@'"(" ($5

'4&3$!2"/

R$%"5?$4$#"% $5 34"J5$#& -./S1) ("*($ 3&4& u ∈ Uad



















































mı́n J(y, u) := 1
2
‖y − yQ‖

2
L2(Q) +

λ
2
‖u‖2L2(Q) + γ‖u‖ℓ1

s.a.

yt −∆y + y =
∑m

i=1 uiϕi, $* Q,

∂νy = 0, $* Σ,

y(0, x) = y0, $* Ω.

-./0=1
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Funciones Test

Funciones Test para los experimentos

Variable Espacial

V
a

lo
r 

d
e

 l
a

s
 F

u
n

c
io

n
e

s
 t

e
s
t

 !"#$% &'()  #*+!,*-. ϕ /-0 1$!2-$ -31-$!2-*4,

 !"#$%&#'() *#+,$%",%-'

&'( 50 1$,60-2% 7&'89 +,* -0 :0",$!42, ;<:=

&'8 50 1$,60-2% 7&'89 +,* -0 :0",$!42, >?<@

A%60% &'() B-.#2-* /- 0,. -31-$!2-*4,.

;%$% 0,. -31-$!2-*4,. 4,2%$-2,. m = 10C 0%. D#*+!,*-. ϕi -.4E* /%/%. 1,$)

ϕ1 = 1,

ϕ2 = x− 1,

ϕ3 = (x− 1)2,

ϕ4 = (x− 1)3,

ϕ5 = x2,

ϕ6 = sin(π x),

ϕ7 = cos(π x),

ϕ8 = 5 log(3(x+ 1)),

ϕ9 = exp(−(x− 0,5)2),

ϕ10 = (sen(4π x)) + cos(4π x),

7&'FG9

+,2, .- 2#-.4$% -* 0% H"#$% 7&'(9

A-*/$-2,. 0,. -31-$!2-*4,. /-4%00%/,. -* 0% 4%60% 7&'(9

II



 !"#$%&#'() *+,

 !"#$%&#!'( )'* #+ !,-'.' /&0!%+ 12%+ .# 3'*42*-'( 5)-06'( .'*.# #6%+2%&#!'(

"%&%

N = 17507 n = 4007 u0 = ones(10, 1)7 Mu = rand(10, 1)7 µ = 17 ub = 2u07

ua = −u07 λ = 1 8 γ = 0,59 5.#!:( +%( ;2*)0'*#( ϕi #(-:* .%.%( "'& <=9>?@ 8

yd =











30 sin(π x) cos(π t), 0,25 < t < 0,75,

−10, x < 0,5,

−80, otro.

<=9>A@

 * #(-# #B"#&0!#*-' 6%&0%!'( +'( 6%+'&#( .# +'( "%&:!#-&'( .# &#C2+%&0$%)0D*9 EFG

-#*#!'( +% ('+2)0D* .# +% #)2%)0D* .# #(-%.' !'(-&%.% #* +% HC2&% <=9=@ 8 #+ ;2*)0'*%+

.# )'(-' #* )%.% 0-#&%)0D* (# !2#(-&% #* +% HC2&% <=9I@

1 1.5 2 2.5 3 3.5 4 4.5 5
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Número de Iteraciones

Evolución del funcional por cada iteración
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 !"#$% &'() *+,-#.!/0 12- 3#0.!,0%- 12 4,56, 12- 7$!82$ 2972$!8206,

:;



 !"#$% &'&( )*+#,!-. /0 +% 0,#%,!-. /0 012%/* /0+ 3$!40$ 0530$!40.2*

6%47!8. 10 $0%+!9% 0+ 0530$!40.2* :%$!%./* +%1 ,*.12%.201 λ ; γ< /0 /*./0 20.04*1

+*1 $01#+2%/*1 4*12$%/*1 0. +%1 2%7+%1 =&'>?< /*./0 3*/04*1 :0$ +% :%$!%,!-. /0+  #.@

,!*.%+ /0 ,*12*< /0+ 2!043*< +% ,%.2!/%/ /0 0+040.2*1 .#+*1 ; 0+ .A40$* /0 !20$%,!*.01'

BC



 !"#$%"&' () *%+,% -$)./% () )0)#!#$1" 2+3

λ

456 457 8 859 456 457 8 859

γ 458 :;< :7= :7; :7> ;5=> :5<= :5<> ;564

45; :79 :77 :7< ::8 ;5=6 :5<= :5<4 :5<<

8 :7< ::8 ::9 ::; 65<9 ;5=: ;5=: :5<6

; :<8 :<4 :<8 :<= =57; ;5=< ;5=> ;5=<

84 :<< :<< :<< :<< 85;= 85;6 85;9 8574

?').)",%+ @!'%+ @A.)B% () C,)B&#$%")+

λ

456 457 8 859 456 457 8 859

γ 458 4 4 4 4 9 7 7 9

45; 8 8 8 8 9 7 7 7

8 = = = = 6 9 9 7

; 7 : : : = 9 9 9

84 < < < < 6 6 6 6

-&D'& 65=E F)+!',&(%+ ()' ?G/)B$.)",% #%" )' H'I%B$,.% JKHL

 !"#$%&'& &! (#)*!+,!)$%' &!" -./#&#

?" )+,& +!D+)##$1" )+,$.&B).%+ '& M)'%#$(&( () #%"M)BI)"#$& ()' &'I%B$,.% JKHL /&B&

#%",B%')+ N"$,%+ .)($&",) '& )+,$.&#$1" ()' )BB%B5 J&B& )+,% #%"+$()B&B).%+ #%.% +%'!O

#$1" )G&#,& )' #%",B%' ū %D,)"$(% )" '& A',$.& $,)B&#$1" ()' &'I%B$,.% ()' )G/)B$.)",%

(2,2) P )' )BB%B (&(% /%BE

error = ‖u− ū‖Rm
265<=3

-)").%+ Q!) )' )BB%B )M%'!#$%"& #%.% +) .!)+,B& )" '& ,&D'& 26563R (&(% Q!) '&

+%'!#$1" )G&#,& )+ )' M&'%B ()' S!"#$%"&' )" '& A',$.& $,)B&#$1"R +) ,$)") Q!) )' M&'%B ()'

