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Abstract

In this thesis we introduce a Multigrid Optimization Algorithm (MG/OPT) for the
numerical solution of a class of quasilinear variational inequalities of the second
kind, which involve the p-Laplacian operator and the L!-norm of the gradient. This
approach follows from the fact that the solution of the variational inequality is given
by the minimizer of a nonsmooth energy functional, Therefore, we proposed a Hu-
ber regularization of the functional and a finite element discretization for the prob-
lem. Further, we analyze the regularity of the discretized energy functional, and
we are able to prove that its Jacobian is slantly differentiable. This regularity prop-
erty is useful to analyze the convergence of the MG/OPT algorithm. In fact, we
demostrate that the algorithm is global convergent by using the mean value the-
orem for slantly differentiable functions. Finally, we analyze the performance of
the MG/OPT algorithm when used to simulate the visco-plastic flow of Bingham,
Casson and Herschel-Bulkley fluids in a pipe. Several numerical experiments are
carried out to show the main features of the proposed method.
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Chapter 1
Introduction

In this thesis we are concerned with the analysis, development and implementation
of a multigrid algorithm for the numerical solution of a class of variational inequal-
ities of the second kind: let () be an open and bounded set in R"” with Lipschitz
boundary 90}, find u € Wg’p(Q) such that

/Q ]Vu\p_z(Vu,V(v—u))derg/Q \Vv\dx—g/ﬂ |Vu|dx > /Qf(v—u)dx, Yo € WS””(Q),
(1.1)

where 1 < p < oo,¢ > 0and f € L1(Q)). Here, g = % stands for the conjugate
exponent of p.

The numerical resolution of variational inequalities involving the p-Laplacian
constitutes an important research field. This operator is part of many mathematical
models and has been widely studied due to its importance in modelling physical
processes such as visco-plastic fluids flow, glaciology and diffusion and filtration
processes (see [2, 11]). These problems are related to a wide range of industrial ap-
plications that can be studied inside the large scale optimization framework. Large
scale problems involve a great amount of variables, thus, its numerical solution
could take long periods of computation when executing an algorithm.

We also know that a variational inequality corresponds to the necessary condi-
tion of an optimization problem. Particularly, the solution of the variational inequal-
ity (1.1) corresponds to a first order necessary optimality condition for the following

optimization problems.

min J(u) ::1/ |Vu|pdx—i—/ |Vu]dx—/fudx. (1.2)
uew,?(Q) pJo 0 o)

In consequence, throughout this work we will focus in the resolution of this op-



timization problem. Since our problem involves the L'-norm, it corresponds to a
non-differentiable minimization problem. Then, we propose a local Huber regular-
ization technique to deal with the non-differentiable term. Further, we propose to
solve the optimization problem by using a multigrid optimization (MG/OPT) algo-
rithm. This algorithm was introduced as an efficient tool for large scale optimization
problems (see [25, 23]). In [23] a multigrid optimization method is also presented
for the optimization of systems governed by differential equations. The MG/OPT
method focuses in optimization problems which are discretized in different levels
of discretization generating a family of subproblems of different sizes. The idea of
the algorithm is to take advantage of the solutions of problems discretized in coarse
levels to optimize problems in fine meshes. The efficient resolution of coarse prob-
lems provide a way to calculate search directions for fine problems. Our purpose in
this work is to propose, implement and analyze the MG/OPT algorithm for the res-
olution of nonsmooth problems with a finite element scheme. As the name implies,
the application of the MG/OPT method involves an underlying optimization algo-
rithm at each level of discretization. Due to the limited regularity of the functional
J and the p- Laplacian involved therein, we propose a class of descent algorithms
such as the gradient method and a preconditioned descent algorithm (see [12]) as
the underlying optimization algorithms. Particularly, the preconditioned descent
algorithm was proposed to solve variational inequalities involving the p-Laplacian.
Hence, our aim is to take advantage of the computational efficiency of the multigrid
scheme and combine it with a suitable optimization algorithm for type problems
(1.2).

The main idea of the MG/OPT method consists in generate, recursively, search
directions through solutions of coarse problems to optimize the solution of fine
problems. Regarding to this, the combination of a globally convergent underlying
optimization algorithm with a line search technique, ensures the decay of the func-
tional value at each cycle or iteration. Thus, the multigrid optimization algorithm
is globally convergent. However, the convergence depends critically on whether
the search directions found at coarse levels are descent directions. Taking this into
account, we propose a convergence analysis of the method based on a general no-
tion of differentiability (slant differentiability) of the functional J. Then, in order to
prove global convergence of the MG/OPT algorithm, it is usual to require that the
differential of the functional satisfy the mean value theorem [25]. Thus, we focus
our analysis on the differentiability of functional J. However, the functional J is not
twice Gateaux differentiable. Hence, we introduce a general notion of differentia-
bility and we propose to use the mean value theorem for slantly differentiable func-
tions [7] in order to prove convergence of the algorithm for problem (2.6). Finally,
we perform numerical experiments for solving the pipe flow of visco-plastic fluids



such as Herschel-Bulkley, Bingham and Casson, which are modeled by variational
inequalities of the second kind.



Chapter 2

Preliminary Results and Problem
Statement

2.1 Preliminary Results

2.1.1 Generalized Differentiability

In this section we introduce several concepts of differentiabilily: the concept of slant-
ing function, slant differentiability and the mean value theorem for slantly differen-
tiable funcions.

DEFINITION 2.1.1. Let X and Y be two normed spaces, D be a nonempty open set in
Xand]:D C X — Y be a given mapping. For x € D and h € X, if the limit

J(x +th) — J(x)
t

J'(x)(h) := lim

exists, the function is said to be directionally differentiable. Further, J'(x)(h) is the
directional derivative of | at x in the direction h. If the directional derivative |’ (x)(h)
exists for allh € X and J'(x) is a linear and continuous operator from X to Y, then |
is said to be Gateaux differentiable.

DEFINITION 2.1.2. Let X and Y be Banach spaces, and D be an open domain in X. A
function | : D C X — Y is said to be slantly differentiable at x € D if there exists
a mapping J° : D — L(X,Y) such that the family {]J°(x + h)} of bounded linear
operators is uniformly bounded in the operator norm, for h sufficiently small, and

o TG B) = () = (2 )l

=0.
h—0 ||7||




The function |° is called a slanting function for | at x.

DEFINITION 2.1.3. A function | : D C X — Y is said to be slantly differentiable in
an open domain Dy C D if there exists a mapping |° : D — L(X,Y) such that J° is
a slanting function for | at every point x € Dy. In this case, |° is called a slanting
function for | in Dy.

DEFINITION 2.1.4. Suppose that J° : D — L(X,Y) is a slanting function for | atx € D.
We call the set

9 (x) 1= { lim J°(x,)}

the slant derivative of | associated with J° at x € D. Here, lim,, ., J°(xx) exists for
any sequence {xx} C D such that x; — x.

PROPOSITION 2.1.5.

1. If ] is continuosly differentiable in D, we can set J°(u) := ]'(u) Yu € D. Thus,
J' is a slanting function for | at every point of D.

2. A slantly differentiable function | at u can have infinitely many slanting func-
tions at u. If [° and H° are both slanting functions for | atu € D, then

P°:=AJ°+(1—-A)H"
is also a slanting function for | atu € D, where A € [0, 1]. Moreover,
lim ||J°(u 4+ h)h — H°(u + h)h|| = 0.
h—0

Proof. See [7, Sec.2] OJ

Next, we present an important example of a slanting differentiable function that
will be useful in the subsequent sections.

EXAMPLE 2.1.6. [14, Sec.3, Lemma 3.1] Let ¢ > 0 be a constant. The mapping
Z — max(g, v|Z])

from R" to R is slantly differentiable on R". Further, the slant derivative of this
function is the characteristic function x 4, (Z) defined by

1, ifZe A,

X, (Z) =
! 0, ifZe X\A,,

where A, :={Z : v|Z| > g}



We now present the mean value theorem for slantly differentiable functions (see
[7, Sec. 2, Cor. 2.7, p. 1207 ]). This is a key result when proving convergence of the
multigrid optimization method. The mean value theorem can be seen as a corollary
of the following theorem that states the necessary and sufficient condition for slant
differentiability.

THEOREM 2.1.7. An operator | : X — Y is slantly differentiable at x if and only if | is
Lipschitz continuous at x.

Proof. See [7, Sec. 2 ]. O

Before presenting the mean value theorem we need to introduce the following
lemma.

LEMMA 2.1.8. Let X be a normed space and h be a fixed element of X, h # 0. Then
there exists an element g € X*, where X* is the dual of X, such that

g(h) = [[n] and ||g]| = 1.

THEOREM 2.1.9. (Mean value theorem for slantly differentiable funcions.) Let X and
Y be Banach spaces, and D be an open domain in X. Suppose that | : D C X — Y
is slantly differentiable at x. Then for any h # 0 such that x + h € D, there exists a
slanting function for | at x such that

J(x+h)—J(x)=]°(x+ h)h.

Proof. Since ] is slantly differentiable, we can construct a slanting function for | at
x. From Lemma 2.1.8, we know that for each i # 0 there exists a continuous linear
functional g, € X* such that g, (h) = ||k|| and ||gx|| = 1. Then, we can define the
following slanting function

]O(x—i—h) — (]<x+‘721H_ ](x))gh/ (21)
thus, for each 1 # 0 we have that
]O(x+h)h — (](x—{_ﬁZ})ZH_](x))gh(h)

(2.2)
=J(x+h)—J(x).

Now;, it remains to prove that the family {J°(x + &)} is uniformly bounded for &
sufficiently small.



From (2.1) and for any z € X we have that

!

Hence, since g, € X*,

e+ mzl = ) =0, )

(x4 1)~ ] ()
e ]

G+ h) — J(x)
il

I
I2]]-

Since we defined J° as a bounded linear operator on X into Y, we have that
P

1P+ Rzl _ I +h) — )]
i S P R I '

therefore

/(x4 1) = ()|
i '

From Theorem 2.1.7 we know that | is Lipschitz continuous at x, then

17°(x + )| <

1J°(x + )| < L.

2.1.2 Important Theorems in existence and uniqueness of the so-
lution

In what follows we present some important results needed when proving existence
and uniqueness of the solution of problem (1.1).

THEOREM 2.1.10. Let S ve a nonempty, convex, closed and bounded subset of a re-
flexive real Banach space, and let | : S — R be a continuous quasiconvex functional.
Then | has at least one minimal point on S.

Proof. See [Th. 2.12, Ch 2.][18] [

LEMMA 2.1.11. Let S ve a nonempty, convex and closed subset of a real normed space.
If the functional | : S — R is continuous and quasiconvex, then | is weakly lower



semicontinuous.
Proof. See [Lemma. 2.11, Ch 2.][18] m
THEOREM 2.1.12. Consider the function

J(u) = Ji(u) + J2(u) (2.3)

where we assume that the functions J;(1),i = 1,2, are continuous, convex, and
lower semi-continuous in the weak topology. Further let

1,
J(u) = +o0 as ||ul| = +oo, forallu € W, P(O). (2.4)

We assume that the function u — J;(u) is differentiable, but ], is not necessarily
differentiable. Finally assume that | is strictly convex. Then the unique element

vE Wé’p(Q) such that [(v) = inf  J(u) is characterized by
uGWé’p(Q)
Ji(0) - (u =) + Jo(u) — J2(0) > 0 forallv € W,”(Q). (2.5)
Proof. See [Th. 1.6, Ch.1][24] 0

2.2 Problem Statement

In this work, we are concerned with the numerical solution of the following class of

nonsmooth optimization problems:

1
min J(u ::—/ VulPdx + / Vu dx—/ udx. (2.6)
i 1) = [0l axg [ 1vudax= [ 1

wherel < p <oo,g¢g>0and f € L1(Q).

