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 D O.9$'$K  II >?@+%'+ -'(#)'+ 3&#+#$%* *)92$*+ 
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*+ 12# ,*
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2*('+ 3*&*)* #+%.-*
.8$ (# #J#
%'+ (# 3')A%.
*+ 3P7).
*+ * -#(.*$' D )*&9' 3)*Q'? R'& 2$* 3*&%#K)'+ ;<=+ 3#&-.%#$ '7+#&6*& 
'-' #) 
*-7.' (# 2$* 6*&.*7)# *J#
%* *) 
'-3'&%*-.#$%'(# )*+ '%&*+? R'& '%&* 3*&%#K #+%* -#%'(')'9A* %&*%* 
'$ .92*)(*( * )*+ 6*&.*7)#+ +.$ 12##C.+%* 2$* (.+%.$
.8$ * 3&.'&. #$%&# 6*&.*7)#+ #$(89#$*+ D #C89#$*+S #+ (#
.&K +# +23'$#12# $.$92$* (# )*+ 6*&.*7)#+ +# (#%#&-.$* (# -*$#&* #C89#$* D 3'& %*$%' %'(*+ #+%4$.$%#&&#)*
.'$*(*+ :R#&#.&* D ='
*LE*9*)0+K  IIT>? !" #$%&'&(&)' *+,&(- #$ .' /01($,1 2-0U$ -'(#)' (# 6#
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' #+ 2$* &#9&#+.8$ (# +#&.#+ (# %.#-3'K ('$(#
*(* 6*&.*7)# (#3#$(# (# -*$#&* (.$4-.
* (# )'+ &#Q*9'+ (# #))* -.+-* D (# '%&*+ 6*&.*L7)#+? U$ ;<= 74+.
' 32#(# +#& #C3&#+*(' (# )* +.92.#$%# -*$#&*V
Yt = V + A1Yt−1 + A2Yt−2 + ...+ ApYt−p + Ut :W?F>"'$(#

• Yt = (y1t, ..., ykt)
′ #+ #) 6#
%'& KC1 (# 6*&.*7)#+ #$(89#$*+K

• V = (v1, ..., vk)
′ #+ #) 6#
%'& KC1 (# .$%#&
#3%'+K

• Ak #+ )* -*%&.Q KCK (# 
'#X
.#$%#+K
• Yt−k #+ #) 6#
%'& KC1 (# &#Q*9'+ (# )*+ 6*&.*7)#+ #$(89#$*+K D
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• Ut = (u1t, ..., ukt)

′ "# "$ %"
'() *" K−*+,"-#+(-.$+*.* *" )/+*(# 0$.-
(# ! 12- "#'. "#3"
+4
.
+5- -( #" 3/"*" '(,.) "- 
/"-'. $(# "6"
'(# 
(-'",3()7-"(# *" $.# %.8)+.0$"#1 9.)*+
 : ;+<-(- = >> ? '(,.- *(# %.)+.0$"# "#'.
+(-.)+.# x1 : x21 @.*. %.)+.0$""# 6/-
+5- *" #/# 3)(3+(# )"A.<(#B 3")( '.,0+C- *" $(# %.$()"# 3)"#"-'"# : 3.#.*(# *" (').#%.)+.0$"#1 D() $( '.-'(B #" 3/"*" "#
)+0+) /- ,(*"$( EFG 
(- H )"A.<(# =p = 4? *" $.#+</+"-'" ,.-").I
x1t = a1 +

4∑

i=1

b1ix1t−i +

4∑

j=1

c1jx2t−j − d1x2t + u1t =J1 ?
x2t = a2 +

4∑

i=1

b2ix2t−i +
4∑

j=1

c2jx1t−j − d1x1t + u2t*(-*" u1t : u2t #(- *(# )/+*(# 0$.-
(# -( 
())"$.
+(-.*(#1 K" 6(),. ,.')+
+.$B "$ 3)(
"#(EFG=H? #" "#
)+0"I
BXt = Φ0 +

