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π = p.q − C(q) /0BI2O()-%8

• pP7,%4(>
• qP");4-"->
• πP$;4&4-"->
• Q/92P(';(' ;(;"&%'> &(' $"&%' %';M) %) ?$)4G) -% &" ");4-"- 7,(-$4-"!%6C) %';" ;%(,@"> %& %#7,%'",4( %' ,"4()"&< %' -%4,> A$'" #"K4#4H", '$ $;4&4-"- > ;%R)4%)-( (#( ,%'$&;"-( 9$% %& 7,%4( -% #%,"-( %' 46$"& "& (';( #",64)"& (p = C ′(q))B!4) %#A",6(> %& %#7,%'",4( ;4%)% 9$% 7"6", $) 4#7$%';( " &" ,%);"> 7(, ()'46$4%);%> &"?$)4G) -% $;4&4-"- 9$% ;4%)% 9$% #"K4#4H", %' &" '46$4%);%8

π∗ = π − T ;T = πt /0BS2
= π − πt; 0 < t < 1 /0BT2  ! "#$%&&($ %) *+&,)+ -+%)$ ."*-/ 0 %) 1)23$%# -+%)$ ."1-/ 4#$ 5!4 63) ,!7&,&8!$ 5! 93$&($%) 3:&5&%!% %) 5#4 ),;+)4!+&#4<
CPO :

dπ

dq
= 0 .=>=/

CSO :
d2π

dq2
< 0
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• π∗( )*+,+%-% %&./)0. %&, +1/)&.*#2
• T( +1/)&.*# /-3-%# 4
• t( *-.- %& +1/)&.*# .#56& ,- 6&$*-7"& &.*- 1-$&6-2 .& $#*- 8)& &, &1/6&.-6+# -*:- %& 1-$&6- +%0$*+- #$ # .+$ +1/)&.*# 4-8)& 0, 1-;+1+<- ,- /6#%)+=$ %& +3)-, 1-$&6- 8)& )-$%# $# >-4 *6+5)*#7 ?$ #$,).+=$2&, +1/)&.*# &. /-3-%# /#6 &, -/+*-,+.*- .+$ -@&*-6 - ,#. #$.)1+%#6&. %&, 5+&$2 &. %&+62&, *6+5)*# $#  ! "#$ %$&$ '$)$ $&!%$*"!7A)-$%# .& #5.&6B- %&.%& &, /)$*# %& B+.*- %& ,#. @-*#6&. %& /6#%)+=$2 ,- @)$+=$ %&)*+,+%-% %& ,-. &1/6&.-. &. ,- .+3)+&$*&'

π = Pf(K,L)− PKK − PLL CD7EF"#$%&'
• P( /6&+# %&, 5+&$2
• π( )*+,+%-%2
• f(K,L)( @)$+=$ %& /6#%)+=$2
• PK( /6&+# %&, -/+*-, 4
• PL( .-,-6+# C/6&+# %& *6-5-G#FH#6 ,# *-$*#2 )-$%# .& +1/#$& )$ +1/)&.*# - ,- 6&$*- ,- @)$+=$ %& )*+,+%-% &.'

π = (1− t)[Pf(K,L)− PKK − PLL] CD7IFJ+ &, &1/6&.-6+# )1/,& #$ &, .)/)&.*# #6*#%#;# %& 6-+#$-,+%-%2 &, -/+*-,+.*- *+&$& &,1+.1# #1/#6*-1+&$*# #$ # .+$ +1/)&.*#K &. %&+62 ,#. /6&+#. %& ,#. @-*#6&. $# .& -@&L*-$ #$ ,- +1/,-$*-+=$ %&, +1/)&.*# - ,- 6&$*- C&, +1/)&.*# $#  ! "#$ %$&$ '$)$ $"#+ F7?$ ,-*-.-%)-2 &, &1/6&.-6+# *+&$& .)M+&$*& /#%&6 &$ &, 1&6-%# /-6- +1/#$&6 /6&+#..&3:$ ,- %&1-$%- - ,- )-, .& &$@6&$*-7 H#6 #$.+3)+&$*&2 &, /6&+# %&/&$%& %& ,- -$*+%-%/6#%)+%- CP = p(q)F 4 .) @)$+=$ %& )*+,+%-% &.'
π = p(q).q − C(q) CD7NF
π∗ = (1− t)(P (q).q − C(q)) CD7OF
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• π' ()*+*$,$-
• p(q)' ./%*" $%+ 1*%#-
• q' ,#)*$,$ ./"$(*$,-
• C(q)' "2)"2 )"),+%2-
• π∗' ()*+*$,$ $%2.(32 $%+ *4.(%2)" 5
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π = Pf(K,L)− PKK − PLL CD6EF
π∗ = (1− t)(Pf(K,L)− PKK −