)BB%B )" )+,& )+ 0R &().T+ /%().%+ M)B )" '& NI!B& 26593 '& #!&' ,$)") )' )0) y & )+#&'&

'%I&BU,.$#& '& )M%'!#$1" ()' )BB%B

J%().%+ M)B Q!) '& #%"M)BI)"#$& ()' .V,%(% )./$)W& ()+() '& ,)B#)B& $,)B&#$1"5

-)").%+ Q!) '& B)'&#$1" )",B) )BB%B)+ () (%+ $,)B&#$%")+ #%"+)#!,$M&+ )+,& (&(& /%BE

7<



 !"#$%&'(") "##'#

* +,-./+00+1*1

0 02-2*023/2+2

3 1-*230.+422

2 *-233+,10*0

4 *-0*33,04*0

, /

5$67$ 3-38 9:'7;%&<( ="7 "##'# >'# %$=$ &!"#$%&<(? @ABC D E'(!#'7") F(&!') =&)>"#)')
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Evolución del error por cada iteración
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 !"#$%&'(") *"+$%&,( υ

- ./0-1234556

3 ./00071-144

0 ./-14.41317

2 ./624317333

7 .

8$9+$ 0/2: *"+$%&,( ;" ;') "##'#") %'()"%<!&=')> ?@AB C D'(!#'+") E(&!') ;&)F"#)')

υ =
‖ū− uk+1‖Rm

‖ū− uk‖Rm

G0/50H

I9!"("J') +$ !$9+$ G0/2H ;'(;" F';"J') ="# K<" υ )" %'JF'#!$ %'J' <($ L<(%&,(

K<" !&"(;" $ 0 F'# +' !$(!' "+ "##'# %'(="#M" )<F"#+&("$+J"(!"/

 !"!# $%&'()*'+,-  !.

?$#$ "+ "NF"#&J"(!' 3 !"("J') +') )&M<&"(!") ;$!') N = 1750> n = 400> u0 = ones(10, 1)>

Mu = 0> µ = 1> ub = 2u0> ua = −u0> δ = 0,5> λ = 1 O γ = 0,5/

8'J$J') m = 10/ P$) L<(%&'(") ")!Q( ;$;$) %'J' "+ "NF"#&J"(!' $(!"#&'# J')C

!#$;$) "( +$ EM<#$ 0/- O yd ")!Q ;$;$ F'#

yd =











30 sin(π x) cos(π t) 0,25 < t < 0,75

−10 x < 0,5

−80 otro

G0/52H

?';"J') ="# +') #")<+!$;') ;"+ "NF"#&J"(!'> F#&J"#$J"(!" +$ "%<$%&,( ;" ")!$;'

J')!#$;') "( +$ EM<#$ G0/4H O +$ "='+<%&,( ;"+ L<(%&'($+ ;" %')!' "( +$ EM<#$ G0/7H

1-
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Evolución del funcional de costo por cada iteración
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 !"#$% &'() *+,-#.!/0 12- 3#0.!,0%- 12 4,56, 12- 52"#01, 2782$!9206,

 !"#$% &':) ;,-#.!/0 12 -% 2.#%.!/0 12 256%1, 12- 52"#01, 2782$!9206,

;2 $2%-!<% 2- 2782$!9206, +%$!%01, -%5 .,056%0625 λ = γ> 12 1,012 62029,5 -,5

$25#-6%1,5 8$25206%1,5 20 -% 6%?-% @&'(A> 1,012 8,129,5 +2$ -% +%$!%.!/0 12-  #0.!,0%-

12 .,56,> 6!298, 12 2B2.#.!/0> .%06!1%1 12 2-29206,5 0#-,5 = 2- 0C92$, 12 !62$%.!,025

8%$% 2- %-",$!69, 4DEF'

GH



 !"#$%"&' () *%+,% -$)./% () )0)#!#$1" 2+3

λ λ

4 567 568 9 96: 567 568 9 96:

γ 569 ;<= ;8> ;8: ;8; 9:6>9 >8678 >76;5 7<68>

56< ;8: ;88 ;8= ;;5 9:65; 796:; 796<? :768=

9 ;8= ;;5 ;;7 ;;: 9:65< 9:69> :?6;< 7869<

< ;=5 ;=5 ;=9 ;=9 9:69: 9:6>9 9:69: 9?6;:

95 ;== ;== ;== ;== 767< 767< 76:5 767=

@').)",%+ A!'%+ AB.)C% () D,)C&#$%")+

λ λ

4 567 568 9 96: 567 568 9 96:

γ 569 5 5 5 5 7 : < 8

56< 9 9 9 9 7 < < 8

9 > > > > 7 7 ; 8

< ; ; ; ; 7 7 7 :

95 = = = = > > > >

-&E'& 76<F G)+!',&(%+ ()' @H/)C$.)",% #%" )' &'I%C$,.% *JKL

 !"#$%&'& &! (#)*!+,!)$%' &!" -./#&#

@" )+,& +!E+)##$1" )+,$.&C).%+ '& M)'%#$(&( () #%"M)CI)"#$& ()' &'I%C$,.% NKOP /&C&

#%",C%')+ Q"$,%+ .)($&",) '& )+,$.&#$1" ()' )CC%C6 N&C& )+,% #%"+$()C&C).%+ #%.% +%'!R

#$1" )H&#,& )' #%",C%' u∗
%E,)"$(% )" '& B',$.& $,)C&#$1" ()' &'I%C$,.% ()' )H/)C$.)",%

(2,2) S )' )CC%C (&(% /%CF

error = ‖u− ū‖Rm
276=<3

-)").%+ T!) )' )CC%C )M%'!#$%"& #%.% +) .!)+,C& )" '& ,&E'& 27683 U (&(% T!) '&

+%'!#$1" )H&#,& )+ )' M&'%C ()' V!"#$%"&' )" '& B',$.& $,)C&#$1"U +) ,$)") T!) )' M&'%C ()'

)CC%C )" )+,& )+ 0U &().W+ /%().%+ M)C '& )M%'!#$1" ()' )CC%C )" '& QI!C& 276:3 '& #!&'

,$)") )' )0) y & )+#&'& '%I&CX,.$#&

-)").%+ T!) '& C)'&#$1" )",C) )CC%C)+ () (%+ $,)C&#$%")+ #%"+)#!,$M&+ )+,& (&(& /%CF

υ =
‖ū− uk+1‖Rm

‖ū− uk‖Rm

276=83

;7



 !"#$%&'(") "##'#

* +,-./-/012*

. +,+.3112+33

3 +,+++14*34+

/ +,++++/*+23

0 +,+++++*-41

2 +,+++++++0*

- +
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Evolución del error por cada iteración
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 !"#$%&'(") *"+$%&,( υ

- ./.00-.1231

4 ./.5.613217

0 ./.5-6541-.