The minimizer of this nonsmooth energy functional is given by the solution
of a variational inequality of the second kind. In order to show this statement

let us introduce the following notation: F = % / |VulPdx — / fudx and G =
o) 0

g / |Vu|dx. It is clear that both functions are continuous and convex. Further,
Q

from Lemma 2.1.11, and since every convex function is also quasiconvex, F and G

are weakly lower semicontinuous.

Next, problem (2.6) can be written as

1
)=l + s [ [Vulde— [ fudx

8



Therefore, ] (-) satisfies that

lim  J(u) = +oo. (2.7)

_>
1.2

Note that, following Theorem 2.1.10, and because ] is strictly convex, the minimizer
of (2.6) is characterized by the following variational inequality of the second kind:
findu € Wé’p(Q) such that

(Au, v —u) + gj(v) — gj(u) >0, Yo € Wy* (Q)
where
(Au, v) = /Q VulP2(Vi - Vo) dQ — /va dx,
and
j(u) = /Q Vul dx.

Here, (Au,v) stands for the derivative of F(u). In particular, the minimizer of the
functional F satisfies the Dirichlet problem for the p-Laplace operator. Following
[11], we know that F(u) is a strictly convex funcional and its gradient is given by
the following operator

A: WP (Q) = W H(Q),

defined by
(Au,v) = /Q |VulP~2(Vu - Vo) — /vadxdx, You e Wé’p.

Here, W&’p (Q) is the Sobolev space and W~14(Q) is its dual space with g = %.
Further, F (1) is twice Gateaux differentiable [2] , with

F'(u)(v) :/(‘)|Vu|”2(Vu-Vv)dx—/vadx
(2.8)

_ Lp
= (Au,v), Yo e W,",
and

F'(u)(0,w) = /Q IVu|P~2(Vo, Vo) dx

2.9)
+(p—2) /Q |VulP~4(Vu, Vo) (Vu, Vo) dx, Yo,w € W&’p.

Once we have analyzed the variational inequality, we will focus on the resolution
of (2.6) because our goal is to solve the minimization problem. In what follows we



summarize known results about the existence of a unique solution for this problem.

THEOREM 2.2.1. Let 1 < p < oo. Then, problem (2.6) has a unique solution il €
1p
Wy ().

Proof. The space Wé P(Q)) is a reflexive Banach spaceif 1 < p < co. Itis easy to verify
that J(-) is a continuous strictly convex functional. Then, Theorem 2.1.10 implies
that | has at least one minimal point. Further, from (2.7) and applying Theorem
2.1.12 we know that the minimal point found is the unique solution i € Wé’p (Q)
for problem (2.6). O

2.2.1 Regularization and discretization

The minimization problem (2.6) involves a convex non-smooth functional. The
norm | Vy| in the second term leads us to a non-differentiable problem . We propose
a local Huber regularization procedure in order to solve this issue. This regulariza-
tion only changes locally the estructure of the functional, preserving the qualitative
properties. This regularization has been used in several contributions (see [12]).

Let us introduce, for v > 0, the function ¢, : R” — R as follows:

2 .
glzel =& iflzl >

Pyiz = Py(z) = 1jap ifl2] <

2os <=

The function ¢, corresponds to a local regularization of the Euclidean norm.
Thanks to this procedure we obtain the following regularized optimization problem

1
i == VulPd Vu)dx — dx. 2.10
i p/Q| uldx+ [ g,(Vuydx— [ fudr. @10

THEOREM 2.2.2. Let 1 < p < oo and v > 0. Then, problem (2.10) has a unique
solution u.,, € Wé’p (Q)). Also, the sequence {u} C W&’p (Q)) converges strongly in
Wé’p(Q) to the solution i of problem (2.6) as y — .

Proof. See [12, Sec. 2]. ]

10



2.2.2 Finite element formulation

Let us introduce the finite element formulation of problem (2.10). Let (), be a trian-
gulation of the domain O, 1, € IN the number of triangles T; such that Q, = U’ T
and n the number of nodes of the triangulation (). For any two triangles, their
clousures are either disjoint or have a common vertex or a common edge. Finally,
let {P;}-1,... » be the vertices (nodes) associated with (). Taking this into account,
we define

Vi :={v, € C(y) :vp|1, € Py, VT; € Oy},

where P, is the space of continuous piecewise linear functions defined on ();,. Then
the following space
V=W, (Q) NV, (2.11)

is the finite-dimensional space associated with the triangulation €2;,.

Considering the previous analysis, the finite element approximation of (2.10) is
formulated as follows

1
m1n]7h(uh) p/o |Vuh\’”dx—|—/0 1P7(Vuh)dx—/0 fuydx. (2.12)
h h h

uhGV

In the following proposition we analyze the derivative of the discrete functional
Ju(ty). This analysis will be crucial in the convergence discussion of the multigrid
algorithm presented in Chapter 4.

Hereafter, since we are working in finite dimensional spaces, the derivative J; (uy,)(vy,)
can be rewritten, using the canonical basis of R", as the following product J; (u,) (vy,) =

i]{z(uh)(ei)v = Z a]a(:h) = V/u(uy) "oy, (see [10, Sec. 1.1.2 b,c]). Also, we
=1 i=1 i

adopt the notation: % J i (uy) for a slanting function of V Jj, (uy,).

PROPOSITION 2.2.3. Let 1 < p < co. The functional ] ;(uy) is Gateaux differentiable
with

Vi) _/ [V P2V, - Vvhdx+g/ v (Vi - Voy)

- = v, dx Yo, € V0.
0, max(g, 11V ) 7 Jo, SO Vo € Vi

(2.13)

11



Furthermore V], ,(uy,) is a slantly differentiable function with

Vo () (0, wp) 3:/Q IVuh\P‘2Vvh-thdx
h

+(p—2) /Q |Vuh\”’4(Vuh Vo) (Vuy, - Vwy,) dx
h

(Voy, - Vy,) (Vuy - Vo) (Vuy, - V)
b [ TS i
A'yg |Vuh| Ay ‘vuhp
+ /Q v(Voy, - Vwy,) dx, Yo, wy, € V;?.
k
1 (2.14)
Proof. Let us decompose the funcional ], ,(u;,) as follows.
Jou(un) == F(up) + Gy n(Vuy), (2.15)
where 1
Fr(uy, ::—/ Vuy de—/ uy dx,
()=, [ 1Vulrax— [ f
and

th Vuh / l[)fy Vuh

As V,? is a closed subspace of WO’ (Q)) (see [11, Sec. 3]), the properties of the func-
tional ], are inherited by the discrete functional J, ;. Hence, in what follows we
present the derivative of the functional /. (uy,). From (2.8), we have that the deriva-
tive of the discrete functional F,(uy,) is given by

YV Fu(uy) "o, = /Q \Vuy|P2Vuy, - Vo, dx — /Q fopdx, Yo, € V. (2.16)
h h

Next, let us analyse the functional G, ,(Vuy). It is known that G, ;, is once Gateaux
differentiable (see [12, Sec. 2.2]), and moreover, we know that

vuh Vvh 0
VG, n( Vuy) o, g/ Vi dx g/ﬂh\A%h'y(Vuh Vo) dx, Yo, € V),

where
Ay ={xeQy : 7|Vuy(x)| > g}.

12



By using the max function, we can rewrite VG, ,(Vuy,)vy, in the following way.

¥ (Vuy, - Vo)

dx, Yo, € V9. 2.17
o, max(g, 1[Vu]) 7 V0 € Vi @17)

VG, (Vup)o, =g
Next, from (2.15), it follows that
V],Y,h(uh)TUh = th(uh)th + VQ%h(Vuh)th, (2.18)

which, thanks to (2.17) and (2.16), implies that

¥(Vuy, - Vo)

dx
o, max(g,y|Vuyl)

V]%h(uh)th = /Q \Vuh|’7_2Vuh -Vo,dx+g
h

—/ fopdx Yo, € V,?.
Qy

The last expression corresponds to the Gateaux derivative of the discretized func-
tional ], j,(uy,). Next, from Proposition 2.1.5 we have that V], j,(uj,) vy, := ];h(uh)vh.

The second Gateaux derivative of |, ;(u;) does not exist. In fact, the functional
VG, 1(Vuy) is not Gateaux differentiable since this functional involves the max
function. However, the max function is slantly differentiable when defined in finite

dimensional spaces (see Example 2.1.6). Thus, we can calculate the slant derivative
of VG, ,(Vuy), denoted by VG, ;,(Vuy,), as follows.

Vu| > £: Here, we have that
¥

VZ)h th)
x(g,v|Vup|)

%Q%h(vuh)(vhf wy) = g/ , ma

_ / XA n (x) - y(Vuy - Vwy,)
A

Yuy, - Vo) dx
 max(g, Y|V TV Vow)

Y VUh th)

dx
V|

B / Y (Vuy, - V) (Vuy, - Voy,) i
(Y[ Vun|))? V|

- V’()h th)
N g/ |Vuh\ ax

/ (Vuy, - V) (Vuy - Vo)
A \Vuy,[3 ’

1h

13



where x4, is the slant derivative of function max(g, v[Viuy|).

|Vu| < %: Here, we have that

v(Voy, - Vwy,)
1w \Aq max(g, v|Vuy|)

%g%h(v”h)@hrwh) = g/Q

¥(Vuy, - Voy,) dx

B / Xa,,(x) - y(Vuy - V)
O\, (max(g, v[Vuy|))? [ Viuy|

- g r(Von-Vew)
Y\A 8

= Vo, - Vwy,) dx.
Jop, 7T V)

Then, the slant derivative of VG, ,(Vuy,) reads as follows

(Vo - V) / (Vuy - Vo) (Vuy, - V)
A

VG, () (op, wp) = /A Vi) NTE

1h Yh

‘|‘/ ’)/(V’Uh : th>, Yoy, wy, € V;?.
O \Aq g

(2.19)
On the other hand, from (2.9) we have that

V2 Fy(uy) (vp, wy) :/Q Vi |P~2Voy, - Vay,
h

+(P —2) /Q |Vu2\p_4(Vuh . Vvh)(Vuh : th), Yoy, wy, € VP?‘
' (2.20)
)T

Hence, from (2.18), we obtain the slant derivative of V], () ' v}, as follows

(e)

V] (up) (op, wy) = V2Fy(uy) (v - wy)

. 2.21)
+VGo 1 (Vuy) (v - wy) Yo, wy, € VP,

14



which, thanks to (2.19), (2.20) and (2.21), yields that

o

V] (up) (0n, wp)= /Q |V, [P~V 0, Vy, dx
h

+(p—2) /Q [V un|P~H(Vuy, - Vo) (Vuy - V) dx
h

(2.22)
(Vvh : th) Vuh : Vvh(Vuh : th)
+ — = dx — / dx
Ay |vuh| Ay |Vuh|3
+ ’y(Vvh : th) dx, Vv, wy € V}?.
-1\ Ay
[

15



Chapter 3

Multigrid Methods

In this chapter we present the multgrid (MG) methods for solving discretized partial
differential equations. This methods constitutes the basis of the multigrid optimiza-
tion algorithm that will be applied in the development of this thesis. As the name
implies, in the multigrid methods we work with problems discretized in different
grids or meshes of several sizes. The method involves the application of an iter-
ative method for solving the discrete partial differential equation. Then, the two
main ideas of the algorithm is to take advantage of the smoothing effect that sev-
eral iterative methods have on the error of an approximated solution and, using the
size of the grids, to approximate this smooth error on a coarse grid in order to cor-
rect quantities. In what follows we explain these two considerations introducing
the multigrid method for the discretized Poisson problem with Dirichlet boundary
conditions.