pq9 4 3&+ %+/+ )*"1/)%)@+ It′9- .$ $/%+ *+&$#+0 $& 1&'))1&$/ '$ +,-!"!*)$ -!#.!"$4 /)& 3& )*"3$/%10 $( "#1'3%1# *+=)*);+ /3/ 6$&$7)1/ B3)+'1 "1# $( #)%$#)1 '$ J"#$)1'$ *$#+'1 $/ )B3+( +( 1/%1 *+#B)&+(K- L)$&%#+/ 53$0 $& 3& *$#+'1 '$ ,+*+-+%)+0 $($*"#$/+#)1 /$ 1*"1#%+ 1& $( #)%$#)1 '$ J)&B#$/1 *+#B)&+( $/ )B3+( +( 1/%1 *+#B)&+(KIG1M 4 N<*$;0  OOP9-C( *1*$&%1 '$ )&%#1'3)# 3& )*"3$/%1 + (+/ @$&%+/0 $( "#1'3%1# %)$&$ 3&+ >3&)<& '$3%)()'+' '$/"3Q/ '$( )*"3$/%1 Iπ∗9 '$ (+ /)B3)$&%$ >1#*+R
π∗ = π − t′(pq) I!-  9?& +,-!"!*)$ -!#.!"$0 $( "#1'3%1# *+=)*);+ /3 >3&)<& '$ 3%)()'+' (($B+&'1 + B3)+#/$"1# $( /)B3)$&%$ #)%$#)1 '$ $53)()6#)1R
p =

C ′(q)

(1− t′)
I!- !9H3+&'1 S+4 3& )*"3$/%1 + (+/ @$&%+/0 $( "#1'3%1# "+#+ *+=)*);+# /3/ B+&+&)+/ /$ B3)+#D"1# $( #)%$#)1 '$ (+ $3+)<& I!- !9- .$ $/%+ *+&$#+0 $( "#$)1 $/ *D/ +(%1 53$ /) $/%+ /)&)*"3$/%1- 81# (1 %+&%10 $( $*"#$/+#)1 "+#+ *+&%$&$# $( "#$)1 1& $( )*"3$/%1 ')/*)&34$/3 "#1'3)<& "1#53$ /$ 1#)$&%+ "1# (+ 1&'))<& '$ $53)()6#)1 *$&)1&+'+- C( +&+();+#$/%+ %#+/(+)<& /16#$ $( "#1'3%1# )&')@)'3+( 53$ 1"$#+ $& 3& *$#+'1 '$ 1*"$%$&)+
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1− t′


π∗ = pf(K,L)−PKK − PLL− t′pf(K,L) CD2 PE

pf ′

K =
pK

1− t′
CD2 QE

pf ′

L =
pL

1− t′
CD2 REF(+ ,.0//,.#+ 0# #)*/-/4$/, #. -( *'/-/7(/<. 0# %(',$#+ ,. /1"*#+', +,. 0/%#$#.'#+ )*#*(.0, ., O(9 *. '$/4*', +,4$# -(+ :#.'(+2 B*(.0, ., O(9 /1"*#+',6 -( ,.0//<. +# 5*H(",$ #- :(-,$ 0# -( "$,0*'/:/0(0 1($5/.(- 0# (0( %(',$ #+ /5*(- (- "$#/, 0#- %(',$2 3/.#14($5,6 *(.0, +# /1",.# #- /1"*#+', -( *'/-/7(/<. 0# %(',$#+ 0/+1/.*9# 0# (*#$0,( -(+ #-(+'//0(0#+ "$#/, 0# ,%#$'( 9 0#1(.0( %(',$/(-#+2 ;. ,.-*+/<.6 #- /1"*#+',
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 !" #$%!&'! ($)*$,!%$&,$ -&$./0,1!  2" 3*$),! ($)*$,!%$&,$ -&$./0,1!









 !

 !"#$"% &!'()*+" , &!'()*+" -./0.123*45)*65% &!'()*+" , &!'()*+" -./0.1"#$%' () *+,-'. /, 01 234'.2256 .'7#, 01 268,#.2566' 9161#: ;, ,.-1 316,#1< 01 -1.1 /, #,6/232,6-' ., 71.1 ,6 =61 /28,#.2/1/ /, #,6/232,6>-'. 4#'7170,. ? @=, 4=,/,6 #,A,B1# ,0 810'# ,.4,#1/' /, ,.-1 /2.-#27=256 /, 4#'717202/1/:C2 q1, q2, ..., qn .'6 01. -1.1. /, #,6/232,6-' ,.4,#1/1. D4'.2-281. ? 6,91-281.E ? p1, p2, ..., pn.'6 01. #,.4,-281. 4#'717202/1/,. /, .= 141#2256 D/'6/, n∑
i=1