5 ./.502377.4

2 ./.4673-35-

7 .

8$9+$ 0/3: *"+$%&,( ;" ;') "##'#") %'()"%<!&=')> ?@ABC?'(!#'+") D(&!') ;&)E"#)')

F9!"("G') +$ !$9+$ H0/5I ;'(;" E';"G') ="# J<" υ )" %'GE'#!$ %'G' <($ K<(%&,(

J<" ") %'()!$(!"> E'# +' !$(!' %'(="#L" +&("$+G"(!"/

 !"#$%$&'!()* +) ,!* -,.!%'/"!*

M#'%";"#"G') $ %'GE$#$# +') #")<+!$;') ;"+ $+L'#&!G' MANO %'(!#$ "+ $+L'#&!G' ?@AB/

P( +$ !$9+$ H0/6I E';"G') %'GE$#$# "+ !&"GE' ;" "Q"%<%&,(> (RG"#' ;" &!"#$%&'(") S

=$+'# ;" +$ K<(%&,( '9Q"!&='> %<$(;' λ = 1 S γ = 1

-,.!%'/"! 0')"#! +) )1)&2&'3( 4*5 67")%! +) 8/)%$&'!()* 92(&'3( :;1)/'<!

MANO 2/04 5 335

?@AB 51/.5 3 330

8$9+$ 0/6: *")<G"( ;"+ PTE"#&G"(!' 0/4 %'( γ = 1

O" #"$+&U$ "+ "TE"#&G"(!' ;&)G&(<S"(;' γ = 0,5> ;'(;" !"("G') "+ !&"GE' ;" "Q"C

%<%&,(> (RG"#' ;" &!"#$%&'(") S "+ =$+'# ;" +$ K<(%&,( '9Q"!&=' G')!#$;') "( +$ !$9+$

H0/1I>

-,.!%'/"! 0')"#! +) )1)&2&'3( 4*5 67")%! +) 8/)%$&'!()* 92(&'3( :;1)/'<!

MANO 3/1. 7 371

?@AB 0-/25 2 371

8$9+$ 0/1: *")<G"( ;"+ PTE"#&G"(!' 0/4 %'( γ = 0,5

M';"G') '9)"#=$# J<" "( $G9') %$)') "+ !&"GE' ;" "Q"%<%&,( ;"+ MANO ") G"('#

J<" ?@AB/ P( %<$(!' $ +$ K<(%&,( '9Q"!&=' '9)"#=$G') J<" "( "+ ?@AB '9!"("G')

<( =$+'# GV) E"J<"W'> ")!' )" E#';<%" ;"9&;' $ J<" "+ %#&!"#&' ;" E$#$;$ ;"+ MANO ")

;&K"#"(!" $+ ?@AB> S$ J<" "( "+ E#&G"#' "+ %#&!"#&' ;"E"(;" ;" +') %'(Q<(!') $%!&=') S

"+ )"L<(;' ;" u/ P( "+ %$EX!<+' H0/7I #"$+&U$#"G') "TE"#&G"(!') $;&%&'($+") E$#$ E';"#

'9)"#=$# ;" G"Q'# G$("#$ +$ "D%&"(%&$ ;" %$;$ $+L'#&!G'/

32



 !" #$%$&'&()$*(+, -'& $&./%(01/ -' *//%-',$-$2 -'

-'2*',2/ 345678

 !" #$%!&'()!" *#&#$+$!" ",&%+- .!- $# .&+.'+-(+ /+)#-/# /+ &+"!$,.'0- /+ *&!1$+)#"

# %&#- +".#$#2 3- +"(+ .#*4(,$! 5+&+)!" 6,+ +$ #$%!&'()! .!- +$ )7(!/! /+ .!!&/+-#/#"

/+".+-/+-(+" 8,-(! # $# &+"!$,.'0- /+ $#" 39:" *#&#10$'.#"; +" #$(#)+-(+ *#&#$+$'<#1$+2

35#$,#.'!-+" +=*+&')+-(#$+" '-/'.#- 6,+ $!" #$%!&'()!" /+ .!!&/+-#/#" /+ /+".+-"!

*,+/+- #*&!5+.>#& $# *#&#$+$'<#.'0- +- $#" *$#(#?!&)#" /+ .!)*,(#.'0- ),$('-@.$+!

ABCD2

 # -+.+"'/#/ /+ !*(')'<#.'0- +".#$#1$+ +"(# .&+.'+-/! E# 6,+ )F" #*$'.#.'!-+" ,('G

$'<#- /#(!" /+ )#E!& /')+-"'0-; *+&! $# 5+$!.'/#/ /+ $!" -@.$+!" /+ $!" *&!.+"#/!&+" #

/+8#/! /+ #,)+-(#&; +- .#)1'!; $#" .!)*,(#/!&+" 5'+-+- .!- )#" -@.$+!" E +$ -,+5!

&+(! +" *!/+& ,('$'<#&$!" +H.'+-(+)+-(+2 I *+"#& /+ 6,+ >#E ),.>!" #$%!&'()!" *#G

&# &+"!$5+& *&!1$+)#" .!- &+%,$#&'<#.'!-+" .!- $# -!&)# ℓ1; +='"(+- *!.!" #$%!&'()!"

*#&#$+$!"2

J'.>(F&'K E L#K'. (2012) ABMD ),+"(&#- 6,+ )7(!/!" /+ .!!&/+-#/#" /+".+-/+-(+"

*!& 1$!6,+" *,+/+- "+& #.+$+&#/!" *!& *#&#$+$'<#.'0- E ),+"(&#- ,-# )+8!&# "'%-'H.#('G

5# +- *&!1$+)#" /+ ('*!  INNO2 3- -,+"(&! .#"!; /+1'/! # 6,+ $!" *&!1$+)#" /+ .!-(&!$

0*(')! +"(,/'#/!" ('+-+- ,- -@)+&! *+6,+P! /+ 5#&'#1$+" /+ .!-(&!$ +- .!)*#&#.'0-

# !(&!" *&!1$+)#" /+ !*(')'<#.'0- /'"*+&"# (&#(#/!" +- #*&+-/'<#8+ /+ )F6,'-#"; -!"

.!-.+-(&#&+)!" +- $# *#&#$+$'<#.'0- /+$ #$%!&'()!; +- $,%#& /+ .!-"'/+&#& $# +"(&#(+%'#

/+ !*(')'<#.'0- *!& 1$!6,+"; #,-6,+ $# +=(+-"'0- *!& 1$!6,+" /+$ #$%!&'()! *&!*,+"(!