4∑

i=1

ΦiXt−i + Ut =J1J?*(-*"I
B =

[
1 d1

d2 1

]
Φ0 =

[
a1

a2

]
Xt =

[
x1t

x2t

]
Φi =

[
b1i c1i

b2i c2i

]
Ut =

[
u1t

u2t

]

L+ #" ,/$'+3$+
. 
.*. 'C),+-( *" $. "
/.
+5- =J1J? 3() B−1 : #+ M "# +-%")'+0$"B #" (0'+"-""$ 3)(
"#( *" $. 6(),. 07#+
.I
Xt = A0 +

4∑

i=1

AiXt−i + εt =J1H?K(-*" Ai = B−1Φi : εt = B−1Ut1 L" 3/"*" -('.) /-. *+#'+-
+5- "-')" $.# "
/.
+(-"#=J1N? : =J1H?1 2$ 3)+,")( "# 
(-(
+*( 
(,(  ! "#$% &'!$%'!( : "$ #"</-*( 
(,( )('$%# "*+,%'1 F*",7#B $(# "))()"# εt #" *"'"),+-.- . 3.)'+) *" $(# #O(
P# uit1 D.). "$ "Q",3$(#" "R3)"#. 
(,(I ! ! "#$
&'$ &'()
*$!)#*$ εt &' +! #+*,$ -.)!
$ '*/ E[εt] = 0∀t0 V [εt] = σ2

ε∀t0 Cov(εt, εt′) = 0 ")#) t 6= t′ ! #+*,$ -.)!
$ '& !$()/ εt ∼ RB(0, σ2

ε
).
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ε1t = (u1t − d1u2t)/(1− d1d2) "#$%&
ε2t = (u2t − d1u1t)/(1− d1d2) !" #$%$#&'%()&*#$) +' ,- .$% ')&$#*/-$%*/'()*+ ,* -*./01.- /.+ 2-3*4.+ *+2*
67
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08(*+ ,* /. +*-0*$ !"!# $%&'
)*+',)-.'. -+ /-+&).* $%&,)
&* * $%&'
)*+',)-.'. 01-,&-?( 2-8
*+8 Xt *+ *+).
08(.-08 *( +*()0,8 *+)-0
)8 +0 ∀ t1, t2, ..., tn 
8( ti ∈ T, i = 1, ..., n9 +0 ∀ τ ∈ T 
8( ti+τ ∈ T ; Xt1 , ..., Xtn )0*(* /. :0+:. ,0+)-043
0@( ,* 2-84.40/0,., A3*

Xt1+τ
, ..., Xtn+τ

$?( 2-8
*+8 *+ *+)-0
).:*()* *+).
08(.-08 
3.(,8 )0*(* )8,8+ +3+ :8:*()8+ 0(<.-0.()*+,*()-8 ,*/ )0*:28$ B0( *:4.-C8; *+). ,*7(0
0@( ,* *+).
08(.-0*,., *+ ,*:.+0.,. *+)-0
).;28- /8 
3./ +* ,*7(* /. *+).
08(.-0*,., *( +*C3(,8 8-,*( ! !"!" $%&'
)*+',)-.'. -+ /-21+.* 3,.-+ * $%&'
)*+',)-.'. 456)7?( 2-8
*+8 Xt *+ *+).
08(.-08 *( +*C3(,8 8-,*( +0 9 +8/8 +0D
E(X2