pi = 1E< ., -2,6,)
y =

n∑

i=1

qipi DF: GE
y =g − r DF: HE;'6/, y ,. 01 ,.4,#16I1 31-,3$-21 /,0 #,6/232,6-' 4'#,6-=10< ? ., 4=,/, /282/2# ,6=61 41#-, 4'.2-281 DgE ? 6,91-281 DrE: J/,3$.< ., 4=,/, .=4'6,# @=, ,0 #,6/232,6-' /, 01268,#.256 DaE ,. ,0 #,6/232,6-' 4'# 1.=32# ,0 #2,.9': J0 3'3,6-' /, 260=2# =6 234=,.-'.'7#, ,0 7,6,%2'< 0'. 268,#.2'62.-1. .,9=2#K16 01 .29=2,6-, ,L4#,.256)

a =
(1− t)(g − r)

r
DF: MEN'# 0' -16-'< =61 268,#.256 ,. =6 B=,9' @=, -2,6, =6 #2,.9' ? .'0' ., 2682,#-, .2 ,0 810'#/, 01. 9161621. 4#'7170,. ,. 31?'# 10 /, 01. 4O#/2/1. 4#'7170,.7: P=16/' =6 234=,.-'.'7#, ,0 7,6,%2' ., 234'6,< 01 268,#.256 /2.326=?, ?1 @=, ,.-, -#27=-' ,34,'#1 01.4'.27202/1/,. #,/=2,6/' ,0 #,6/232,6-' ,.4,#1/' /, 01 268,#.256: *.-, 234=,.-' 4=,/,26/=2# 1 1=3,6-1# ' /2.326=2# ,0 #2,.9' /,4,6/2,6/' /, 01. 2#=6.-1621. /,0 1.':  ! "#$%&'"(#"')* +,'* ,#* &%#)* &%#,#"*#.( * ,#* !"/,".%0 '%1,&* 2 (34&* *)"$(' &%*!%' ( *"(#%'%54(#"6#.('% * &%,4%&*& .% 7(&3* ',')*#"*! %! ."#%&( ( * !* 46&.".* .% 4*&)% ( )(.(8
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 !#$%&'# (&)&*#+ ,-.'/%0 %. 1*.%&'. 2&. $# .34%). &$ 5&'.$)# .$ 65 *.$)5 -.6 1.*7#-# 89 2&. )#-# .6 5:#**#0 '/% 6#% 4$).*.%.%0 %. #$%&'. .$ .%). 1.*7#-#+






















Yt = V + A1Yt−1 + A2Yt−2 + ...+ ApYt−p + Ut :W?F>"'$(#

• Yt = (y1t, ..., ykt)
′ #+ #) 6#%'& KC1 (# 6*&.*7)#+ #$(89#$*+K

• V = (v1, ..., vk)
′ #+ #) 6#%'& KC1 (# .$%#&#3%'+K

• Ak #+ )* -*%&.Q KCK (# '#X.#$%#+K
• Yt−k #+ #) 6#%'& KC1 (# &#Q*9'+ (# )*+ 6*&.*7)#+ #$(89#$*+K D



 !
• Ut = (u1t, ..., ukt)

′ "# "$ %"'() *" K−*+,"-#+(-.$+*.* *" )/+*(# 0$.-(# ! 12- "#'. "#3"+4.+5- -( #" 3/"*" '(,.) "- /"-'. $(# "6"'(# (-'",3()7-"(# *" $.# %.8)+.0$"#1 9.)*+ : ;+<-(- = >> ? '(,.- *(# %.)+.0$"# "#'.+(-.)+.# x1 : x21 @.*. %.)+.0$""# 6/-+5- *" #/# 3)(3+(# )"A.<(#B 3")( '.,0+C- *" $(# %.$()"# 3)"#"-'"# : 3.#.*(# *" (').#%.)+.0$"#1 D() $( '.-'(B #" 3/"*" "#)+0+) /- ,(*"$( EFG (- H )"A.<(# =p = 4? *" $.#+</+"-'" ,.-").I
x1t = a1 +

4∑

i=1

b1ix1t−i +

4∑

j=1

c1jx2t−j − d1x2t + u1t =J1 ?
x2t = a2 +

4∑

i=1

b2ix2t−i +
4∑

j=1

c2jx1t−j − d1x1t + u2t*(-*" u1t : u2t #(- *(# )/+*(# 0$.-(# -( ())"$.+(-.*(#1 K" 6(),. ,.')++.$B "$ 3)("#(EFG=H? #" "#)+0"I
BXt = Φ0 +

4∑

i=1

ΦiXt−i + Ut =J1J?*(-*"I
B =

[
1 d1

d2 1

]
Φ0 =

[
a1

a2

]
Xt =

[
x1t

x2t

]
Φi =

[
b1i c1i

b2i c2i

]
Ut =

[
u1t

u2t

]

L+ #" ,/$'+3$+. .*. 'C),+-( *" $. "/.+5- =J1J? 3() B−1 : #+ M "# +-%")'+0$"B #" (0'+"-""$ 3)("#( *" $. 6(),. 07#+.I
Xt = A0 +