"+ *,+/+ +=(+-/+& .!- &+$#('5# ?#.'$'/#/ "' "+ .!-"'/+&# ,- -@)+&! +$+5#/! /+ 5#&'#1$+"2

 !"!# $%&%'(')*%+),- .(' %'/0&)120 3456

:&!.+/+)!" # /+"#&&!$$#& ,- #$%!&'()! /+ .!!&/+-#/#" /+".+-/+-(+" *#&#$+$!" *#&#

.!)*#&#&; 1#"#/! +- +$ #$%!&'()! QR9S /+"#&&!$$#/! #-(+&'!&)+-(+ +- $# N,1"+..'0-

TU2V2UW2 3"(+ #$%!&'()! +" ,-# +=(+-"'0- /+$ )7(!/! /+ Q!!&/+-#/#" 9+".+-/+-(+" *&!G

*,+"(! *!& L"+-% E X,- ABYD # *&!1$+)#" /+ .!-(&!$ 0*(')! .!- .!-(&!$+" H-'(!"2

:#&# +-(+-/+& ,- *!.! )+8!& $! 6,+ "+ 6,'+&+ $!%&#& /#)!" ,- +8+)*$! +- /!" /')+-G

"'!-+" /+ -,+"(&! *&!1$+)#2 N,*!-%#)!" 6,+ +$ .!-(&!$ ('+-+ /!" .!)*!-+-(+" *!"'1$+"

.!)! "+ ),+"(&# +- $# H%,&# TU2YW2 3$ #$%!&'()! "+&'#$ .#$.,$# ,-# /'&+..'0- T/+ /!"

.!)*!-+-(+"W +- .#/# *#"!2

I$ *#&#$+$'<#& +$ #$%!&'()! 6,+&+)!" 6,+ #)1#" .!)*!-+-(+" /+ ,-# /'&+..'0- "+

MC



 !"#$% &'() *!$+,,!-.+/ 0+1 ,-.2$-1 +. /+$!+ +. 3 0!4+./!-.+/

,%1,#1+. /!4#125.+%4+.2+6 ,-4- /+ !.0!,% +. 1% 7"#$% 8&'9:' ;/2- .-/ <+$4!2+ %<$-=

>+,?%$ >%$!-/ .@,1+-/ 0+1 <$-,+/%0-$ A #.% 0!/4!.#,!B. +. +1 2!+4<- 0+ +C+,#,!B.6 A%

D#+ 1- D#+ %.2+/ /+ ,%1,#1%E% +. #. /-1- .@,1+- 0+1 <$-,+/%0-$ %?-$% 1- <-0+4-/ ?%,+$

+. 0-/' ;. .#+/2$- ,%/- 2+.+4-/ D#+ +1 ,-.2$-1 2!+.+ m ,--$0+.%0%/ D#+ 0+/+%4-/

-<2!4!F%$ <-$ 1- D#+ %/#4!4-/ D#+ 2+.+4-/ m <$-,+/%0-$+/ % 0!/<-/!,!B.' G! E!+. +/2%

/#<-/!,!B. +/ %1"- %$2!7,!%1 /! /+ ,-./!0+$% ,-4<#2%0-$+/ <+$/-.%1+/6 4#,?-/ 1+."#%C+/

0+ <$-"$%4%,!B. 0!/2$!E#A+. 1% ,%$"% +.2$+ 1-/ .@,1+-/ 0!/<-.!E1+/6 !.0+<+.0!+.2+4+.2+

0+1 .@4+$- 0!/<-.!E1+6 ,-4- <-$ +C+4<1- H%21%E +. /# 2--1E-I 0+ <%$%1+1!F%,!B.'

G+%. P̄ 1% ,%.2!0%0 0+ <$-,+/%0-$+/ D#+ >%4-/ % #2!1!F%$6 ,1%$%4+.2+ .#+/2$- %1"-$!2=

4- <%$% $+/-1#,!B. 0+ 1% +,#%,!B. 0+ +/2%0- <#+0+ /+$ 0+/,-4<#+/2- +. m /#E<$-E1+4%/

!.0+<+.0!+.2+/ <%$% ,%0% ϕi #/%.0- +1 <$!.,!<!- 0+ /#<+$<-/!,!B. +. +1 ,%/- 7.!2- >+$

8&'J:' K?-$% /! 2+.+4-/ m <$-,+/%0-$+/ - .@,1+-/6 ,%0% #.- <#+0+ /+$ %/!".%0- ,-.

1% 2%$+% 0+ $+/-1>+$ #. /-1- /#E<$-E1+4%' K0+45/6 2%4E!L. 2+.+4-/ D#+ +1 %1"-$!24-

0+ ,--$0+.%0%/ 0+ 0+/,+./- /+ <#+0+ <%$%1+1!F%$6 A% D#+ /+ 0+E+ ,%1,#1%$ 1% 0!$+,,!B.

<%$% ,%0% ,-.2$-1 A ,%0% #.- +/ !.0+<+.0!+.2+ 0+1 -2$-' K/M <$-<-.+4-/ +1 /!"#!+.2+

%1"-$!24- <%$%1+1!F%0-)
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 !"#$% &'() *!$+,,!-.+/ 0+1 ,-.2$-1 ,%1,#1%0%/ +. 3%$%1+1-

 !"#$%&'# ( 45*678

 ! 9.!,!%1!:%$ u0
; J0; γ; λ; yd < δ'

"! )*$+#$ i ∈ {1, ...,m} ,#

#! 4%1,#1%$ +. m 3$-,+/%0-$+/ yi /-1#,!-.+/ 0+ =>'>?@

$! -., )*$+#$'

%! 4%1,#1%$ ȳ =
∑m

i=1 uiϕi'

&! '%-.&$*/ ‖uk+1 − uk‖ > 1× 10−5
0*1-$

'! )*$+#$ i ∈ {1, 2, ...,m} ,#

(! A. B 3$-,+/%0-$+/; +. ,%0% 3$-,+/%0-$ i; ,%1,#1%$

αi =

∫ T

0

∫

Ω

yi(ȳ − yd) + λui

βi =

∫ T

0

∫

Ω

y2i + λ

d∗i =

(

1−

γ
βk

|ui −
αk

βk

|

)