=Dy (x,y) = fu(x,y) in Oy (3.1)

un(%,y) = gn(x,y) on oY,

where O C R%, h = %, with n € IN.

There is a wide range of iterative methods to solve this particular problem, we
can enumerate the Gauss-Seidel, Jacobi, Conjugate gradient and SOR methods among
others. Let us denote by IM (Iteration Method) the iteration formula of any method
and u;l the aproximation of uy,(x;, yj) at iteration /. Then, we have

u?_l (xi/ }/]) = IM(ML(XZ‘, }/])/ fh)

where (x;,y;) € . If we apply the previous equation to the Poisson problem a
few times, the error of the aproximation v, (x;,y;) = uy(x;,y;) — uj,(x;,y;) becomes
smooth. Hence, the iteration formula can be interpreted as an error averaging pro-
cess. Classical iterative methods have the property of smoothing the error for dis-
crete elliptic problems [29, Sec 1.5]. The second main property of the multigrid ap-
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proach consists in approximating the error on a coarse grid, this procedure is less
expensive due to the fact that we have fewer grid points. It is called the coarse grid
correction procedure.

Let us illustrate the smoothing process and the coarse grid principle by looking
at the error vy, (x,y). Since it is a function of x and y we can rewrite it as follows:

n—1
op(x,y) = ) @ sinkmx sinmmy. (3.2)
km=1
Here, the functions
gol;l’m(x,y) =sinknmxsinmmy  (k,m=1,--- ,n—1) (3.3)

are the discrete eigenfunctions of the discrete operator A;,. Then, the error has high
frequency and low frequency components. We call high frequency components to
the following functions:

Ky m sinkrtxsinmmy  with k or m large (3.4)
and low frequency components to

&g m sinkmxsinmmy  with k or m small (3.5)

The error becomes smooth because the high frequency components become small
after some iterations steps of the iterative method. On the other hand, the low fre-
quency components hardly change.

The coarse grid principle is explained as follows: let us consider the Poisson
problem on a grid (), with mesh size h = % Since we have to approximate the error
on a coarse grid, we consider the coarser grid () with mesh size H = 2h, which
is always used in the multigrid framework. Then, we observe that the following
eigenfunctions coincide on Q) in the following sense [29, Sec. 1.5.2]:

¢ () = —¢" M y) =~ M (x,y) = 9" M (xy)  for (x,y) € Qg

Then, the previous eigenfunctions cannot be distinguished on Q. Thus, we can
redefine the components of the error as follows:

e low frequency if max(k, m) < %,
e high frequency if 5 < max(k,m) < n.
For k or m = 4, the components ¢* vanish on Q). Then, we can approximate the
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error on a coarser grid.

3.1 Multigrid for differential problems

3.1.1 Two-grid scheme

In what follows we present the multigrid algorithm for solving the Poisson problem
(3.1), we introduce the smoothing procedure and the coarse grid correction prici-
ples as the fundamental ideas inside the multigrid approach. In order to illustrate
the method we work with two grids and use the matrix notation A instead of the
operator —A;, with the Dirichlet boundary coditions. For simplicity, we drop the
dependence of the pair (x;,y;). Then we have the system

Ay = fp. (3.6)

Using an iterative method with a smoothing property we have, after a few (1) iter-
ations of the method, an approximated solution u,". The error is denoted by

O = up — Uy

and the residual is given by
ry = fh — Ahuzl. (37)

Then, we have the residual equation
Apvy = 13 (3.8)

Since u;, = uzl + vy, the residual equation (3.8) is equivalent to (3.6), however, vy,
and r;, are smooth. Then, without any important loss of information, v;, can be
approximated on a coarse level as the solution of a coarse problem defined by

AHUH =TH, (3.9)

where H = 2h is the size of the coarse mesh. As we can see from the previous
system, we need to redefine the residual in the coarser mesh. Thus, we introduce
the fine-to-coarse grid transfer operator I!!, which is a restriction operator that transfers
information from the fine grid to the coarser one. Then we have that ry = [/r;,. On
the other hand, Ay corresponds to the —Ap operator discretized on the mesh with
size H. If we solve system (3.9) we obtain vf, which can be seen as an approximation
of v, on a coarse grid, i.e., an smooth approximation of the error of the solution in
a coarse grid. Hence, we can interpolate this correction to the fine grid through
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the coarse-to-fine grid transfer operator I};. Since we have that u;, = u;' + vy, we can
update the solution and compute a new approximation as follows

uie = u)t + Iy, (3.10)
Taking into account the previous disscusion, we present the twogrid algorithm. Let
us recall that the application of any iterative method (with smoothing properties) to
solve problem (3.9) is denoted by uil =IM (uél_l, fn)- In the literature, it is usual to
denote this smothing procedure as u}, = S(uil_l, f1)- Finally, the two-grid algorithm
reads as follows:

Algorithm 1 Two-grid method for solving Ajuj; = fj.

Pre-smoothing
e Compute u;" applying vy iterations of an iterative method:

ufl = IM(uﬁ_l,fh), (=1,...,v1.

Coarse-grid correction
e Computation of the residual: r, = f;, — Ahuzl
e Restrict: ry = IhHrh.
e Solve: Agvy = ry on Q.
e Interpolate the correction: 9, = I, vy.

e Compute the corrected approximation: u}' ™! = u!' + 9.

Post-optimization
e Apply 1, iterations of an iterative algorithm:

ué = IM(u;l’l,fh), {=v+2,...,v1+1n+1.

In the coarse-grid correction procedure, when interpolating the correction 9, =
"oy, the procedure may introduce some errors. Then, it is necessary to apply 1,
iterations of the smoothing process.

3.1.2 Multigrid scheme

The two-grid method corresponds to the basis of the multigrid, MG, algorithm.
However, the two-grid scheme is not widespread used in practice due to the fact
that the coarse problem is still very large. Even more, there is no need to solve
the coarse system (3.9) exactly. Since the residual equation in the coarse space has
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the same form as system (3.6), we can use an approximation to vy. The idea of
the multigrid algorithm is to apply the two-grid scheme in order to determine an
approximation to vy. This means that we have to introduce an even coarser grid
and coarser problem. In the multigrid algorithm, the previous idea is applied recur-
sively until an specific coarsest grid, where the residual equation is solved by any
method (even a direct method) because it is inexpensive to solve in the few points
of the coarsest grid.

In order to present the multigrid algorithm, we first need to introduce a sequence
of partitions {O}r—o, . m of O such that the mesh size of the grids satisfies that
h = %hk—l- Then, )y corresponds to the coarsest grid and (), is the finest one. Also,
the multigrid approach involves several auxiliary operators. As we are working
with a set of meshes and the algorithm runs at each level of discretization, we need
to transfer information among the different grids. Hence, we introduce the fine-
to-coarse grid transfer operator, I]If_l, and the coarse-to-fine grid transfer operator, I,’j_l.
Given a coarse mesh denoted by ();_1, we can obtain a finer mesh () by regular
subdivision. As the name implies, the coarse-to-fine grid transfer operator transfers
information from the coarse mesh () to the finer mesh );_;. It is also called the
prolongation operator. The fine-to-coarse grid transfer operator or restriction operator
transfers information from the fine grid to the coarser one. Once we have introduced
the auxiliary operators we are ready to introduce the multigrid algorithm.
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Algorithm 2 Multigrid algorithm for solving Auy = f.
If k = 0, solve Ajuy = fi directly.
Pre-smoothing

e Compute u;' applying 11 iterations of an iterative method:
up = IM(uﬁ_l,fh), (=1,...,v.

Coarse-grid correction
e Computation of the residual: ry = f — AkuZ1

e Restrict: 1,1 = I}("lrk.
Compute an approximated solution v_q of the residual equation

Af_10k—1 = Tk—1

on Q1 by performing k-grid cycles as follows:
e Setvy_1 =0
e Call ¢ times the MG scheme to solve Ay_10x_1 = 7¢_1.
e Interpolate the correction: vy = I;’g_lvk—l-
e Compute the corrected approximation: uZlH = u;,! + vy

Post-optimization

e Apply 1; iterations of an iterative algorithm:

uf( = IM(uf(_l,fh), {=wv+2,...,v1+1n+1.

In the multigrid scheme we introduce the cycle index -y, which corresponds to
the number of times the multigrid scheme is applied to obtain a good aproximation
to the solution of Ay 1041 = 7¢_1. When ¢y = 1 the multigrid scheme is called
V-cycle, in the case y = 2 we refer it as the W-cycle (see Figure 3.1).

VA

Figure 3.1: MG scheme with four grids. Left: 7 = 1, right: ¢ = 2 [29, Sec. 2.4].
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3.1.3 Full multigrid scheme

The main idea of the full multigrid, FMG, scheme is to provide a good initial ap-
proximation at each level k of discretization, i.e., at each grid (), we start with a
good approximation. Given a discrete problem, the FMG scheme uses nested itera-
tions starting from a coarse grid, at this level, since we have few points in the grid,
we can inexpensively solve the discrete problem. Then, the algorithm interpolates
this solution to the next finer grid. The interpolated solution corresponds to the first
guess at this new level. The algorithm repeats this process up to a certain finest
grid. It is important to recall that, at each level of discretization, we perform a few,
r, cycles of the MG scheme. The structure of the FMG is presented in Figure 3.2.

/ = FMG interpolation

Figure 3.2: FMG scheme with r = 1 and v = 1 [29, Sec. 2.6].

As we can see from Figure 3.2, the FMG scheme involves an interpolator oper-
ator that will be denoted by Hﬁ_l, generally speaking, this operator is of a higher
accuracy than the operator I,’f_l. However, if no such accuracy is needed, one can
use the coarse-to-fine grid transfer operator, I ,’(‘_1. In what follows we present the FMG
algorithm.

Algorithm 3 Full multigrid algorithm for solving Axuy = fi.
£MG _

For k = 0, solve Axuy = f, providing u uo.
Fork=1,2,--- ,m:

o = T e

e Apply r times MG 7y-cycles to solve Ay = fi initialized with 1.

o uy = utMC,
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3.1.4 Multigrid methods for nonlinear problems, FAS scheme

The multigrid algorithm can also be applied to nonlinear problems. The most com-
mon multigrid algorithm in the nonlinear framework is the full approximation scheme,
FAS [3]. The structure of this algorithm constitutes the basis for the multigrid opti-
mization method and other advanced multigrid techniques [29, Sec. 5.3.7]. In what
follows we briefly present the FAS idea for solving the nonlinear differential equa-
tion:

Ni(ux) = fr, (3.11)

where Nj(-) is a discrete nonlinear differential operator. At the starting point of
the FAS algorithm we apply a few times a nonlinear iterative method (or a relax-
ation type method [29, Sec 5.3.2]), for solving problem (3.11). As we know from the
previous sections, this procedure corresponds to the smoothing process of the error
and it is denoted by uy = IM(uy, f). Since we apply this process only a few times
we obtain an approximated solution ;. Thus, the desired solution u is given by
uy = iy + vx, where vy is the error at level k. Hence, we rewrite the problem as
follows.