4∑

i=1

AiXt−i + εt =J1H?K(-*" Ai = B−1Φi : εt = B−1Ut1 L" 3/"*" -('.) /-. *+#'+-+5- "-')" $.# "/.+(-"#=J1N? : =J1H?1 2$ 3)+,")( "# (-(+*( (,(  ! "#$% &'!$%'!( : "$ #"</-*( (,( )('$%# "*+,%'1 F*",7#B $(# "))()"# εt #" *"'"),+-.- . 3.)'+) *" $(# #O(P# uit1 D.). "$ "Q",3$(#" "R3)"#. (,(I ! ! "#$&'$ &'()*$!)#*$ εt &' +! #+*,$ -.)!$ '*/ E[εt] = 0∀t0 V [εt] = σ2

ε∀t0 Cov(εt, εt′) = 0 ")#) t 6= t′ ! #+*,$ -.)!$ '& !$()/ εt ∼ RB(0, σ2

ε
).



 !
ε1t = (u1t − d1u2t)/(1− d1d2) "#$%&
ε2t = (u2t − d1u1t)/(1− d1d2) !" #$%$#&'%()&*#$) +' ,- .$% ')&$#*/-$%*/'()*+ ,* -*./01.- /.+ 2-3*4.+ *+2*67.+ +84-* /. +*-0* 9 43+.- */ :8,*/8 ,* /. :0+:.;<.-0.+ *).2.+ 2-*/0:0(.-*+ +8( (**+.-0.+ 8:8 *+)3,0.- +0 +3 *+2*-.(1. 9 <.-0.(1. +8(*+).4/*+ *( */ )0*:28$ =* *+). :.(*-.; +* 2/.()*. Xt, t = 1, ..., T ; 3(. +*-0* )*:28-./,8(,* T *+ */ (>:*-8 ,* 84+*-<.08(*+ ,* /. +*-0*$ !"!# $%&')*+',)-.'. -+ /-+&).* $%&,)&* * $%&')*+',)-.'. 01-,&-?( 2-8*+8 Xt *+ *+).08(.-08 *( +*()0,8 *+)-0)8 +0 ∀ t1, t2, ..., tn 8( ti ∈ T, i = 1, ..., n9 +0 ∀ τ ∈ T 8( ti+τ ∈ T ; Xt1 , ..., Xtn )0*(* /. :0+:. ,0+)-0430@( ,* 2-84.40/0,., A3*

Xt1+τ
, ..., Xtn+τ

$?( 2-8*+8 *+ *+)-0).:*()* *+).08(.-08 3.(,8 )0*(* )8,8+ +3+ :8:*()8+ 0(<.-0.()*+,*()-8 ,*/ )0*:28$ B0( *:4.-C8; *+). ,*7(00@( ,* *+).08(.-0*,., *+ ,*:.+0.,. *+)-0).;28- /8 3./ +* ,*7(* /. *+).08(.-0*,., *( +*C3(,8 8-,*( ! !"!" $%&')*+',)-.'. -+ /-21+.* 3,.-+ * $%&')*+',)-.'. 456)7?( 2-8*+8 Xt *+ *+).08(.-08 *( +*C3(,8 8-,*( +0 9 +8/8 +0D
E(X2

t ) < ∞, ∀t ∈ Z "#$!&
E(Xt) = m, ∀t ∈ Z "#$E&

Cov(Xt, Xt+h) = γh, ∀t, h ∈ Z "#$F&G. *3.0@( "#$!& 0(,0. A3* */ 2-8*+8 *+ *+).08(.-08 *( +*C3(,8 8-,*( "/8+ :8:*()8+ ,*+*C3(,8 8-,*( +8( 7(0)8+&$ B*C>( /. 8(,00@( ,* "#$E&; /. :*,0. ,*/ 2-8*+8 *+ 8(+).()*2.-. 3./A30*- 2*-68,8 t$ H0(./:*()*; /. )*-*-. 8(,00@( :3*+)-. A3* /. 8<.-0.(1. *()-*,8+ 2*-08,8+ t 9 t + h ,*2*(,* >(0.:*()* ,* /. ,0I*-*(0. h ,* /8+ 2*-68,8+$ ',*:J+;+* 84+*-<. A3* /. <.-0.(1. σ2
X = Cov(Xt, Xt) = γ0 *+ 0(,*2*(,0*()* ,*/ )0*:28 "$ K+)*-*+3/).,8 +* )-.,3* 8:8 /. 2-820*,., ,* L8:8+*,.+)00,.,$ ! ! "#$%"!&$' $% &()*+!, $-&"+,!")+$#"# -$ $!&$!#$)/ ,! $% ,!$0&, #$ $-&"+,!")+$#"# $! -$12!#,,)#$! "γh $- %" 32!+4! #$ "2&,,5")+"!6" #$% 0),$-,