+

(

ui −
αk

βk

)

=&'(C@

)! D,2#%1!:%$

uk+1
i =











uai uk+1
i < uai

uk
i + δd∗i uai ≤ uk+1

i ≤ ubi

ubi uk+1
i > ubi

=&'(E@

 *! -., )*$+#$'

  ! FG2+.+B-/ uk+1 = (uk+1
1 , uk+1

2 , uk+1
3 , ..., uk+1

m )'

 "! k ← k + 1

 #! 2. '%-.&$*/

CE



 !"!#$% &"' (!%)!"*'+' ,'-' !%*! './$-0*#$1 ,$(!#$% )!- 2&! !" 3-'(.!41 54-$.'1

3067%$" 4 8'-.$% 9&!%*-0" !" :;<= -!6'.6'" 2&! .'% '6*&'.0>'60$"!% ,'-'.!.'% ,$(-?'"

'&#!"*'- !. -0!%/$ (! (0)!-/!"60' !" !. './$-0*#$@ A" .' B/&-' CD@;EF *$#'(' (! :;<=1 !"

.' ,'-*! 0>2&0!-('1 %! ,&!(! )0%&'.0>'- 2&! &" './$-0*#$ ,'-'.!.$ '6!.!-' .' 6$")!-/!"G

60' 6&'"($ .'% 6$#,$"!"*!% "$ !%*H" 6$--!.'60$"'('%I !" 6$"*-'%*!1 !" .' ,'-*! (!-!6J'

,$(!#$% )!- 2&! 6&'"($ .'% 6$#,$"!"*!% !%*H" 6$--!.'60$"'('% .'% '6*&'.0>'60$"!% ,'G

-'.!.'% *0!"!" &" 6-!60!"*! -0!%/$ (! "$ ..!/'- '. $K+!*0)$@ L! ,&!(!" !)0*'- (0)!-/!"60'%

#!(0'"*! .' 0#,$%060M" (! &" *'#'N$ (! ,'%$ 1 ,!-$ !O,!-0#!"*$% #$%*-'-$" 2&! !%!

!"P$2&! !% ,$6$ ,-H6*06$ :;<=@A" "&!%*-$ 6'%$ !. ,'-H#!*-$ δ %! 0#,$"! 6$#$ δ = 0,5@

A. './$-0*#$ ,'-'.!.$ J'6! #!"$% !B60!"*! '. #Q*$($ 4' 2&! %! !%,!-' 2&! J'/' #H% 0*!G

-'60$"!%1 ,!-$ '. 6'.6&.'- .'% 6$#,$"!"*!% (! (!%6!"%$ %0#&.*H"!'#!"*! 6'(' 0*!-'60M"

%! 6'.6&.' #H% -H,0($@

R0/&-' D@;ES T>2&0!-('S U'% 8$$-(!"'('% "$ %! !"6&!"*-'" 6$--!.'60$"'('%1 .'% '6*&'.0G

>'60$"!% ,'-'.!.'% %$" V*0.!% W!-!6J'SU'% 8$$-(!"'('% "$ %! !"6&!"*-'" 6$--!.'60$"'G

('%1 .'% '6*&'.0>'60$"!% ,'-'.!.'% *0!"!" 6$"X06*$@

 !"!# $%&'()*'+,-. /0*'()1-.

A" !%*' %!660M" -!%$.)!-!#$% !. #0%#$ ,-$K.!#' 2&! !" .' %!660M" CD@YF !. !O,!-0#!"*$

CD@YF1 ,$- .$ *'"*$1 .' 0#,.!#!"*'60M" !% %0#0.'-1 .' (0P!-!"60' 6$" !%*$% !O,!-0#!"*$% !%

2&! %! ',.06'" .$% 6'#K0$% ,'-' .' ,'-'.!.0>'60M" (!. './$-0*#$@ A)'.&'#$% !. (!%!#,!N$

(! !%*' *Q6"06' ',.06'(' ' "&!%*-$ ,-$K.!#'@
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mı́n J(y, u) := 1
2
‖y − yQ‖

2
L2(Q) +

λ
2
‖u‖ℓ2 + γ‖u‖ℓ1

s.a.

yt −∆y + y =
m
∑

i=1

uiϕi, !2 Q,

∂νy = 0, !2 Σ,

y(0, x) = y0, !2 Ω.

+,-77/

8#" !9'!(4&!2:#" ;<! (!*$4=*(!&#" !":>2 1!:*$$*1#" !2 $* :*)$* +,-6?/

 !"#$%&#'() *#+,$%",%-'

@-6 λ = 1 A γ = 1

@-. λ = 1 A γ = 0,5

B*)$* ,-6?C  !"<&!2 1! $#" !9'!(4&!2:#" 5#2 !$ DE:#1# FGHD '*(*$!$4=*1#

 !"#$%&#'() ./0

I*(* !$ !9'!(4&!2:# @-6 :!2!&#" $#" "4J<4!2:!" 1*:#"

N = 17500 n = 4000 u0 = ones(N, 10)0 ub = 2u00 ua = −u00 λ = 10 δ = 0,5 A γ = 1

B#&*(!&#" m = 100 '*(* !$ '(4&!( !9'!(4&!2:# $*" K<254#2!" ϕi !":>2 1*1*" '#(

ϕ1 = 1,

ϕ2 = x− 1,

ϕ3 = (x− 1)2,

ϕ4 = (x− 1)3,

ϕ5 = x2,

ϕ6 = sin(π x),

ϕ7 = cos(π x),

ϕ8 = 5 log(3(x+ 1)),

ϕ9 = exp(−(x− 0,5)2),

ϕ10 = (sen(4π x)) + cos(4π x),

+,-6??/

&#":(*1*" !2 $* 3J<(* ,-66- L1!&>"0 :#&*&#"

M?



yd =











30 sin(π x) cos(π t), 0,25 < t < 0,75,

−10, x < 0,5,

−80, otro.
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Funciones Test

Funciones Test para los experimentos

Variable Espacial
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8/205/1 90* 3/1 *01)37+2/1 203 +3(/*'75/: 3+ 0.)+.';- 20 017+2/ 5/17*+2+ 0- 3+