Nk(ﬁk + Uk) = fk-

If we define the residual as ry = fy — Ni(ilx), we can write the correction equation in
the following way.
Nie (i1 + v) — Ny (i) = . (3.12)

Now, let’s represent 7y + v on the coarse grid in terms of the coarse-grid variable

N
A

o fk-15
U1 1= Ik U + Uf_1-

Here, in contrast to the multigrid scheme, we perform a restriction procedure
of the approximated solution i through the operator Il‘fl. This operator may be
different from I,’(‘*l [29, Sec. 5.3.4]. In the same way, we formulate equation (3.12)
on the coarse level by replacing Ni(-) by Nix_1(-), ilx by Ill{‘*lﬁk, and ry by I,l:*lrk =
L1 (fi — Ni(ily)). Finally, we get the FAS equation:

Nica(ik1) = I (fie = Ni(i1)) + Neoa (I i) (3.13)
This equation can be rewritten as follows
N1 (1) = I e+t

where
b = N (I b)) — I INg (g,
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this term is called fine-to-coarse residual correction. Then, a simple but important fact
is that the fine grid is now used as a mechanism for calculating the correction T,f_l to
the FAS equation. The next step consists in the coarse-grid correction: the interpola-
tion I]]f_lﬁk,l introduces errors of the full solution 7} instead of only the error vy_
as in the multigrid scheme. For this reason, the following coarse-grid correction is
used

Uy = ﬂk + Illgc_l(ﬁk—l — Illzilﬁk).

Algorithm 4 FAS scheme for solving N (uy) = fi
if k = 0 then
solve Ni(uy) = fi directly.
end if
Pre-smoothing steps:
uf{ = S(ui‘l,fk), forl =,1,---,11.
Coarse grid correction:

e Computation of the residual: ry = f — Nku;él.

Restriction of the residual: r,_; = I,’(‘_lrk.

Set up_1 = I,i"lu,({vl).

[ ]

e Set fr 1 =11+ Ne—1(ug—1).

e Call § times the FAS scheme to solve Ny 1 (ux_1) = fr_1.

e Compute the corrected approximation: uZlH = u}({m) + Ill(‘fl(uk,l -

I]](‘_lu,(cvl) ).
Post-smoothing steps on the fine grid:

ul({l) = S(ul({l_l),fk),forl =1+2---,n+n+l

For further details of the FAS scheme we refer the reader see [3]. Considering
the scheme of the FAS method, in the next chapter we introduce the multigrid opti-
mization, MG/OPT algorithm.
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Chapter 4

Multigrid for optimization problems,
MG/OPT

In this chapter, we present the multigrid optimization (MG/OPT) algorithm for
solving the discretized and regularized optimization problem (2.12). The MG/OPT
method corresponds to a nonlinear programming adaptation of the full approxima-
tion scheme, FAS (see [3, 29]). The multigrid subproblems arising from the differ-
ent discretization levels are nonlinear optimization problems [23]. The MG/OPT
method was introduced as an efficient tool for large scale optmization problems (see
[25, 23]). In fact, the idea of the algorithm is to take advantage of the solutions of
problems discretized in coarse meshes to compute search directions for finer prob-
lems. The efficient resolution of coarse problems provide a way to calculate search
directions for large optimization problems.

4.1 Transfer operators

In order to present the algorithm, we shall introduce the following preliminaries.
Let {Q }x—o,..m be a sequence of partitions of (2),. As usual, () is obtained from
1 by a regular subdivision: the procedure joins the edge midpoints of any tri-
angle in mesh ();_; by edges, and forms the new triangles of () (see Figure 4.1).
This procedure guarantees that the discretization parameters h; and hy_; satisfy
that i, = %hk,l. Then we have that ();_1 C ;. Furthermore, let Vk0 be the FEM
space associated to (), we have that V,?fl c VO fork =1,...,m (see, for instance,
12,13, 22]).

25



Figure 4.1: Regular subdivision of meshes (from left to right): (p, (2; and ().

In this work we use the mesh data structure and the transfer operators presented
in [13, Ch. 6, Ch. 13] to implement the operators I,’f_l and If . This data structure
describes the linear Lagrange triangles of a mesh and allows us to recover the in-
dex of a given node and identify its node parents in any mesh created by regular
subdivision. Taking this into account, we are ready to introduce the transfer oper-
ators. For the coarse-to-fine grid transfer operador, I}(‘fl, let denote 7_; as the vector
containing the nodal values of a piecewise linear function on ();_1. The idea of this
operator is to obtain the vector 7 that contains the nodal values of the piecewise
linear function on (). Let us illustrate the procedure in a single triangle. Suppose
that we have the nodal values of its three nodes. If we refine it we obtain four trian-
gles and six nodes as is shown in Figure 4.2. In order to obtain the nodal values of
the midpoints with indexes 4, 5 and 6, we compute the average of the extreme nodes
values. For instance, the value of the node with index 4 is the average of the nodal
values with indexes 1 and 2. This procedure is repeated for all the midpoints on the
finer mesh ()

Figure 4.2: Refinement of a single triangle

Due to the fact that each node in () either belongs to ();_; or is the midpoint
of an edge in ();_1, the transfer algorithm computes the vector of nodal values for
inner and boundary nodes denoted by ¥, on (). At the end, the algorithm extracts
the components corresponding to the boundary nodes to obtain 7.
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Next, we present the algorithm to compute 7. Let Ni be the vector that contains
the indices of nodes in () that are not in ()_;.

Algorithm 5 Coarse-to-fine grid transfer operador I},

1. Copy the components of 7_; that corresponds to the components of .
2. Fori € Ni do
§ 17 y
(O)i = 5 ((Uk)z:em,1 + (0k>imd2> :

3. Extract the components of 7 corresponding to the boundary nodes and finally
obtain 7y, (the inner nodes of ;).

Here i,,4, and i,,4, denote the indices of the endpoints of the edge in ();_; of
which (7); is the midpoint.

For the fine-to-coarse grid transfer operador, I,I:_l, let us recall that the vector ¥
contains the nodal values of a piecewise linear function on (). Then, the vector
with the nodal values of a piecewise linear function associated to the indices in Nj
will be denoted as ¥. In this case, we perform the inverse procedure than the stated
before. We present the following algorithm in orer to illustrate it.

Algorithm 6 Fine-to-coarse grid transfer operador I,’c‘_1

1. Copy the components of 7y that corresponds to the components of ¥y.
2. Initialize to zero the other components of ¥y.

3. Fori € Ny do
y 1
()i, = 5 ()i
" 1
(Uk>iend2 = E (vk)i’

4. Extract the components of ¥y corresponding to the nodes in ();_1, except the
boundary nodes, to obtain 7j_;.

The mesh data structure implemented allows us to copy and extract nodes from
any specific discretization. We refer the reader to see [13, Ch. 13, sec. 13.2.1] for a
detailed explanation of the transfer operators.
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In multigrid schemes is standard to assume that

T
Illccil =c (Il]c(—l> ’

where c is a constant. In our case, the restriction and prolongation operators satisfy
the condition (see [13, Sec. 13.2.1, p. 294])

= (1,’;_1>T. 4.1)

4.2 MG/OPT Algorithm

Once we have introduced the interpolation operators, we are ready to discuss the
MG /OPT method for problem (2.12). In order to understand the link between the
FAS structure and the MG/OPT scheme, we present one iteration loop for the two-
grid optimization algorithm ([4, Sec.6]). As we are working only with two grids, the
finest grid is ()1 and the coarsest one is denoted by (). Therefore the solutions
and u( correspond to the solutions in the grids () and () respectively.

In the two-grid algorithm, at the coarsest grid, k = 0, we solve
n;in]'y,k(“k)/

otherwise, we apply v iterations of an optimization algorithm to the problem and
obtain an approximated solution u;'. Consequently the desired solution 14 is given
by u; = u1{1 + e, for some error e, and the problem

n}dn] 71 (u1)
is equivalent to solving V], 1 (u1) = 0. Thus, we can write the problem as follows
V]%1(u11/1 +e)=0

or

V]ml(uil/l + 61) — V]ml(uil/l) = —V]%1(u¥1). 4.2)

Now, following the idea of the FAS scheme, our aim is to present this problem on
the coarsest grid. Therefore, we restrict u’ljl + e; to the grid () as follows

ug = ul" + eo.

Then, we can represent (4.2) on ()g. The main idea is to obtain the structure of
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the FAS equation (3.13) in order to take advantage of the FAS algorithm’s scheme.
Hence, we formulate equation (4.2) on the coarse level by applying the operator I
to the right-hand side. The left-hand side is represented by V], o(-) and applying I
to u;". Then, the equation reads as

Viyo(o) = Vyo(u') = =10V ], 1 (u]"). (4.3)

If we denote
_ 0,,v1y _ 70 %1
Ty = v]7,0(11u1 ) I V]'y,l(u1 ),

then we have the following equation:

V]q0(uo) = To. (4.4)

At this point, solving the previous equation is equivalent to solving the optimization
problem

min (] 0(t0) — fo' o),

where fy = T in the grid ()g. Suppose that the solution to the problem in the
coarsest grid is u(. Then, the next step is called the coarse-to-fine minimization step
and consists in performing a line search procedure

up = ul' +alf(ug — Lu). (4.5)

Where « is the step size and the descent direction is I} (19 — I{u7"). In the last step we
apply v, iterations of an optimization algorithm to the original problem inicialized
with 1. Finally, we obtain ulllﬁvzﬂ. At this point, we can compare the scheme
presented with the FAS algorithm. An important but simple fact is that MG/OPT

algorithm is a programming adaptation of the FAS scheme.

Once we have introduced the algorithm for two grids we first make some com-
ments before introducing the multigrid algorithm. MG/OPT is related to different
optimization techniques ranging from the gradient method to quasi Newton meth-
ods to solve the problems at each level. The multigrid for optimization approach
makes minimal requests about the underlying optimization algorithm. However, it
is important to highlight that at each level of discretization we need to find an esti-
mated solution for the minimization subproblem. Then, the election of the underly-
ing optimization algorithm is not trivial and depends on the inner characteristics of
the optimization problem. As our goal is to solve problem (2.12), we use a class of
descent algorithms as the underlying algorithm. This choice was made based on the
structure of problem (2.12). As the p - Laplacian is involved in the functional, we
have to consider that its finite element approximation derives in a highly nonlinear
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and degenerate finite dimensional problem [16]. Also, the functional ], , involves a
semismooth regular function. Then, the class of descent algorithms chosen is suit-
able to deal with this issue. As we mentioned before, the main idea of the MG/OPT
algorithm is to use coarse problems to generate, recursively, search directions for
finer problems. Then, a line search procedure, along with the underlying opimiza-
tion algorithm is used to improve the solution on each level of discretization.