 ! ! "#$"#%#&'()*+& ,(-∞. /# 0& $"1)#%1 2(""#$# %&'()*+,- . //012 -# $)*$)3)4'#674  !"#$% &"'(&%' .891 )3 ):*$)3#$ ;4 <9= )4'>$?64+3 @)- *#3#@+ A *$)3)4') @)- )$$+$B "#$# 6-;3'$#$ -+ #4')$6+$2 3) *$+*+4) ;4 <9=.C1D;) 36E;) -# F+$?# @) -# );#674 .GBC1H
Yt = A0 + A1Yt−1 + Ut .GBI1J6 )3') *$+)3+ +?6)4K# )4 )- '6)?*+ t = 12 3) +L'6)4)H

Y1 = A0 + A1Y0 + U1,

Y2 = A0 + A1Y1 + U2 = A0 + A1(A0 + A1Y0 + U1) + U2,

Y2 = (IK + A1)A0 + A2
1Y0 + A1U1 + U2BBB

Yt = (IK + A1 + · · ·+ At−1

1 )A0 + At
1Y0 +

t−1∑
i=0

Ai
1Ut−iBBB .GBC/1

"+$ -+ '#4'+2 -+3 M)'+$)3 Y1, ..., Yt A 3; @63'$6L;674 +4N;4'# 3+4 @)')$?64#@+3 O46#?)4')*+$ Y0, U1, ..., UtB 9;4D;) # M))32 3) #3;?) D;) ;4 *$+)3+ 6466# )4 ;4 *)$6+@+ )3*)PQ+2'#?L6>4 +4M6)4) #)*'#$ D;) 6466# )4 )- *#3#@+ 64Q46'+ .);#674 GBC/1B "+$ -+ '#4'+2
Yt *;)@) @)Q46$ +?+ ;4 *$+)3+ )3'+R3'6+ L6)4 @)Q46@+ 36 '+@+3 -+3 M#-+$)3 *$+*6+3 @)
A1 '6)4)4 ?7@;-+3 ?)4+$)3 D;) C !H

Yt = µ+
∞∑

i=0

Ai
1Ut−i, t = 0,±1,±2, . . . , .GBCC1@+4@) µ := (IK − A1)

−1A0B %#3 @63'$6L;6+4)3 ?#$E64#-)3 A +4N;4'#3 @) -+3 YtS3 3+4@)')$?64#@+3 O46#?)4') *+$ -# @63'$6L;674 @) -+3 *$+)3+3 UtB !3 $"*&)*$(4#% 50&)*1&#% /# 41% 2("6 !"!# $%&()& *+ ,-.%/01 2+0.%+034 5,26"#$# 6466#$2 3) *;)@) 3;*+4)$ ;4 ?+@)-+ <9= D;) *;)@) )3$6L6$3) +?+ ;4# $)*$)3)4T'#674 @) 89B U4 )F)'+2 -# );#674 .GBV1 )3 -# $)*$)3)4'#674 89 @) .GBG12 @+4@) -#3M#$6#L-)3 )3'R4 ):*$)3#@#3 )4 '>$?64+3 @) -+3 M#-+$)3 *$)3)4')3 A *#3#@+3 @) -+3 )$$+$)3B ! ! #$%&&'$ %( )*( +#, -!+#.(, /.#/&#, %( +! 0!1.&2 A1 ,#$ 0($#.(, ! 3 (,1!4+(( )*( *$ /.#(,#567839 (,  !"#$% : ;,1! #$%&&'$ (, ()*&-!+($1( !<
det(IK −A1z) 6= 0, para |z| ≤ 1



 !"#$% &'(&'#')$%+,) '# -)% %&%$'&.#$+% '#')+%/ 0' /% 1'$202/23.% 0' 4+1# 567!89: ;%<-' /' ('&1+$' $&%=%& /% $&%;'$2&+% $'1(2&%/ 0' /2# 0+>'&#2# #?2@# 0' /%# >%&+%A/'# +)B/-+0%# ') '/ #+#$'1%C D%&% +/-#$&%& /2 %)$'&+2&: #' $+')' -) 120'/2 0' (&+1'& 2&0') 0' 02#>%&+%A/'#E
[
x1t

x2t

]
=

[
a10

a20

]
+

[
a11 a12

a21 a22

][
x1t−1

x2t−1

]
+

[
u1t

u2t

] 5FC6 9G: -#%)02 /% '-%+,) 5FC669: #' 2A$+')'E
[
x1t

x2t

]
=

[
x1

x2

]
+

∞∑

i=0

[
a11 a12

a21 a22

]i [
u1t

u2t

] 5FC6F94+) '1A%&32: '#$' (&2'#2 #' (-'0' &''#&+A+& $21%)02 ') -')$% /% '-%+,) 5FCH9: 02)0'#' 1-'#$&%) /%# &'/%+2)'# 0' Ut 2) εt: $')+')02 212 &'#-/$%02 /% #+3-+')$' 21A+)%+,)E
[
x1t

x2t

]
=

[
x1

x2

]
+ [1/(1− d1d2)]