<()*+  !"#!% = 3+ 09/3).';- 203 >)-.'/-+3 20 ./17/ 0- 3+ <()*+  !"#?%
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Evolución del funcional de costo por cada iteración
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 !"#$% &'(&* ;-.#/!01 23 .% 3/#%/!01 23 367%2- 23. 8$!93$ 3:83$!9317-

+1 .% 7%<.% =&'((> 8-239-6 /-98%$%$ 3. 2363983?- 23 .-6 %."-$!79-6 /#%12- λ = 1

@ γ = 1
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 !"#$%&'# (%)'*# +,- ./')$# 0) 1&)$23%#4), 5643%74 89:)&%;#

 !"# $%&' $ (($

)*!+ ,-%&$ ( ((,

)*!+. /&%$0 // ((,

12342 ,%556 789:;8< =84 >?@8AB;8<CD $%5E =D<=8 γ = 1

F398AG2;D9 H:8 84 CB8;@D =8 8I8J:JBK< =84 24LDABC;D H:8 98 8<J:8<CA2 @2A2484BM2=D

)*!+. 89 ;8<DA H:8 84 )*!+% >4 <N;8AD =8 BC8A2JBD<89 =84 )*!+. 89 ;2ODA

H:8 4D9 =8;P9 24LDABC;D9% >4  !"# 89 84 ;P9 AP@B=D%

>< 42 C2342 Q,%5/R @D=8;D9 GB9:24BM2A 42 8GD4:JBK< =84 S:<JBD<24 =8 JD9CD JD< A89.

@8JCD 24 <N;8AD =8 BC8A2JBD<89 @2A2 J2=2 24LDABC;D%

T,



 !"#$%&'(")  !"# $%!&  $%!&

' ()) ()* ++*,)

- -(./. ++*,0 ++.,/

. ''-( ++.,. ++.,*

* ''1- ++.,. ++.,*

) ++* ++.,. ++.,.

/ ++.,. ++.,.

+ ++.,. ++.,.

0 ++.,.

( ++.,.

'1 ++.,.

'' ++.,.

'- ++.,.

'. ++.,.

'* ++.,.

') ++.,.

'/ ++.,.

'+ ++.,.

'0 ++.,.

'( ++.,.

-1 ++.,.

-' ++.,.

-- ++.,.

23453 .,'-6 $7893:3;<=> ?@ 57A B357:@A ?@5 CD>;<7>35 ?@ ;7AE7 ?@5 9:<8@: @F9@:<8@>E7,

*+,"#&-"(!' ./0

#@ :@35<G3 @5 @F9@:<8@>E7 ;7> 57A 8<A87A ?3E7A 3>E@:<7:@A 3 @F;@9;<=> ?@ γ ?<A8<>DH

IJ>?757 3 γ = 0,5K ?@ ?7>?@ E@>@87A 57A A<LD<@>E@A :@AD5E3?7A

 7?@87A B@: 57A :@AD5E3?7A ?@5 35L7:<E87K 9:<8@:38@>E@ 53 @;D3;<=> ?@ @AE3?7 87AH

E:3?7A @> 53 MLD:3 N.,'.O I 53 @B75D;<=> ?@5 CD>;<7>35 ?@ ;7AE7 @> 53 MLD:3 N.,'-O

0*
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Evolución del funcional de costo por cada iteración
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 !"# $%&$ $ '$&

()!* +,%+& - '$,

 ()!* ++%.- +/ '$,

01231 4%/45 6789:7; <73 =>?7@A:7;BC .%+D <C;<7 γ = 0,5

=; 78B7 E18C ?C<7:C8 FA8913AG1@ H97 31 ?1@1373AG1EAI; ?7@:AB7 :7JC@1@ 73 BA7:?C <7

7J7E9EAI; <73 13KC@AB:C%

1&)$23%#4),  !"# ()!*  ()!*

/ &.& ''L ''L

+ +,'&/ '$& '$&

4 /L&. '$& '$&

. /L&- '$& '$&

- ''L '$& '$&

$ ''L '$& '$&

' '$& '$&

, '$&

& '$&

/L '$&

// '$&

/+ '$&

/4 '$&

/. '$&

/- '$&

/$ '$&

/' '$&

/, '$&

/& '$&

+L '$&

+/ '$&
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 !"#$%&'( )*# +$(%&"(,# )* -"./" 012

 !"#$%&'(") 3 4 5 6 7 8 9

:;<= >7? 4@9>3 3?>6 3?>7 99? 99? 98>

-A;B >6>C76 98>C63 98> 98> 98> 98> 98>

:-A;B 98> 98> 98> 98> 98> 98> 98>

D,E#, 5C37F -"GH,I,%&'( )* #". !,#"I*. )*# J$(%&"(,# )* %"./" )*# .*K$()" *LH*I&G*(/"C

 # /&*GH" )* *M*%$%&'( )*# :;<= *. G*("I N$* -A;B O N$* *# -A;BP:C <)*GQ.

H")*G". "E.*I!,I N$* *# ,#K"I&/G" H,I,#*#" I*,#&R, GQ. &/*I,%&"(*. H*I" S./,. ."( GQ.

IQH&),. H"I #" N$* .$ /&*GH" )* *M*%$%&'( *. G*("I N$* *# -A;BC  ( %$,(/" , #,

J$(%&'( "EM*/&!" "E.*I!,G". N$* %"( *# -A;B O -A;BP: "E/*(*G". $( !,#"I GQ.

H*N$*T" N$* %"( *# :;<=U )*E&)" ,# %I&/*I&" )* H,I,),C

*+,"#&-"(!') ./$(0' k = 30

:,I, %"(%#$&I %"( #". *LH*I&G*(/". &(%#$&I*G". #" G*(%&"(,)" *( *# %,HV/$#" 052C W*,P

#&R,I*G". *LH*I&G*(/". XM,()" *# (YG*I" )* &/*I,%&"(*. k = 30 H,I, λ = 1 O γ = 1U

*!,#$,()" *# /&*GH" )* *M*%$%&'( H,I, %,), ,#K"I&/G"C

123'#&!-' 4&"-,' 5)6 78(%&9( :;/"!&<'

:;<= 37C83 995

-A;B 474C8@ 995

-A;BP: 66C4? 995

D,E#, 5C38F W*.$G*( )*#  LH*I&G*(/" 6C3U XM,()" *# (YG*I" )* &/*I,%&"(*.