In what follows we present the MG/OPT algorithm. The underlying optimiza-
tion algorithm will be denoted by S,,; inside the multigrid approach. The initial
discretized problem is given on the finest grid. To facilitate the implementation of
the algorithm, the MG /OPT scheme is presented in a recursive formulation. Hence,
we introduce the following slightly different notation for the optimization problem

HE(H (f%k(uk) - fkT“k> :
We set fx = 0 at the finest level k = m. ]A%k corresponds to the functional |, dis-

cretized at each level k = 1,...,m. Summarizing, the algorithm is presented as
follows.
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Algorithm 7 MG/OPT recursive(vy, v7).

if k = 0 then, solve miny, (f, x(ux) — f; ux) and return.
end if
Otherwise, k > 0.
Pre-optimization: Apply vy iterations of the optimization algorithm to the prob-
lem at level k.

u,f = Sopt(uf’l), {=1,...,v1.
Coarse-grid correction.

V1

s V1 7k—1
e Restrict: u," ; = [ "u'.

e Compute the fine-to-coarse gradient correction:
— T k=171
Te—1 = V]’y,k—1<u?,1) - Ik V]’y,k(”?)'

e Define f;_; := I{ ! f; + 71 and apply one cycle of MGOPT (11, 1) to

min <]A%k,1(uk,1) - leluk—l)

to obtain u;_1.
Coarse-to-fine minimization.

e Prolongate error: e := If  (ilj_1 — ' ).
e Line search in e direction to obtain a step size ay.

e Calculate the coarse-to-fine minimization step: uZlH = u;' + age.

Post-optimization: Apply v, iterations of the optimization algorithm to the prob-
lem at level k.
uf = Sopt(ui_l), {=v1+2,...,v1+1n+1.

The algorithm presented above contemplates one iteration of a V-cycle initialized
with a rough estimate of the solution on the finest grid.

4.3 Convergence Analysis

In this section, we discuss the convergence properties of Algorithm 7. Following
[23, 25], we can state that the global convergence of the underlying optimization
algorithm ensures global convergence of the MG/OPT method. This comes from the
fact that if we have an approximated solution (given by the underlying optimization
algorithm) at each discretization level, the algorithm generates search directions for
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problems discretized in finer meshes. Once we have the descent direction, a line
search procedure is used to improve the solution at each finer problem.

In the classic convergence analysis of the MG /OPT methods [23, 25, 4], the three
following conditions are critical.

1. The optimization problem keeps the convexity property at each level of dis-
cretization.

2. The subproblems
(7 T
min (]'y,k—l<uk—1) - fk—1“k—1) (4.6)

are solved accurately enough.

. . . T
3. The transfer operators satisfy the standard condition I,’f t—¢ (I,’ffl) .

These last conditions are helpful to prove that the search direction provided by the
MG/OPT algorithm is indeed a descent direction, i.e., e satisfies that V ]%k(uk)Te <
0, Vk =0, --m. Further, the convexity condition is key to prove that the Hessian
is positive definite. However, in our case, the usual Hessian does not exists. We will
use the slantly differentiability of the functional J, ; to perform our convergence
analysis.

Next, we state some comments about the previous conditions in our problem.
The coarse grids subproblems correspond to the discrete optimization problem over
the nested spaces V | C V. Hence, the inclusion preserves the convexity of the
subproblems.

Since we perform a few iterations of a suitable globally convergent optimization
algorithm (S,,¢), we ensure that the subproblems miny, (]A%k,l (Up_1) — fkT_ 1uk,1)
are solved accurately enough. Finally, (4.24) yields that I]](‘_1 = (I,'{‘_l) L

Let us recall that the descent direction for the MG/OPT algorithm is denoted
by e and search directions of the underlying optimization algorithm, (inside the
MG/OPT loop) are denoted by wy.

Once we have discussed the convergence conditions, we introduce the following
theorem of convergence for the MG/OPT Algorithm 7.

THEOREM 4.3.1. Suppose that the following hypothesis are satisfied:

e The optimization algorithm, Sy, applied to an optimization problem of any
resolution, is globally convergent, i.e.,

lim ([ V], ()] = 0. (47)
k—o0
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e At least one of the parameters vy or v, is positive.

e The search direction e = I,’;f1 (ix—1 — uy' ;) is a descent direction.
Then, MG/OPT algorithm is globally convergent in the same sense than (4.7).

Proof. The global convergence of the underlying optimization algorithm ensures the
global convergence of MG /OPT since the approximated solution given at each level
improves at every cycle of the multigrid optimization algorithm. Hence, we need
to guarantee that the direction e, provided by the MG/OPT algorithm, is a descent
direction. i.e., we have to prove that

V() e<0, Yk=0,--m. (4.8)

From this point, for the sake of readiness of the proof, we drop the subscript <. First
note that, if we solve

: T
min (]k—l(”k—l) - kaluk—1>

exactly, then
Vk-1(tig-1) — 51 =0.

Since we are solving the problem approximately (or accurately enough), then we
have that

Vk-1(lig—1) — 1 =z, (4.9)

for some z as small as the algorithm accuracy allows us. From Algorithm 3 we have
that

Te1 = V() — IV (uh).

Hence, we can rewrite (4.9) as follows
V-1 (iig-1) = Vo1 (upty) = IV (ut) + 2. (4.10)

Thus, from (4.10) we have that

Vi) e = V()" IE (g —u )
= V()" (YT (e — )
= (I 'V () T (g — u) ) (4.11)

= (Ve1(' ) = Viea (g—1) + 2) T (wye—1)
= (Vica () = Vi (1)) T (wye—1) + 2 wiyq,

where

— 77 4!
Wr—1 = Up—1 — Up_q-
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Next, let us focus on the two first terms in the right-hand side of (4.11).

(Vi1 (")) = Vi1 (k1)) "wi—1 = Ve (") "wee1 — Ve (1) wge—q.
(4.12)
We know, from Proposition 2.2.3, that V J;_1 is slantly differentiable. Thus, Theorem
2.1.9 and Proposition 2.1.5 allow us to state that

— (Vi1 (gt ) = Ve (1)) Twger = (Ve (1) — Ve (u ) "o
= %]kfl(ﬁkflxwkfl/wkfl)/
(4.13)

where V] _1(ily_1) is given by (2.14). Furthermore, following the decompostition
presented in (2.21), we know that

Vi1 (it —1) (wy—1, Wi—1) = V> Frq (g—1) (Wk—1, Wg—1) + V Ge—1 (-1 ) (wy—1, Wi—1),

(4.14)

It is well known that F is a strictly convex functional, which implies that ([5, 2, 11,
12])

V2 F_1 (1) (Wi, wi_1) >0, Vwr_; € V2, \{0}. (4.15)

Next, let us recall the expression VGy_ 1 (ily_1)(wg_1, wx_1) given by

(Vwg_1 - Vwg_q) _/ (Viig_1 - Vwg_1)?
A

VG (tg—1)(Wi_1, 1) = / Vit ] NIE

A

Th Th

+/ Y(Vwg_q - V1), Vw1 € V.
N\ Ay k-

(4.16)
Applying Cauchy-Schwarz to the right hand side in (4.16), we have that

/ (Vilg_1 - Vwg_q)? </ | Vitg_1[*| Vwe_q|*
Ay |VT’NLk—1|3 a Ay |Vﬁk—1|3

/ g |V

A, Vil 1]

_ / (Vwg_q - V)
A, Vi 7

which implies that

(VG (1) (wy—1, wr—1)) > /Q 9 Y(Vwi_1 - Vwy_1) > 0, since wy_1 # 0.
k—1
! (4.17)
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Summarizing (4.13), (4.14), (4.15) and (4.17) yield that

(Vi1 (1) = Viea (1) Jwi_q < 0. (4.18)

To check that e is a descent direction, we still need to prove that the third term of the
right hand side in (4.11) satifies that

2w =z (U_q — u']gl) < 0.

Note that ;4 is the solution of the problem
. T
min (]kfl(”kfl) - Tk71”k71> :

Therefore,
~ T =~ 41 T N
Ji—1(1) = Teqtie1 < Jeea () — Tqu g,
which is equivalent to

Tie1 (k1) = Jea () < olq (g — )" ), (4.19)

since the optimization algorithm was inicialized with u,' ;. Further, the functional
Jix—1 is also slantly differentiable since it is Gateaux differentiable and, moreover
Ji = VJi (see Proposition 2.1.5). Thus, we can take its Gateaux derivative as a
slanting function of J;_1. Then again, from Theorem 2.1.9, we have that

(Te1 (k1) = Tee1 (1) 1)) = Voa (1) T (wpe—q). (4.20)

Hence, from the inequality (4.19) and equation (4.20) we have that

V-1 (k1) (we—1) <1’ 4 (g1 — )t )

=T Wk-1
which implies that
V k1 (1) w1 — T_qwe—1 < 0. (4.21)
Next, from (4.9) and (4.21) we obtain that
T
z wi_q <0. (4.22)

Then, from (4.11), (4.18) and (4.22) we have that

Vi) Te <0,
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and we can conclude that e is a descent direction.

Finally, if at least one of the parameters v; or v, is positive, at least one iter-
ation of the optimization algorithm is performed at every cycle of the MG/OPT.
Consequently, as the underlying optimization algorithm is globally convergent, the
multigrid optimization algorithm is globally convergent. O

4.4 Implementation

4.4.1 Optimization algorithm

In this section, we briefly discuss the underlying optimization algorithms. We im-
plement the MG/OPT algorithm using two versions of the steepest descent algo-
rithm: the gradient method [26] and the preconditioned descent algorithm proposed
in [12].

Generally speaking, a descent method starts with an inicial point u¢ and, with
information of first order, the algorithm finds directions that lead us to the minimum
of the objective functional. Also, the method must find the length of the step along
the choosen direction. The basic idea consists in finding &, and w, such that:

J(ur + aywy) < J(uy), fora, >0

in each iteration of the method. The descent direction corresponds to wy, and «y is
the length step. In other words, descent methods works by finding wy such that:

V](u,) "w, < 0.
and the approximation of the solution, in each step, is given by:

Upr1 = Up + QW (4.23)

In the gradient method, the search direction w, is determined by
w]f — —VJ(Mr).

On the other hand, the search direction w, of the preconditioned descent algorithm
for problem (2.10) is calculated taking into account the difficulties associated to the
structure of the p-Laplace operator . In order to deal with this issues, in [16] a pre-
conditioner is implemented for the computation of the search direction for the p-
Laplacian problem in finite dimension. In [12] a preconditioned descent algorithm
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is presented in function spaces but, for problem (2.10) .The idea of the precondi-
tioner is to determine the search direction by solving the following equation

Pr(wy,vy) = _V](ur)TUr/ Vo, € V;?,

where the form P, : V) x V! — R is chosen as a variational approximation of the
p-Laplace operator. In what follows we present a general descent algorithm.

Algorithm 8 General descent algorithm

1: Initialize ug € Vf and setr = 0.
2: forr=1,2,--- do

1. if VJ(u,;) = 0 then, STOP.

end if

Find a descent direction w,.

Perform an efficient line search technique to obtain «;.

Update 1,41 := u, + a;w, and set r = r 4 1.

AL

end for

Global convergence discussion

The global convergence of a descent algorithm depends on the admissibility of the
search direction w; [15, Sec. 2.2.1], in the case of the preconditioned descent algo-
rithm the search direction depends on how P, is defined.

DEFINITION 4.4.1. Admissibility of the search direction:
k—o0 k—ro0
— 0= ||VJ(u,)|]] — 0 (4.24)

Thus, the preconditioned descent algorithm is considered and analyzed in two
separated cases, when 1 < p < 2 and p > 2 because, as it is known, the behaviour
of | depends on the value of p.