∞∑

i=0

[
a11 a12

a21 a22

]i [
1 −d1

−d2 1

][
ε1t

ε2t

] 5FC6I9D%&% #+1(/+J%&: #' )2$% 0' /% #+3-+')$' K2&1% % /% 1%$&+= Φi 2) /2# '/'1')$2# φjk(i)E
Φi =

[
Ai

1/(1− d1d2)
]
[

1 −d1

−d2 1

] 5FC6H9D2& /2 $%)$2: /% &'(&'#')$%+,) LM 0' 5FC6F9 (-'0' '#&+A+&#' ') $N&1+)2# 0' ε1t ; ε2tE
[
x1t

x2t

]
=

[
x1

x2

]
+

∞∑

i=0

[
φ11(i) φ12(i)

φ21(i) φ22(i)

][
ε1t−i

ε2t−i

] 5FC6O9G 0' 1%)'&% 1P# 21(%$%E
Xt = µ+

∞∑

i=0

Φiεt−i 5FC6Q9R% &'(&'#')$%+,) 0' 1'0+%# 1,>+/'# '# -)% ?'&&%1+')$% '#('+%/1')$' -$+/+=%0% (%&% 'S%B1+)%& /% +)$'&&'/%+,) ')$&' /%# >%&+%A/'#C R2# 2'J+')$'# 0' Φi (-'0') -$+/+=%&#' (%&%3')'&%& /2# 'K'$2# 0' /2# #?2@# ε1t ; ε2t ') $20% /% $&%;'$2&+% 0'/ $+'1(2 0' x1t ; x2tCM0'1P#: /2# -%$&2 '/'1')$2# φjk: 2)2+02# 212 /%#  !"$%"&' (& )*+!,'% -&'.



 ! !"#$%" #$% &$# '(&)*+&*-.$/0# .0 *'+-)$1 2%- *%)0/+/0)-*3% .0 0#)$# $04*0%)0# 0#"+$/ 050'+&$" 6(0 0& $04*0%)0 φ12(0) 0# 0& *'+-)$ *%#)-%)7%0$ .0& -'8*$ .0 (%- (%*.-..0 ε2t 0% x1t1 9% 0& '*#'$ #0%)*.$" &$# 0&0'0%)$# φ11(1) : φ12(1) #$% &- /0#+(0#)- 0% (%+0/;$.$ .0& -'8*$ (%*)-/*$ 0% ε1t−1 : ε2t−1 #$8/0 x1t" /0#+0)*<-'0%)019& 0=0)$ -('(&-)*<$ .0& *'+(&#$ (%*)-/*$ 0% ε1t :>$ ε2t +(0.0 $8)0%0/#0 +$/ &- #('- .0&$# $04*0%)0# .0 &- =(%*3% .0 *'+(&#$ /0#+(0#)-1 ?#;" +$/ 050'+&$" #0 %$)- 6(0 .0#+(@#.0 n +0/;$.$# 0& 0=0)$ .0 ε2t 0% 0& <-&$/ .0 x1t+n 0# φ12(n)1 A$/ &$ )-%)$" .0#+(@# .0 n+0/;$.$# &- #('- -('(&-.- .0 &$# 0=0)$# .0 ε2t #$8/0 x1t 0#B
n∑

i=0

φ12(i) CD1EFGH* n )*0%.0 - *%4%*)$ #0 +/$.(0 0& '(&)*+&*-.$/ .0 &-/I$ +&-J$1&'(') *"#,- ,#../0 1" 2% 3%4.%05%K$# L?M# #*% /0#)/**$%0# %$ #$% +-/)*(&-/'0%)0 N)*&0# +-/- &-# +/0<*#*$%0# - $/)$ +&-J$1H*% 0'8-/I$" &$# 0//$/0# .0 +/$%3#)*$ .0 0#)$# '$.0&$# #$% '(: N)*&0# +-/- 0%)0%.0/ &-#*%)0//0&-*$%0# 0%)/0 &-# <-/*-8&0# 0% 0& #*#)0'-1 H* #0 )$'- 0% (0%)- &- 0(-*3% CD1!G"#0 +(0.0 #(+$%0/ 6(0 #0 $%$0% &$# $04*0%)0# .0 A0 : A11 O-5$ 0#)0 /*)0/*$" #0 .0#0-+/0.0*/ <-/*$# <-&$/0# '0.*$# .0 Xt+i #$8/0 0& <-&$/ $8#0/<-.$ .0 Xt1 P0 0#)- '-%0/-" #0)*0%0 Xt+1 = A0 + A1Xt + Ut+1 : .$%.0 &- 0#+0/-%J- .0 Xt+1 0#B
EtXt+1 = A0 + A1Xt CD1E!GA$/ $%#*I(*0%)0" 0& 0//$/ .0 +/0.**3% -.0&-%)-.$ 0% (% +0/;$.$ 0# Xt+1−EtXt+1 = Ut+11P0 '-%0/- /0(/#*<-" #0 +(0.0 '$#)/-/ 6(0 &- 0#+0/-%J- .0 Xt+n 0#B