t ) < ∞, ∀t ∈ Z "#$!&
E(Xt) = m, ∀t ∈ Z "#$E&

Cov(Xt, Xt+h) = γh, ∀t, h ∈ Z "#$F&G. *
3.
0@( "#$!& 0(,0
. A3* */ 2-8
*+8 *+ *+).
08(.-08 *( +*C3(,8 8-,*( "/8+ :8:*()8+ ,*+*C3(,8 8-,*( +8( 7(0)8+&$ B*C>( /. 
8(,0
0@( ,* "#$E&; /. :*,0. ,*/ 2-8
*+8 *+ 
8(+).()*2.-. 
3./A30*- 2*-68,8 t$ H0(./:*()*; /. )*-
*-. 
8(,0
0@( :3*+)-. A3* /. 
8<.-0.(1. *()-*,8+ 2*-08,8+ t 9 t + h ,*2*(,* >(0
.:*()* ,* /. ,0I*-*(
0. h ,* /8+ 2*-68,8+$ ',*:J+;+* 84+*-<. A3* /. <.-0.(1. σ2
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 ! ! "#$"#%#&'()*+& ,(-∞. /# 0& $"1)#%1 2(""#$# %&'()*+,- . //012 -# $)*$)3)4'#
674  !"#$% &"'(&%' .891 )3 ):*$)3#$ ;4 <9= )4'>$?64+3 @)- *#3#@+ A *$)3)4') @)- )$$+$B "#$# 6-;3'$#$ -+ #4')$6+$2 3) *$+*+4) ;4 <9=.C1D;) 36E;) -# F+$?# @) -# )
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674 .GBC1H
Yt = A0 + A1Yt−1 + Ut .GBI1J6 )3') *$+
)3+ 
+?6)4K# )4 )- '6)?*+ t = 12 3) +L'6)4)H

Y1 = A0 + A1Y0 + U1,

Y2 = A0 + A1Y1 + U2 = A0 + A1(A0 + A1Y0 + U1) + U2,

Y2 = (IK + A1)A0 + A2
1Y0 + A1U1 + U2BBB

Yt = (IK + A1 + · · ·+ At−1

1 )A0 + At
1Y0 +

t−1∑
i=0

Ai
1Ut−iBBB .GBC/1

"+$ -+ '#4'+2 -+3 M)
'+$)3 Y1, ..., Yt A 3; @63'$6L;
674 
+4N;4'# 3+4 @)')$?64#@+3 O46
#?)4')*+$ Y0, U1, ..., UtB 9;4D;) # M)
)32 3) #3;?) D;) ;4 *$+
)3+ 646
6# )4 ;4 *)$6+@+ )3*)
PQ
+2'#?L6>4 
+4M6)4) #
)*'#$ D;) 646
6# )4 )- *#3#@+ 64Q46'+ .)
;#
674 GBC/1B "+$ -+ '#4'+2
Yt *;)@) @)Q46$ 
+?+ ;4 *$+
)3+ )3'+
R3'6
+ L6)4 @)Q46@+ 36 '+@+3 -+3 M#-+$)3 *$+*6+3 @)
A1 '6)4)4 ?7@;-+3 ?)4+$)3 D;) C !H

Yt = µ+
∞∑

i=0

Ai
1Ut−i, t = 0,±1,±2, . . . , .GBCC1@+4@) µ := (IK − A1)

−1A0B %#3 @63'$6L;
6+4)3 ?#$E64#-)3 A 
+4N;4'#3 @) -+3 YtS3 3+4@)')$?64#@+3 O46
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674 @) -+3 *$+
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674 @) 89B U4 )F)
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( )*( *$ /.#
(,#567839 (,  !"#$% : ;,1! 
#$%&
&'$ (, ()*&-!+($1( !<
det(IK −A1z) 6= 0, para |z| ≤ 1



 !"#$% &'(&'#')$%
+,) '# -)% 
%&%
$'&.#$+
% '#')
+%/ 0' /% 1'$202/23.% 0' 4+1# 567!89: ;%<-' /' ('&1+$' $&%=%& /% $&%;'
$2&+% $'1(2&%/ 0' /2# 0+>'&#2# #?2
@# 0' /%# >%&+%A/'# +)B
/-+0%# ') '/ #+#$'1%C D%&% +/-#$&%& /2 %)$'&+2&: #' $+')' -) 120'/2 0' (&+1'& 2&0') 0' 02#>%&+%A/'#E
[
x1t

x2t

]
=

[
a10

a20

]
+

[
a11 a12

a21 a22

][
x1t−1

x2t−1

]
+

[
u1t

u2t

] 5FC6 9G: -#%)02 /% '
-%
+,) 5FC669: #' 2A$+')'E
[
x1t

x2t

]
=

[
x1

x2

]
+

∞∑

i=0

[
a11 a12

a21 a22

]i [
u1t

u2t

] 5FC6F94+) '1A%&32: '#$' (&2
'#2 #' (-'0' &''#
&+A+& $21%)02 ') 
-')$% /% '
-%
+,) 5FCH9: 02)0'#' 1-'#$&%) /%# &'/%
+2)'# 0' Ut 
2) εt: $')+')02 
212 &'#-/$%02 /% #+3-+')$' 
21A+)%
+,)E
[
x1t

x2t

]
=

[
x1

x2

]
+ [1/(1− d1d2)]