Casel <p<2

The 1 < p < 2 case is analyzed in function spaces, then we use the notation
J'(u) for the derivative of functional J(u). In what follows we summarize the main
results presented in [12] for proving global convergence of the preconditioned de-
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scent algorithm. First, the author introduce the following Hilbert space.

THEOREM 4.4.2. Let1 < p < 2,e >0andu € W&’p(Q). Then, H{(Q)) is a Hilbert
space with the inner product

(z,w)py = /Q(€+ |Vu|)P~2(Vz, Vw)dx.
Furthermore, the following inclusion holds, with continuous injections
1/
H{(Q) C HY(Q) € W, (Q).
Proof. [12, Sec. 3.1] ]

The preconditioned algorithm considers the function space Hoﬁ(Q), for some
suitable 71 € Wg 7(Q) and defines the form P, as follows.

Py(w,0) := /Q(e +Va|)P2(Vaw, Vo).

As we mentioned before, the finite element approximation of the p- Laplacian
derives in a degenerate algebraic system then, the parameter € helps to deal with
this issue when Vii = 0.

Next, since H! (Q)) C Wé’p (Q), the author define the restriction of J'(11) to H(Q2)
by J'(#) and states that

<f/(u), v>H0ﬁ*’H0ﬁ = <]I<u),v>wilfpllwé,p Yo € Hg(Q),
where J'(i1) € H!(Q)*. Then, the following variational equation is presented

/Q (e + Vi) 2(Veo, Vo))dx = — (J'(u), 0) gy, Yo € HE(Q)  (425)

and the author proves the existence of a unique w in H? (Q) C WS P(Q) that verifies
(4.25). With this result, the algorithm proposed finds a direction w, € Hy"(Q)) C
Wg 7(Q) by solving the following variational equation

p—2 =—(J]
Jale+ Vi )P=2(Vew,, Vo)dx <fv<“f)'”>Hgf*,Ha“

_ Vu,,V
=— oI Vu,|P 2(Vuy,, Vo)dx — gy Ja m

+ [o fvdx, Vv e Hy (Q).
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The direction found satisfy the following condition.

7 . /
(00 5= (02 <0

Then, the search direction is a descent direction. The author, also shows the ad-
missibility of w, and thanks to this result, the global convergence of the algorithm
is also proved. In order to prove the admissibility of the search direction, the au-
thor assumes that, using interpolation theory, there exists g, 1 < p < g < 2, such
that UjeNHélj(Q) C Wg’q(Q) C Wg’p (Q)). Hence, a sequence {u;} generated by
Algorithm 8 with w, given by solving (4.25), yields that {u;} € U]-GNng (Q) C
Wé’q(Q) C Wg’p(Q). Furthermore, the admissibility of w, is proved by the follow-
ing result.

PROPOSITION 4.4.3. Let {u;} be the sequence generated by Algorithm 8 and suppose
that the step length ay satisties the Wolfe-Powell conditions:

J(uy + aw,) < J(uy) + orar (]/(ur),wr>wfllp/,wol,p , (4.26)

<]/(u7’ + OCZUr)/ wr>W71,p’,W3/P Z (TZ <]/(ul’)/ wT>W—1,p’/W3'P : (427)

Furthermore, let us suppose that exists q, 1 < p < q < 2, such that UjeNHOMj(Q) C
Wg’q(Q) C W&’p (Q)). Then, the Zoutendijk codition is verified, i.e.,

Z cosngr = 00, (4.28)
k=0

<]/(”r)rwr>W,1,p/,Wé,p

where cos¢, = — .
A 1 e 2 e

Proof. [12, Sec.3] ]

The last result shows the admissibility of w,. Finally, the global convergence of
the algorithm is given by the following theorem.

THEOREM 4.4.4. Let {u,} be the sequence generated by Algorithm 8 and suppose that
the step lenght «, satisties the Wolfe-Powell coditions (4.26) and (4.4.3). Then, the
sequence {u,} converges to the uniquely determined global minimum of |.

Proof. [12, Sec. 3, Th. 3.8] [

For a deeper analysis of the algorithm and the proofs of the previous results, see
[12] and the references cited there in.
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Casep > 2

For the p > 2 case, the author shows that it is not natural to construct a descent
direction in function spaces due to the structure of the problem and because there
exist regularity issues regarding the search direction. Then, it is considered that the
best solution is to analyze the problem with a “discretize then optimize" approach.
Thus, it is proposed a preconditioned algorithm in finite dimension spaces, i.e., it is
proposed to find a search direction w, , for the discrete problem (2.12), by solving

Jo(Vw,p, Vo)dx = =V, (u,) o

— v Tirv r
= — o [Vt P72Vt Vo )dx = 87 [ i s

+ o fodx, Yo e VO(Q).
(4.29)
In this case, it is known [6] that

VY c WP (Q) € Hy(Q).

Thanks to this result, one can consider V! a Hilbert space with the norm induced by
H}(€)). This constitutes a key result for the existence of a unique solution w, , € V)
for equation (4.29). In [12] it is proved that this unique solution w, j, is an admissible
descent direction for V] (u, ). Hence,

Pr(w, py, vr) :/Q(Vwr/h,er)dx.

Finally, the following result is presented.

PROPOSITION 4.4.5. The equation (4.29) has a unique solution w,), € V(Q). Fur-
thermore, this solution wZ is an admissible direction (satisties condition (4.24)) for
VJn(u, ) and satisfies

V]h(ur)Twr,h <0, VreNN.
Proof. [12, Sec. 3.2] [

With this last result the author concludes that the algorithm is globally conver-
gent.

We have summarized the main results presented in [12]. As it was discussed
above, the analysis of the search direction for the 1 < p < 2 case was carried out
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in function spaces and for p > 2 it was analyzed with a “discretize then optimize"
approach in finite dimension spaces. Since the multigrid optimization algorithm is
defined in finite dimension spaces, we present the preconditioned descent algorithm
in finite dimension as well. Thus, the general preconditioned descent algorithm
reads as follows.

Algorithm 9 General Preconditioned descent algorithm

1: Initialize ug € V,? and set r = 0.
2: forr=1,2,--- do

1. if VJ(u,;) = O then, STOP.

2. end if
3. Find a descent direction w, , by solving the following equation
Py(w,p,0) = —V](up ) v, Yo eV,
ifl<p<2,

Pr(w, p,,v) = / (e + |Vu, )P ~>Vw,, Vo dx, Yo € V,
Oy
elseif p > 2,
Pr(w,p,v) = / Vw,, Vv dx, Vv e V,?,
Qh

end.
4. Perform an efficient line search technique to obtain «;.
5. Update u, 1), := u,, +a,w,, and set r = r + 1.

6. end for

For a deeper analysis of the algorithm, see [12, Sec. 3] and the references therein.

4.4.2 Line search strategy

We propose to use a line search algorithm in order to choose the steph lenght «;.
This strategy selects the step by backtracking. i.e., the procedure starts with a, =1,
if u, 11 = u, + w, does not satisfy the descent condition on J(u,1), the strategy is
to reduce (or backtrack) o, until u, 1 = u, + a,w, satisfies the descent condition. In
this section, we describe a line search algorithm proposed in [8, Sec. 6.3.2] which
uses polynomial models of the objective functional for backtracking.

41



First, let us introduce the following function
¢r(a) := J(ur + awy)
Initially, we know that
¢-(0) = J(uy) and ¢1(0) = V] (u,) "wy. (4.30)
If we start with « = 1, we have that
¢r(1) = J(ur +wy). (4.31)
Then, if ¢,(1) does not satisfy the descent condition
9r(1) > ¢,(0) +09}(0),

the algorithm construct the backtracking function ¢,, using (4.30) and (4.31), with
the following quadratic model

ma(a) := (¢r(1) = 9+(0) — ¢7(0))a + 7.(0)a + 1 (0).

The stationary point &, of m; is given by

p=]]

—¢,(0) 432)

27 2(gr(1) — 9r(0) — ¢1(0))’

furthermore, we have that

my (@) = 2(gr(1) = ¢:(0) = ¢,(0)) > 0

due to the fact that ¢,(1) > ¢,(0) + 0¢.(0) > ¢,(0) + ¢.(0). Therefore, we can
conclude that @y = argmin ¢,(a). Also, &, > 0, because ¢,.(0) < 0. Then, we take
ar — 0{2.

Now, from (4.32) and since ¢,(1) > ¢,(0) + c¢,(0) we have

In fact, if ¢,(1) > ¢+(0), then & < % Hence, (4.32) gives an implicit upper bound
of ~ 1 for @, on the first backtrack. Morover, if ¢(1) is much larger than ¢,(0), &
can be very small. Then, ¢,(a) can be poorly modeled by m; and the steps can be
very small. Therefore, the algorithm impose a lower bound of 11—0. Now, suppose

42



that o(ay) does not satisfy the following Wolfe-Powell condition
J(ur + awy) < J(uy) + 0V ] (1) "y, (4.33)

then, we need to backtrack again. However, we have the following information
available ¢,(0) = J(u,), 9,(0) = V](u,) "w, and the last two values of ¢(«). Fol-
lowing the same previous idea, now we can model ¢ by a cubic model as follows:
let ap and &y, be the last two previous values of a;, the cubic model is given by

mz(a) := cad + da? + @, (0)a + ¢,(0),

where

1 =1
)( or(ay) — :(0) — (), )

()52

The minimizer of the cubic model is given by

_ —d++/d?>—3c¢.(0)
- (4.34)

a%” :‘é ar(2p) — a0, (0) — ap(0) ).

N3y =
If p(ay) > ¢(0), then a3 < %zxp, however, as this reduction is considered too small

[8], the upper bound of 0.5 is imposed, i.e. a, = %ocp. Also, if &3 is a small fraction of
«y, once again the lower bound of % is imposed and the algorithm sets aj = %ap .
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Chapter 5
Numerical Experiments

In this section we present the application of the MG/OPT method to numerical sim-
ulation of the steady flow of viscoplastic fluids. These materials are characterized
by the existence of a yield stress [9, 12, 17]. This implies that the viscoplastic ma-
terial exhibits no deformation if the shear stress imposed does no exceed the yield
stress, i.e., it behaves as an ideal rigid solid. On the other hand, if the shear stress
overpasses the yield stress, the material will deform as a nonlinear viscous fluid in
most of the cases. In fact, Herschel - Bulkley and Casson fluids present a nonlinear
stress-shear rate relationship, while Bingham fluids behave as a viscous fluid with
linear stress-shear rate relationship (see Figure 5.1). Summarizing, the existence of
the yield stress makes the flow of these materials to present rigid zones, known as
the plug flow, and yielded zones.

A

Shear stress

H-B: Shear thickening, p >2
Bingham model

H-B: Shear thinning, 1<p<2

Yield stress

-
o

Shear rate

Figure 5.1: Viscoplastic models
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In this work we simulate the pipe flow for the classic viscoplastic models: Herschel-
Bulkley, Bingham and Casson. The three models fit the kind of nonsmooth opti-
mization problems under study. In fact, it is well known that the velocity field of
the flow across the cross-section of a pipe can be approximated by the solution of
the following discretized minimization problem:

ur;i%)]h(”h) = (Vi) + /Qh Py (V) dx — /Qh fupdx, (5.1)
where
; /Q |Vuy|F dx, for Herschel-Bulkley model
n
¢(Vuy) = ;/Qh |Vuy,|? dx, for Bingham model

;/Qh [Vup[*dx + g\/g/ﬂh |Vuy|? dx, for Casson model.