EtXt+n = (I + A1 + A2

1 + ...+ An−1

1 )A0 + An
1Xt CD1 QGR*0%)/-# 6(0" &$# 0//$/0# .0 +/0.**3% -#$*-.$# #$%B

Xt+n −EtXt+n = Ut+n + A1Ut+n−1 + A2

1Ut+n−2 + ... + An−1

1 Ut+1 CD1 EGH0IN% 9%.0/# C QQ!G" #0 +(0.0 $%#*.0/-/ 0#)$# 0//$/0# .0 +/0.**3% 0% )@/'*%$# .0 (%-/0+/0#0%)-*3% R? :- 6(0 0& '$.0&$ L?M : 0#)- /0+/0#0%)-*3% $%)*0%0% 0S-)-'0%)0 &-'*#'- *%=$/'-*3%1 A-/- *.0%)*4-/ &-# *%)0//0&-*$%0# 0%)/0 &-# <-/*-8&0# 0# $%<0%*0%)00S+/0#-/ &$# 0//$/0# .0 +/0.**3% 0% )@/'*%$# .0& +/$0#$ εt1 ?.0'7#" #* #0 ()*&*J- &-0(-*3% CD1!G +-/- &- +/0.**3% $%.**$%-.- .0 Xt+n" &- 0S+/0#*3% 0#B



 !
Xt+n = µ+

∞∑

i=0

φiεt+n−i " #$$%&'()* *+ *,,', )* -,*)..0( -1,1 +'2 -*,3')'2 n *24
Xt+1 − EtXt+1 =

n−1∑

i=0

φiεt+n−i " #$ %&* 51(*,1 *2-*3617 2. 2* *(8'9:* :( 2'+' -,'*2'7 *+ *,,', )* -,*)..0( *( +'2 n -*,3')'2*24
x1t+n − Etx1t+n = φ11(0)ε1t+n + φ11(1)ε1t+n−1 + ... + φ11(n− 1)ε1t+1 " #$;%

+ φ12(0)ε2t+n + φ12(1)ε2t+n−1 + ... + φ12(n− 1)ε2t+1&* *2<1 51(*,17 +1 =1,.1(>1 )*+ *,,', )* -,*)..0( )* +'2 n -*,3')'2 )* x1t+n *24
σ2

1(n) = σ2

1 [φ
2

11(0) + φ2

11(1) + ... + φ2

11(n− 1)] " #$?%
+ σ2

2 [φ
2

12(0) + φ2

12(1) + ... + φ12(n− 1)2]@'5' <')'2 +'2 =1+',*2 )* φ2
jk(i) 2'( *2<,.<15*(<* (' (*A1<.='27 +1 =1,.1(>1 )*+ *,,', )*-,*)..0( .(,*5*(<1 '(8',5* *+ B',.>'(<* )* -,*)..0( .(,*5*(<* *( n# &* 1:*,)''( +' 1(<*,.',7 2* -:*)* )*2'5-'(*, +'2 n 1)*+1(<'2 )*+ *,,', -,*).B' *( 1)1 :(' )*+'2 2B'C2# D( -1,<.:+1,7 +12 -,'-',.'(*2 )* σ2

1(n) -1,1 +'2 2B'C2 ε1t E ε2t 2'(4
σ2
1[φ

2
11(0) + φ2

11(1) + · · ·+ φ2
11(n− 1)]

σ2
1(n)

=

σ2
1

n−1∑
i=0

φ2
11(i)

σ2
1(n)

" #$F%
σ2
2[φ

2
12(0)

2 + φ12(1)
2 + · · ·+ φ2

12(n− 1)]

σ2
1(n)

=

σ2
2

n−1∑
i=0

φ2
12(i)

σ2
1(n)
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AYt = A∗

1Yt−1 + · · ·+ A∗

pYt−p + εt + HT>.R1&6# A∗

j := AAj +j = 1, ..., p. A εt := Aut ∼ (0,Σε = AΣuA
′)H R# #2)# 5161/ ;&(#0#*F& (6#;(6( 6# 0( 5()4*D A #2 ;(&61 εt )#&$( ;&( 5()4*D 6# 1J(4*(&D( 6*($1&(0H"* 01 (&)#4*14 2# 5;#2)4( 151 ;&( 4#34#2#&)(*F& U8/ 0( #Q34#2*F& #2N
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Σε = AΣUA