:")*G". "E.*I!,I N$* *# :;<= .&K$* .&*()" *# ,#K"I&/G" N$* I*,#&R, GQ. IQH&)"

%,), &/*I,%&'(C <)*GQ. *# -A;BP: *. G,. IQH&)" N$* *# -A;B O, N$* .$. &/*I,%&"(*.

."( GQ. IQH&),. H$*. .* I*,#&R,( *( H,I,#*#"C

@9





 !"#$%&' (

 ')*&%+,')-+

 !" #$!%&'()" *' +!,-$!& .#-/(! *' */(',"/., 0,/-) "!, /(#!$-),-'" #)$) )#&/+)+/!,'"

$')&'" *' &) -'!$1) *' +!,-$!&2 3, '"-' #$!4'+-! 5'(!" ),)&/6)*! &!" )&7!$/-(!" *'

+!,89,-!" )+-/:!"; +!!$*',)*)" *'"+',*',-'" 4 +!!$*',)*)" *'"+',*',-'" #)$)&'&)"; +!,

&! <9' 5'(!" !%-',/*! &)" "/79/',-'" +!,+&9"/!,'"=

•  )" +!,*/+/!,'" *' !#-/()&/*)* *' '"-!" #$!%&'()" ,!" #'$(/-', *'")$$!&&)$ )&>

7!$/-(!" '0+/',-'"

• 3& )&7!$/-(! ?@AB ,! /,:!&9+$) &) $'"!&9+/., ,9(C$/+) *' &) '+9)+/., )*89,-);

#!$ &! <9' !%-','(!" ()" '0+/',+/) ', &) $'"!&9+/., *'& #$!%&'()

• 3& (C-!*! DE@F ,! /,:!&9+$) &) $'"!&9+/., *' &) '+9)+/., )*89,-) 4) <9' "' +)&>

+9&) 9, !#'$)*!$ #$!G/()& 4 "' $'*9+' '& #$!%&'() ) &) $'"!&9+/., *' 9, #$!%&'()

', */(',"/., 0,/-); &! <9' /(#&/+) (H" '0+/',+/)

• 3& (C-!*! DE@F -/',' (H" /-'$)+/!,'" <9' '& ?@AB; #'$! -/',' &) :',-)8) *'

<9' '" #)$)&'&/6)%&'2

• 3, &)" -)%&)" IJ2KL 4 IJ2ML #!*'(!" :'$ <9' '& FC-!*! DE@F /,*9+' ()4!$

'"#)$+/*)* ', &!" $'"9&-)*!"2

• ?!*'(!" !%"'$:)$ ', &) -)%&) IJ2NNL 4 IJ2NJL "' !%"'$:) <9' '& (C-!*! (H" $H#/*!

#)$) $'"!&:'$ '& #$!%&'() IJ2KL '" ?@AB

• A9,<9' &) #)$)&'&/6)+/., *' DE@F !O$'+' ('8!$)" ', )&79,!" +)"!"; ('$'+' &)

#',) ()4!$ /,:'"-/7)+/., "!%$' :)$/)" '"-$)-'7/)" */"#!,/%&'" #)$) )#$!:'+5)$&)

*' ('8!$ (),'$)2
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 !"#$%&'

 !"  #$%&'( )*(%#+,-'( -* '.+/0/1,2/3& 4 ,&5#/(/( 2'&6

7*8'

 !" #$%&#'(% )%*%+," -.% /,* &# %"(*.0(.*# 0.#$*!(10# 2 &1'%#& $% &," /*,3&%+#" $%

0,'(*,& 4/(1+, 0,'"1$%*#$,"5 6"(," /.%$%' "%* *%$.01$," # /*,3&%+#" 0,')%7," ', $18%2

*%'01#3&%"5 /,* &, 0.#&5 %& %"(.$1, $%& #'!&1"1" 0,')%7, '," "%*! $% .(1&1$#$9 :,* %;%+/&,5

.' (1/, $% /*,3&%+#" $% ,/(1+1<#014' ', 0,')%7# = ', ".#)% %"(.$1#$," (1%'%' &#

"1>.1%'(% 8,*+#?

mı́n
u

J(u) = f(u) + γP (u) @A9BC

$,'$% γ > 05 P : R→ (−∞,∞] %" /*,/1#5 0,')%7# = $D 0©31&+%'(% "%+120,'(1'.#

= f %" ".#)% %' .' ".30,';.'(, #31%*(, $% Rn
-.% 0,'(1%'% domP = {u : P (u) <∞}9

E' 0#", %"/%01#& $% @A9BC %"? "1 (%'%+," *%"(*1001,'%" %' &# 8*,'(%*#5 %"(, %" 0.#'$,

(,+#+,"

IUad
=

{

0 ua ≤ u ≤ ub,

∞ 0#", 0,'(*#*1,,
@A9FC

0,' ua ≤ ub9 G"(," +,$%&," ",' 0,+.'%" %' &# #/&10#014' #& &1+/1#* "%H#&%" , 1+!>%2

'%" .(1&1<#'$, 0#+/," $%  #*I,) #&%#(,*1," 0989 JFKL . ,/(1+1<#014' 0,' *%>.&#*1<#01,'%"

% ',*+# ℓ1 0989 JFBL9

γ‖u‖ℓ1 @A9MC

$,'$% &# ',*+# ℓ1 %" 1'(*,$.01$# /#*# 1'$.01* $1"/%*"14' %' &# ",&.014' N'#& 0989

OB



 !"#$ %& '&( )* &'*+,-(+ .-(/0*12+ 321(+ 2 425*- '&2 5(1/6&2567& )* 0(+ )(+ 52+(+

2&,*+ 1*&56(&2)(+$ %& *0 52+( )* .-(/0*12+ )* 5(&,-(0 7.,61( 5(& 52&,6)2)*+ 8&6,2+9

&'*+,-( 6&,*-:+ *+ 5'2&)(

P (u) := IUad
+ γ‖u‖ℓ1 ;<$=>

)(&)* IUad
*+,2 )2)2 5(1( *& ;<$?>

 !""#$%!&'#( )! *+'%$%,#-%.&

@2-2 .()*- 61.0*1*&,2- *+,(+ .-(/0*12+ &'1A

5©-6521*&,* )*/*1(+ ,-2,2- 5(& 02

&( )6B*-*&562/606)2) )* 02 B'&567& P (u) )*8&6)2 *& ;<$=>9 .(- 0( C'* 1*&56(&2-*1(+

20D'&(+ -*+'0,2)(+ *+,AE&)2- )* 2&F06+6+ 5(&3*G( 5$B$  ??#$ H*2 X '& *+.256( )* I2&254

 !"#$%$&# '()  ! "# $%#&'(#)* F : X → (−∞,∞] +, **)-) 5(&3*G( +'

F ((1− λ)x1 + λx2) ≤ (1− λ)F (x1) + λF (x2) ;<$J>

.)/) 0(1( x1, x2 ∈ X 2 0 ≤ λ ≤ 1! 3, **)-) ./(.') +' #( ,+ '14

5©#0'&)-,#0, ∞!