In the coming numerical experiments, we present the results of the MG/OPT al-
gorithm applied to the numerical solution of (5.1). For the computations in the
MG/OPT algorithm we implement a V-cycle scheme with v; = v, = 2 as the pre
and post optimization iterations. In all algorithms the stopping criteria is fixed at a
tolerance of 10~7. We perform the numerical experiments in two types of domains:
unit square and unit circle. Also, we compare the performance of the MG/OPT algo-
rithm with the performance of the underlying optimization algorithm when solving
the same problem in the finest grid.

In the following tables we summarize the information of the different grids used
at each level k of the V-cycle implemented for the MG/OPT algorithm.

Mesh (Q);) Nodes (1) Elements (n,)

Qs 8321 16384
Qs 2113 4096
Q4 545 1024
0 145 256
o 41 64
o 13 16

Table 5.1: Unit circle mesh information.

45



Mesh (Q);) Nodes (1) Elements (1,)

05 4225 8192
Oy 1089 2048
05 289 512
0, 81 128
on 25 32

Table 5.2: Unit square mesh information.

5.0.1 Herschel-Bulkley: case1 < p < 2

Herschel-Bulkley fluids are power-law materials with plasticity. The behaviour of
these fluids depends on the value of p, which plays the role of the flow index. If
1 < p < 2 the material exhibits a pseudoplastic or shear-thinning behaviour. On
the other hand, if p > 2 the behaviour is shear-thickening (see Figure 5.1). Thanks
to this index, the power-law model has been widely used to characterize several
materials that include liquid foams, whipped cream, fluid foods, silly putty and
some polymers [?].

In the following experiments, we compute the velocity field for a Herschel-Bulkley
material for 1 < p < 2 in a pipe, considering circle and square cross sections. In
these experiments we stablished the preconditioned descent algorithm (see [12]) as
the underlying optimization algorithm S,,;. We set € = 10-°.

Experiment 1

In this experiment we set the following parameters, p = 1.75and f = 1. In Table 5.3,
each row represents one experiment. For each experiment, we present the finest and
coarsest mesh, the number of V-cycles of the MG/OPT algorithm until the stopping
tolerance is achieved, the tolerance reached and the execution time of the algorithm
i.e., the CPU time when the stopping criteria is achieved.
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g Finestm. Coarsestm.V-cycles |V] e| Time(s) Plug flow vel.

oY 0 11 7.38¢-07  965.49 0.0527
02 Qs oh 15 3.75e-07  258.9 0.0520
Q4 o) 13 470e-07  51.2 0.0523
o oh 10 3.75e-07  10.04 0.0522
Q4 o) 26 1.08e-07  3914.61 0.0043
04 Qs o 17 3.79e-07  329.07 0.0046
Q o 13 7.23e-07 5133 0.0047
o o 23 5.00e-07  24.07 0.0037

Table 5.3: Results of the resolution of problem (5.1) with p = 1.75, ¢ = 10% and
f=1L

This experiment was initialized with the solution of the Poisson problem, —Au;, =
f. From Table 5.3 we can notice that the number of V-cycles is similar when solving
the problem at the different levels of discretization. In Figure 5.3 we can see the
decay of the norm |V ]J e|. It behaves typically as in a steepest descent algorithm.
However, it decays faster in the last iterations. This behaviour is inherited from the
preconditioned descent algorithm (see [12, Sec. 4.3.1]). The resulting velocity field
is displayed in Figure 5.2. The flattening of the velocity in the center of the pipe
corresponds to the plug flow velocity, where the material presents rigid zones.

Figure 5.2: Calculated velocity u for mesh
. Parameters: p = 1.75,¢ = 0.2,7 = 103
ande =107

Figure 5.3: Calculated | V] e| for mesh O
and g = 0.2.

In Tables 5.4, 5.5, 5.6 and 5.7, we present the performance of the line search glob-
alization technique, described in Section 4.4.2, in 4 V-cycles randomly chosen for
Experiment 1. We consider g = 0.2, ()¢ as the finest mesh and (); as the coarsest
one. The experiment finished after 11 V-cycles, and we perform 5 line search proce-
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dures at each cycle. Also, the second column of each table let us observe that e is,
indeed, a descent direction at each level.

Updating V], (') "e g Ls it
0O - -1.36e-11 1 0
0O, -Q)3 -8.75e-09 1 0
Os-0  -1.20e-05 1 0
Q4 -0s -0.0013 0.2040 1
05 -0 -0.0108 0.2673 1

Table 5.4: Line search for V-cycle 1

Updating V], (') e ay Lsit
01 - -1.95e-08 1 0
0y -Q3 -2.50e-05 0.2228 1
03 -0y -0.0012 0.0121 3
0,-05  -2.29¢-04 0.0135 3
05 -Og -6.99e-05 0.0232 3

Table 5.5: Line search for V-cycle 4

Updating V], x(1;,') e Qg Ls it
0,0y -1.04e-08 1 0
0y -0 -5.38e-06 0.2758 1
03-0y  -1.41e-04 0.1493 1
0,-05  -1.49¢-04 0.0067 4
Os-0s  -1.84e-05 0.0722 2

Table 5.6: Line search for V-cycle 7

Updating V], (') e Qg Ls it
01-0p  -447e-09 1 0
0,-03  -1.70e-06 1 0
03-0,  -8.52e-05 0.0194 2
0y -Qs -2.44e-05 0.0119 3
Os -0 -7.29¢-06 0.0619 2

Table 5.7: Line search for V-cycle 10
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Experiment 2: Comparison between MG/OPT and descent algorithms

In this experiment, we compare the behaviour of the MG/OPT approach versus
an optimization algorithm for solving the same problem in the finest grid. In the
MG/OPT method these optimization algorithms were used as the underlying opti-
mization algorithms as well. In the following tables we compare the CPU time and
the stopping criteria registered for solving the problem described in the previous
experiment. Once again, in Tables 5.8 and 5.9 we compare one experiment at each
row based on the election of the finest grid.

Time (s)
Mesh MG/OPT Gradient method
Oy 196.76 -
03 73.57 2883.55

Table 5.8: Time comparison, Experiment 1

Vi
Mesh MG/OPT Gradient method
Oy 3.76e-07 -
Q%) 2.09e-07 9.92e-07

Table 5.9: Norm |V ]| ¢|comparison, Experiment 1.

As it was expected, it is shown that the MG/OPT performance is more efficient
than the descent gradient method. Even if the gradient algorithm is stablished as the
underlying optimization algorithm of the MG/OPT. In what follows we present the
same comparison criteria for the preconditioned descent algorithm and the multi-
grid optimization scheme.

Time (s)
Mesh MG/OPT preconditioned descent algorithm
N 965.49 2146.37
05 258.95 71.67
Oy 51.23 63.11
03 10.04 8.30

Table 5.10: Time comparison, Experiment 1
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Vel

Mesh MG/OPT preconditioned descent algorithm
QF 7.38e-07 9.35e-07
05 3.75e-07 3.26e-07
Qy 4.70e-07 9.52e-07
03 3.75e-07 7.84e-07

Table 5.11: Norm | V]| e|comparison, Experiment 1

From Tables 5.10 and 5.11 we see that the MG/OPT performs better when reach-
ing the stopping criteria in all cases. The CPU time registered and the tolerance
reached are better when working with the MG/OPT algorithm than with the pre-
conditioned descent algorithm at the finest grid (). In this case, CPU time decreases
almost in half. However, we can not achieve CPU time savings in all the resolution
levels. An interesting case is shown in Table 5.10, in this case, the preconditioned de-
scent algorithm achieves the convergence tolerance in less time than the MG/OPT
algorithm when working with the finest level ()5. However, in the bigger mesh (),
which its size satisfy that hg = %h5, we reduced the time convergence to half.

Experiment 3

In this experiment, we set p = 1.5 and f = 1. We tested the algorithm with two
different values of g. At higher values of g the plug flow zone is bigger and the
execution time of the algorithm increases. Also, as in the previous experiment, the
number of iterations is very stable as the mesh resolution is higher. This results are
shown in Table 5.12.

g Finest m. Coarsest m. V-cycles |V]7T e| Time(s) Plug flow vel.

O Q)] 5 8.28e-08  387.50 0.0428
0.1 05 O 5 2.46e-08  83.34 0.0427
Oy O 3 2.68e-07  11.52 0.0427
QX! Oy 4 5.45e-07 4.02 0.0422
O 0 7 1.29e-07  683.96 9.08e-04
0.4 Qs O 6 1.63e-07  94.38 9.71e-04
Oy O 8 2.57e-08  29.23 8.85e-04
3 (O] 12 3.02e-07  10.63 7.95e-04

Table 5.12: Results of the resolution of problem (5.1) with p = 1.5, v = 10% and
f=1
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Figure 5.4: Calculated velocity u for mesh
(). Parameters: p = 1.5,¢ = 0.1, = 10° Figure 5.5: Calculated |V],e| for mesh Q.
and e =10°

The resulting velocity function is displayed in Figure 5.4 for ¢ = 0.1. Here, we
can see that the shear stress transmitted by a fluid layer decreases toward the center
of the pipe, which provokes the solid-rigid movement in that area. In Figure 5.5 the
decay of the norm |V ],e| is plotted in a logarithmic scale.

Experiment 4

For this experiment, we present the behaviour of the algorithm in the unit square
domain for the following parameters: p = 1.25, ¢ = 0.2, = 103and f = 3. In
Figure 5.6, we can see that in a square domain, the plug flow region is bigger due
to the complexity of the domain. In this case, we obtained better results initializing
the algorithm with an estimated solution given by one iteration of the full multigrid
(FMG) scheme (see [29, Sec. 2.6]) at all refinement levels. We denote by r the number
of MG/OPT cycles inside the FMG approach. All these results are presented in Table
5.13.

Finest mesh Coarsest mesh ~ V-cycles r |V ]J e| Time(s) Plug flow vel.
Qs (@] 1 1 207e-07 101.74 0.011
Oy O 2 1 4.83e-08  26.88 0.011
(QF) O 2 1 7.31e-08 6.88 0.010

Table 5.13: Results of the resolution of problem (5.1) with p = 1.25, ¢ = 0.2,y = 103
and f = 3.
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Figure 5.6: Calculated velocity u for mesh Qs. Parameters: p = 1.25,¢ = 0.2, = 10> and f = 3

Experiment 5: Comparison between MG/OPT and descent algorithms

In this experiment, we compare the behaviour of the MG/OPT algorithm versus
the preconditioned descent algorithm for solving the same problem described in
Experiment 4, in the finest grid.

Time (s)
Mesh MG/OPT preconditioned descent algorithm
05 101.74 143.53
Qy 26.88 28.08
03 6.88 8.09

Table 5.14: Time comparison, Experiment 4

ViTe
Mesh MG/OPT preconditioned descent algorithm
05 2.07e-07 1.38e-07
Qy 4.83e-08 5.94e-07
03 7.31e-08 7.82e-08

Table 5.15: Norm |V].] e| comparison, Experiment 4

Tables 5.14 and 5.15 show that we have CPU time savings at all resolution levels.

52



Particularly, we can see a significant reduction of time at the highest resolution level
()5. The time reduction with respect to the execution time of the preconditioned al-
gorithm is about of the 30%. Regarding the tolerance order achieved at the stopping
criteria, both algorithms behaves similarly, with a slight advantage of the MG/OPT
method.