′ + H V.86#5M2/ 2# )15( #0 2;3;#2)1 6# C;# 0( 5()4*D Σε #2 6*($1&(0H R# #2)( 5(&#4(/ 2# )*#&#
K(K−1)/2 #;(*1&#2 *&6#3#&6*#&)#2W #2 6#*4/ )1612 012 #0#5#&)12 K(K−1)/2 :;#4( 6#0( 6*($1&(0 6# AΣUA
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a21 1 0 0... ... . . . ...
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′. ?,(+C05 *#),% -# @#$1#)3# ,( -#0 ($$%$(0 (0'$*'*$#-(0(0 )%$+#-13#,#5 (0 ,(1$5 #0*+1$ 8*( εt ∼ (0, Ik)5 0( '1()(F
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∆yt =

p∑

i=1

b1ix1t−i +

p∑

j=1

c1jx2t−j + u1t 0 1  3
zt =

p∑

i=1

b2ix2t−i +

p∑

j=1

c2jx1t−j + u2t>'* +' &)/&'? $4&'4 "*'$4'4 ∆yt 7 zt "#$%$/ $8"*$4)*4$ '(' #/) *$"*$4$/&)-./ @A=
∆yt =

∞∑

k=0

c11(k)ε1t−k +

∞∑

k=0

c12(k)ε2t−k 0 1 !3
zt =

∞∑

k=0

c21(k)ε1t−k +

∞∑

k=0
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∆yt

zt

]
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C21(L) C22(L)
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ε2t

] 0 1 C3D'/%$=
• ∆yt $4 $+ *$-(-$/&' %$+ >EF *$)+
• zt $4 +) &)4) %$ %$4$("+$'
• Cij(L) $4 $+ "'+-/'(-' %$+ '"$*)%'* %$ *$G)H'4 L 7 $+ '$I-$/&$ -/%-;-%#)+ %$ Cij(L)4$ %$/'&) '(' cij(k)
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• Xt &4 &. J&/,* ,.2'%) (∆yt, ut)Q-
• Ut &4 &. J&/,* ,.2'%) (u1t, u2t)Q- 8
• I;R> &4 .) ')/*$0 2x2 ,% .,4 &.&'&%/,4 3& .,4 1,.$%,'$,4 Aij(L) ,% .,4 ,&S$&%/&4
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Σ
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(1) =

T +Kp+ 1

T
ΣU 8 />O:\(%."[

• p "# "+ (,."% ."+ &,("#( W5X (%#3,$*.( &(, +(# .'3(#/
• T "# +' -$"#3,' A
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Σ̂U =
T

T −Kp− 1
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(
T

2

){
ln

(∣∣∣Σ̂
∣∣∣
)
−K ln(2π)−K

} ,<=<.0>+$4!;
• T !6 !) $#'!3+ 4! +?6!3@&(+$!61
• K !6 !) $#'!3+ 4! !7&(+$!6 B
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t
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FPE(p) = det

[
T +Kp+ 1

T

T

T −Kp− 1
Σ̃U (p)

] " #$%&
=

[
T +Kp+ 1

T −Kp− 1

]K
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AIC(p) = ln
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∣∣∣+ 2pK2

T
" #$ &
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T
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T
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L (X1, . . . , XT ) =

T∏

t=1

L(Xt|Xt−1) " #$%&'()*+ Xt−1 *+)(,- ,(*( +. /-0-*( *+ Xt 1-0,- t−1# 2(3 .( 45+ .- 65)89) *+ :+3(08;8.8,5*0+ +038<+=
L (X1, . . . , XT ) =

T∏
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1
(√

2π
)K √

det ΣU
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(
Xt −
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U
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tΣ
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C11(L) 0 0 0 0 0 0 0

C21(L) C22(L) 0 0 0 0 0 0

C31(L) C32(L) C33(L) 0 0 0 0 0

C41(L) C42(L) C43(L) C44(L) 0 0 0 0

C51(L) C52(L) C53(L) C54(L) C55(L) 0 0 0

C61(L) C62(L) C63(L) C64(L) C65(L) C66(L) 0 0

C71(L) C72(L) C73(L) C74(L) C75(L) C76(L) C77(L) 0

C81(L) C82(L) C83(L) C84(L) C85(L) C86(L) C87(L) C88(L)
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0.053 0.000 0.000 0.000 0.000 0.000 0.000 0.000

0.071 0.075 0.000 0.000 0.000 0.000 0.000 0.000

0.032 −0.021 0.057 0.000 0.000 0.000 0.000 0.000

0.071 −0.027 0.041 0.032 0.000 0.000 0.000 0.000

0.040 −0.023 0.021 0.015 0.011 0.000 0.000 0.000

0.036 −0.024 0.021 0.009 0.007 0.006 0.000 0.000

0.173 0.052 0.028 0.038 0.018 0.015 0.028 0.000

0.037 −0.039 0.018 0.017 0.001 0.012 0.008 0.015
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