∞∑

i=0

[
a11 a12

a21 a22

]i [
1 −d1

−d2 1

][
ε1t

ε2t

] 5FC6I9D%&% #+1(/+J
%&: #' )2$% 0' /% #+3-+')$' K2&1% % /% 1%$&+= Φi 
2) /2# '/'1')$2# φjk(i)E
Φi =

[
Ai

1/(1− d1d2)
]
[

1 −d1

−d2 1

] 5FC6H9D2& /2 $%)$2: /% &'(&'#')$%
+,) LM 0' 5FC6F9 (-'0' '#
&+A+&#' ') $N&1+)2# 0' ε1t ; ε2tE
[
x1t

x2t

]
=

[
x1

x2

]
+

∞∑

i=0

[
φ11(i) φ12(i)

φ21(i) φ22(i)

][
ε1t−i

ε2t−i

] 5FC6O9G 0' 1%)'&% 1P# 
21(%
$%E
Xt = µ+

∞∑
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Φiεt−i 5FC6Q9R% &'(&'#')$%
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$2# 0' /2# #?2
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-%$&2 '/'1')$2# φjk: 
2)2
+02# 
212 /%#  !"
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$04
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$04
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)*<-'0%)019& 0=0
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$04
*0%)0# .0 &- =(%
*3% .0 *'+(&#$ /0#+(0#)-1 ?#;" +$/ 050'+&$" #0 %$)- 6(0 .0#+(@#.0 n +0/;$.$# 0& 0=0
)$ .0 ε2t 0% 0& <-&$/ .0 x1t+n 0# φ12(n)1 A$/ &$ )-%)$" .0#+(@# .0 n+0/;$.$# &- #('- -
('(&-.- .0 &$# 0=0
)$# .0 ε2t #$8/0 x1t 0#B
n∑

i=0

φ12(i) CD1EFGH* n )*0%.0 - *%4%*)$ #0 +/$.(
0 0& '(&)*+&*
-.$/ .0 &-/I$ +&-J$1&'(') *"#
,- ,#.
./0 1" 2% 3%4.%05%K$# L?M# #*% /0#)/*

*$%0# %$ #$% +-/)*
(&-/'0%)0 N)*&0# +-/- &-# +/0<*#*$%0# - 
$/)$ +&-J$1H*% 0'8-/I$" &$# 0//$/0# .0 +/$%3#)*
$ .0 0#)$# '$.0&$# #$% '(: N)*&0# +-/- 0%)0%.0/ &-#*%)0//0&-
*$%0# 0%)/0 &-# <-/*-8&0# 0% 0& #*#)0'-1 H* #0 )$'- 0% 
(0%)- &- 0
(-
*3% CD1!G"#0 +(0.0 #(+$%0/ 6(0 #0 
$%$
0% &$# 
$04
*0%)0# .0 A0 : A11 O-5$ 0#)0 
/*)0/*$" #0 .0#0-+/0.0
*/ <-/*$# <-&$/0# '0.*$# .0 Xt+i #$8/0 0& <-&$/ $8#0/<-.$ .0 Xt1 P0 0#)- '-%0/-" #0)*0%0 Xt+1 = A0 + A1Xt + Ut+1 : .$%.0 &- 0#+0/-%J- .0 Xt+1 0#B
EtXt+1 = A0 + A1Xt CD1E!GA$/ 
$%#*I(*0%)0" 0& 0//$/ .0 +/0.*