5.0.2 Herschel-Bulkley: case p > 2

Experiment 6

We now analyze the behaviour of the MG/OPT algorithm in the case p > 2. The
fact that p increases usually implies instabilities in the performance of the numerical
algorithms (see [5, 2, 11, 16]). Also high values of g are difficult to consider, since the
fluid presents more rigid zones along the cross section of the pipe.

Unlike the previous cases, where the MG/OPT algorithm was initialized with
the solution of the Poisson problem, in this case we initialize the MG /OPT algorithm
with an approximated solution given by the full multigrid (FMG) scheme. In the
FMG scheme we apply r MG/OPT cycles at each level of the algorithm. We set the
tolerance in 10~7 and the parameters p = 4,y = 103 and f = 3.

g Finestm. Coarsestm. V-cycles r |V ]7T e| Time(s) Plug flow vel.
5 (O 8 1 9.22e-07 398.47 0.258
0.2 Oy (O] 31 1 3.48e-07 301.23 0.258
Q3 (O] 9 2 3.11e-07 21.84 0.258
05 (O 175 2  559%-07 7826.02 0.153
0.4 Q4 (O 51 2 1.80e-07  455.72 0.154
O3 (O 28 2 833e-07 5847 0.154

Table 5.16: MG/OPT results of problem (5.1) with p = 4,y = 10 and f = 3.

The last column of Table 5.16 helps us to test the accuracy of the algorithm when
estimating the plug flow velocity with different mesh sizes. The resulting velocity
field is displayed in Figure 5.7. Now we are in the case of a shear-thickening mate-
rial. Since the shear stress transmitted by a fluid layer decreases toward the center
of the pipe, the velocity takes a conical form. The residual presented in Figure 5.8
shows local convergence in the last iterations.
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Figure 5.7: Calculated velocity u for mesh Figure 5.8: Calculated | V], e| for mesh Qs.
Q5. Parameters: p =4, ¢ =02,7 = 103.

5.0.3 Bingham

Bingham fluids are viscoplastic materials that can be seen as a particular case of the
Herschel-Bulkley model when p = 2. The main characteristic of Bingham fluids
is that when the shear stress exceeds the yield stress, the material presents a linear
stress-shear rate relationship (see Figure 5.1).

Experiment 7

The following experiment was carried out in a circular geometry representing the
cross section of a pipe, and we consider the following parameters: p = 2, v = 10°
and f = 1. In Table 5.17, we can see an example of the algorithm accuracy when
determining the plug flow velocity using different mesh sizes. When finer grids are
used, there is no difference in the plug flow velocity and we obtain a faster decay of
the norm |V]. ; e|. The resulting velocity function is displayed in Figure 5.9, and we
can see the classic behaviour of these materials.

g Finestm. Coarsestm.V-cycles r |V]je| Time(s) Plug flow vel.
Qs 0 94 1 4.18e-07 1723.07 0.090
0.2 Oy O 13 1 4.96e-07  60.02 0.090
O3 O 17 1 6.79-07 18.64 0.089

Table 5.17: MG /OPT results for problem (5.1) with p =2,y = 10%and f = 1.
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Figure 5.9: Calculated velocity u for mesh Qs. Parameters: p =2,¢ = 1,7 = 10°

Experiment 8

As g increases, the plug flow zone increases as well. Thus, we test the MG/OPT
algorithm with ¢ = 1 to show this phenomenon in a square cross section. In this
experiment we fix the parameters v = 10% and f = 10, and we set the tolerance
in 107°. This experiment was initialized with an estimated solution given by the
FMG scheme with r MG/OPT cycles at all levels of refinement. In Figures 5.10 and
5.11 we can notice the difference of the plug flow zone when ¢ = 1 and g = 0.2,
respectively. Also, the execution time when solving this experiment is longer when
g = 1 than g = 0.2. This fact is due to the increasing plug flow and the complexity
of the geometry.

g Finestm. Coarsestm. V-cycles r |V]J e| Time(s) Plug flow vel.
Qs (@) 2 1 942e-05 15295 0.2920
1 Oy O 8 1 9.13e-05 85.7 0.2920
(QF! (@] 3 2 7.57e-05 9.4 0.2925
Qs (@) 0 1 9.83e-06 56.26 0.6326
0.2 Qy Q)] 0 1 4.88e-05 10.87 0.6319
(@) Q)] 0 1 4.93e-05 9.93 0.6319

Table 5.18: MG/OPT results of problem (5.1) with p =2, ¢ =1, = 10% and f = 10.

An interesting fact in Experiment 8 is exhibited in the fourth column of Ta-
ble 5.18 for ¢ = 0.2. Since g is small the contribution of the less regular compo-
nent [, 1, (Vu)dx of the functional decreases, therefore the plug flow zone is not
big with respect to the cross section area. Hence, the minimization problem was
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uniquely solved by one iteration of the FMG scheme, i.e., the algorithm reached the
convergence tolerance in only one iteration.
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Figure 5.10: Calculated velocity u for mesh Figure 5.11: Calculated velocity u for mesh
Q5. Parameters: p =2,g=1,7 = 103 Q5. Parameters: p =2,¢=0.2,7 = 103

Experiment 9: Comparison between MG/OPT and Descent algorithms

In this experiment, we compare the behaviour of the MG/OPT algorithm and the
preconditioned descent algorithm when solving the same problem at the finest grid.
In Tables 5.19 and 5.20, we compare the CPU time and the stopping criteria regis-
tered for Experiment 8, with parameters p =2, ¢ =1,y = 10 and f = 10.

ViTe
Mesh MG/OPT preconditioned descent algorithm
05 9.42e-05 5.62e-05
ON 9.13e-05 9.87e-05
03 7.570e-05 5.61e-05

Table 5.19: Norm |V ],] ¢| comparison.

Time (s)
Mesh MG/OPT preconditioned descent algorithm
Os 152.95 170.79
Oy 85.7 103.44
o 9.4 7.6

Table 5.20: Time comparison.
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From Tables 5.19 and 5.20, we can conclude that we can not achieve a decrease of
the norm |V ]7T e| with respect to the results obtained by the preconditioned descent
algorithm. However, in almost all discretization levels, we have CPU time savings
of around the 14% with the MG/OPT algorithm with respect to the execution time
of the preconditioned descent algorithm.

5.0.4 Casson

The Casson model is a viscoplastic model that was first developed for modeling
printing inks. However, it has also been used to model food flow behaviour such as
chocolate and cocoa products [28], and has been applied to biorheology models like
hemodynamics and viscometric flows [32].

Experiment 10

In Tables 5.21 and 5.22, we present the results for the Casson fluid flow in a square
and circle cross sections, respectively . Both experiments are set with the following
parameters: 7 = 10° , f = 1 and tolerance 10~7. The experiments are initialized
with a FMG approximated solution.

g Finestm. Coarsestm. V-cycles r  |V]Je| Time(s) Plugflow vel.
05 O 2 2 6.59%-07  321.98 2.68e-04
0.2 s O 4 2 3.23e-07  458.00 2.36e-04
Oy O 1 2 7.50e-07 50.03 2.03e-04
3 O 6 2  6.066e-07  28.55 2.06e-04

Table 5.21: MG/OPT results of problem (5.1) with ¢ = 10% and f = 1.
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g Finestm. Coarsestm. V-cycles r  |V]Je| Time(s) Plugflow vel.

O O 18 2 9.78e-07 3138.30 0.0150
Qe O 30 2 3.25e-08 4553.74 0.0150

02 O 0 27 2 911e07  829.65 0.0150
Oy O 36 2 6.78e-07  243.84 0.0148
O3 (@] 33 2 1.31e-07 56.65 0.0146
Q6 (Q)) 0 2 6.50e-07  377.85 4.91e-04
% 0 1 2 2.60e07  528.69 4.79¢-04

04  Os 0 6 2 55907 220.84 4.89¢-04
0, O, 9 2 1.67e-07  59.43 4.85¢-04
O3 O 6 2 1.034e-07 11.04 4.54e-04

Table 5.22: MG/OPT results of problem (5.1) with ¢ = 10% and f = 1.

In these experiments we notice that, if we choose ()¢ as the finest mesh and
(), as the coarsest one instead of ()1, the algorithm is executed in less time for the
same amount of nodes. Moreover, for the parameter ¢ = 0.4, the algorithm only
needs 2 iterations of the FMG scheme to reach the stopping tolerance of 10~7. This
behaviour tells us, at least experimentally, that beyond a number of grids used in
the multigrid cycles we can not achieve more CPU time savings.
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Figure 5.12: Calculated velocity u for mesh Figure 5.13: Calculated velocity u for mesh
6. Parameters: g = 0.2,y = 103 Q. Parameters: ¢ = 0.2,y = 10°

Experiment 11: Comparison between MG/OPT and Descent algorithms

In this experiment, we present the results of solving the same problem at the finest
grid with the preconditioned descent algorithm and the MG/OPT algorithm. In the
following tables we compare the results from Experiment 10, with ¢ = 0.4, based on
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the CPU time and the stopping criteria registered.

Vel
Mesh MG/OPT preconditioned descent algorithm
O — 6.50e-07 9.8e-07
O — 2.60e-07 9.8e-07
05 5.59 e-07 9.77e-07
ON 1.67e-07 9.14e-07
03 1.34e-07 9.66e-07
Table 5.23: Norm |V ],] ¢| comparison.
Time (s)
Mesh MG/OPT preconditioned descent algorithm
Qs — 337.85 2804.14
O — g 528.69 2804.14
05 220.84 46457
Oy 59.43 100.51
03 11.04 19.02

Table 5.24: Time comparison.

From Table 5.24, we can conclude that at all discretization levels, we have sig-
nificant CPU time savings with the MG/OPT algorithm. The average of the time
reduction regarding to the execution time of the preconditioned descent algorithm
is about the 45% for meshes ()5, ()4 and (3. Particularly at the finest level ()¢ (with
a V-cycle with no more than five grids), the time reduction with respect to the time
of the preconditioned descent algorithm is about the 87.9%. Also, from Table 5.23,
we notice that the MG/OPT algorithm reaches smaller values for the norm [V]. ¢,
at all the refinement levels, than the preconditioned descent algorithm.
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Chapter 6

Conclusions

6.1 Conclusions and Outlook

We proposed and analyzed a multigrid for optimization (MG/OPT) algorithm for
the numerical solution of a class of quasilinear variational inequalities of the sec-
ond kind. We analyzed the variational inequality via the minimization of the as-
sociated energy functional. First, we regularized the non-differentiable part of the
energy by using a Huber regularization approach. Next, we proposed a finite el-
ement discretization for the problem, and we deeply analyzed the differentiability
of the functional. In particular, we proved that the Jacobian of the discretized func-
tional is slantly differentiable. The MG/OPT algorithm was presented and all of the
involved transfer operators analyzed. The convergence of the MG/OPT algorithm
was stablished by using the mean value theorem for slantly differentiable functions
and the global convergence of the underlying optimization algorithms. The main
issues regarding the implementation of the algorithm were explained, and we de-
scribed the type of global convergent deepest descent methods used as underlying
optimization algorithms. We showed that several classical models for viscoplastic
flow correspond to the class of variational inequalities under study. Therefore, we
focussed the numerical experiments on this kind of problems. Particularly, we com-
puted the solution for the Herschel-Bulkley, Bingham and Casson models.
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