5! "# $%#&'(#)* F : X → (−∞,∞] +, 1'&, +*16K5(&,6&'( 6&B*-6(- (s.c.i.) ,# x ∈ X

+'

F (x) ≤ ĺım
y→x

ı́nf F (y). ;<$L>

"# $%#&'(#)* F ,+ s.c.i. +' ,+ s.c.i. .)/) 0(1( x ∈ X!

6! "# $%#&'(#)* F : X → (−∞,∞] +, 1'&, )A

5©/601*&,* +*16K5(&,6&'( 6&B*-6(-

(d.s.c.i.) ,# x +'

F (x) ≤ ĺım
n→∞

ı́nf F (xn) ;<$M>

.)/) 0(1)+ *)+ +%&,+'(#,+ (xn)n∈R 7%, &(#8,/9,# 14

5©:'*-,#0, ) x! ;1,-<+= > +,

1'&, )$+$5$6$ +' ,+ 1!+!&!' ,# 0(1( x ∈ X!

?! @* +%:&(#A%#0( D(F ) = {x ∈ X : F (x) <∞} 1, B= +, 1'&, ,* 1(-'#'( ,$,&0'8( 1,

>

C! @D ,.E9/)$( 1, F +, 1,F#, .(/ epi(F ) = {(x, c) ∈ X × R : F (x) ≤ c}

*!+,!-. /)')') 3' F : X → (−∞,∞] ,+ &(#8,G( 2 )&(0)1( '#$,/'(/-,#0, ,# %#

&(#A%#0( ):',/0( U = ,#0(#&,+ > ,+ &(#0'#%( ,# U !
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 !"#!$% &'(')'  ! F : X → (−∞,∞] "# $% &$%'!(%)* +,(+!( s.c.i. '(%-".( "% X/ 0

F "# )'(1)2( #(3," $%) -"'!%2)2 V 2" $% '(%4$%1( )'(1)2( 0 '(%-".( C/ "%1(%'"# F

"# *!+#'5!16 '(%1!%$( "% C7

*+,-./!#!01.%2!3

 ! "#$% &"'(")% #"**+,! -"#(.+-"./# %01(!/# -"#(0$%2/# 2" 0/# #(32+4"-"!*+%0"# '("

!/# #"-5! 6$+0"# "! !("#$-/ "#$(2+/7 8/!#+2"-"./# X = R
n
 〈·, ·〉 !" #$%&'()% !*(+"+$

!, R
n
-

 !"#$%$&# '()  !" F : Rn → (−∞,∞)# !$ %&'()*!+!,-)"$ (! F !, x# !% !$ -.,/&,0.1

∂F (x) = {x∗ ∈ R
n : F (y)− F (x) ≥ 〈x∗, y − x〉 para todo y ∈ R

n} . ./-01

 ) ∂F (x) !% ,. 2"-3.# !,0.,-!% F %! ()-! %&'()*!+!,-)"'$!4 5$ -.,/&,0. (! 0.(.% $.%

6&,0.% (.,(! F !% %&'()*!+!,-)"'$! %! (!,.0" 6.+ D(∂F )4

*!+,!-. /)0)1) x0 = argmı́n
x∈Rn

F (x) %3 7 %.$"8!,0! %) 0 ∈ ∂F (x0)4

2+3456, )!,!3%* "%* *57'5!,)!* $!*'")+&%*

2,+3+4$%$&# /)0)5) 9"+" F : Rn → R
n
# !$ -.,/&,0. ∂F (x) !% -!++"(. 7 -.,2!:. 6"+"

0.(. x ∈ R
n
4

*!+,!-. /)0)6)  ) !$ *&,-).,"$ -.,2!:. F !% -.,0),&. !, x̄# !,0.,-!% ∂F (x̄) !% ,.

2"-3.4

/&!38* )!,!3%* ', $!*'")+&% 53#%$)+,)! 9'! ')5"5:+$!3%* 38* +&!"+,)!; !*)% !*

*!+,!-. /)0)7 .<'4&5=!$!,(5+" &! "+ *'3+1)  !", f : Rn → R
n
7 g : Rn → R

n

*&,-).,!% -.,2!:"% ;&! "(8)0!, &, 6&,0. !, domf ∩ domg !, !$ -&"$ f !% -.,0),&"4

5,0.,-!% 0!,!8.%

∂(f + g)(x) = ∂f(x) + ∂g(x) ∀x ∈ domf ∩ domg. ./->1

 !-+48,.%$&# <!+ u ∈ R
n = (domf ∩ domg); h∗ ∈ R

n
; ∂f(u)  ∂g(u) *%, "%*

*'4&5=!$!,(5+"!* (%$$!*#%,&5!,)!* &! f  g; <! *57'! &! .?-@>1 9'! &!4!, ('3#"5$

f(u)− f(ū) ≥ 〈h∗, u− ū〉

g(u)− g(ū) ≥ 〈z∗, u− ū〉
./-@A1
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 !"! #$%$ ū& '!()*+, #-,-($. /0- h ∈ ∂f(u) + ∂g(u)1 %-)-($. %-($.#"!" /0- h ∈

∂(f + g)(u)& 2!($. ! .0(!" 3!. %-.*40!3%!%-. -, 56&789 : $)#-,-($.

(f(u) + g(u))− (f(ū) + g(ū)) ≥ 〈h∗ + z∗, u− ū〉

(f + g)(u)− (f + g)(ū) ≥ 2〈h∗ + z∗, u− ū〉
56&779
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A-! epi(f) = {(x, ξ) : x ∈ R
n, ξ ∈ R, f(x) ≤ ξ} 3$. .0);$,B0,#$. %- R

n+1
%-C,*%$.  $"

C =

∫

epi(f), D = {(w, t) : 〈h, w〉 − g(w) ≥ t} 56&7D9
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n
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epi f. 56&7M9
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cl(int epi f) #-,-($.
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