*3% -.0&-%)-.$ 0% (% +0/;$.$ 0# Xt+1−EtXt+1 = Ut+11P0 '-%0/- /0
(/#*<-" #0 +(0.0 '$#)/-/ 6(0 &- 0#+0/-%J- .0 Xt+n 0#B

EtXt+n = (I + A1 + A2

1 + ...+ An−1

1 )A0 + An
1Xt CD1 QGR*0%)/-# 6(0" &$# 0//$/0# .0 +/0.*

*3% -#$
*-.$# #$%B

Xt+n −EtXt+n = Ut+n + A1Ut+n−1 + A2

1Ut+n−2 + ... + An−1

1 Ut+1 CD1 EGH0IN% 9%.0/# C QQ!G" #0 +(0.0 
$%#*.0/-/ 0#)$# 0//$/0# .0 +/0.*

*3% 0% )@/'*%$# .0 (%-/0+/0#0%)-
*3% R? :- 6(0 0& '$.0&$ L?M : 0#)- /0+/0#0%)-
*3% 
$%)*0%0% 0S-
)-'0%)0 &-'*#'- *%=$/'-
*3%1 A-/- *.0%)*4
-/ &-# *%)0//0&-
*$%0# 0%)/0 &-# <-/*-8&0# 0# 
$%<0%*0%)00S+/0#-/ &$# 0//$/0# .0 +/0.*

*3% 0% )@/'*%$# .0& +/$
0#$ εt1 ?.0'7#" #* #0 ()*&*J- &-0
(-
*3% CD1!G +-/- &- +/0.*

*3% 
$%.*
*$%-.- .0 Xt+n" &- 0S+/0#*3% 0#B



 !
Xt+n = µ+

∞∑

i=0

φiεt+n−i " #$$%&'()* *+ *,,', )* -,*).

.0( -1,1 +'2 -*,3')'2 n *24
Xt+1 − EtXt+1 =

n−1∑

i=0

φiεt+n−i " #$ %&* 51(*,1 *2-*
36
17 2. 2* *(8'9:* :( 2'+' -,'
*2'7 *+ *,,', )* -,*).

.0( *( +'2 n -*,3')'2*24
x1t+n − Etx1t+n = φ11(0)ε1t+n + φ11(1)ε1t+n−1 + ... + φ11(n− 1)ε1t+1 " #$;%

+ φ12(0)ε2t+n + φ12(1)ε2t+n−1 + ... + φ12(n− 1)ε2t+1&* *2<1 51(*,17 +1 =1,.1(>1 )*+ *,,', )* -,*).

.0( )* +'2 n -*,3')'2 )* x1t+n *24
σ2

1(n) = σ2

1 [φ
2

11(0) + φ2

11(1) + ... + φ2

11(n− 1)] " #$?%
+ σ2

2 [φ
2

12(0) + φ2

12(1) + ... + φ12(n− 1)2]@'5' <')'2 +'2 =1+',*2 )* φ2
jk(i) 2'( *2<,.
<15*(<* (' (*A1<.='27 +1 =1,.1(>1 )*+ *,,', )*-,*).

.0( .(
,*5*(<1 
'(8',5* *+ B',.>'(<* )* -,*).

.0( .(
,*5*(<* *( n# &* 1
:*,)'
'( +' 1(<*,.',7 2* -:*)* )*2
'5-'(*, +'2 n 1)*+1(<'2 )*+ *,,', -,*).
B' *( 
1)1 :(' )*+'2 2B'
C2# D( -1,<.
:+1,7 +12 -,'-',
.'(*2 )* σ2

1(n) -1,1 +'2 2B'
C2 ε1t E ε2t 2'(4
σ2
1[φ

2
11(0) + φ2

11(1) + · · ·+ φ2
11(n− 1)]

σ2
1(n)

=

σ2
1

n−1∑
i=0

φ2
11(i)

σ2
1(n)

" #$F%
σ2
2[φ

2
12(0)

2 + φ12(1)
2 + · · ·+ φ2

12(n− 1)]

σ2
1(n)

=

σ2
2

n−1∑
i=0

φ2
12(i)

σ2
1(n)
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