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n = 0.75

n = 3

n = 0.5 n = 9
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(X, ‖ · ‖)

f : X → R X f

c x ∈ X

|f(x)| ≤ c‖x‖.

f

f : X → R x ∈ X

‖x‖→+∞
f(x) = +∞



(X, || · ||) f : X → R

λ ∈ (0, 1)

f(λu+ (1− λ)v) ≤ λf(u) + (1− λ)f(v),

f

(X, || · ||) S

f : S → R α Sα = {x ∈ S / f(x) ≤ α} f

(X, || · ||) S f : S → R

f α ∈ R Sα = {x ∈ S / f(x) ≤ α}

�

(X, || · ||) S

f : S → R f

�

J(y) = J1(y) + J2(y)

Ji, i = 1, 2

J(y)→ +∞, cuando ||y|| → +∞, y ∈ W 1,n+1

0

y → J1(y) J2 J

u ∈ W 1,n+1

0 J(u) = y∈W 1,n+1

0

J(y)

J ′1(u) · (y − u) + J2(y)− J2(u) ≥ 0



�

X

X X ′

‖f‖ =
x∈X
x 6=0

‖f(x)‖
‖x‖

X J X

X ′′ X J(X) = X ′′

V (·, ·) : V × V → R

(x+ y, z) = (x, z) + (y, z)

(αx, y) = α(x, y)

(x, y) = (y, x)

(x, x) ≥ 0

(x, x) = 0⇔ x = 0

(·, ·) (V, (·, ·))

X σ A

(X,A ) σ A A

(X,A ) (X,A )

µ : A −→ R+

µ(0) = 0;

(An)n∈N A

µ





⋃

n∈N

An



 =
∑

n∈N

µ(An).

(X,A , µ) A

µ(A) µ



(X,A ) (Y,B)

f (A ,B) B ∈ B f−1(B) ∈ A

(X,A , µ) f : X −→ [−∞,+∞]

f µ

∫

X

f+(x) dµ(x) y

∫

X

f−(x) dµ(x)

∫

X

f(x) dµ(x) =

∫

X

f+(x) dµ(x) + intXf
−(x) dµ(x)

µ (X,A , µ)

P (x) x ∈ X µ

x ∈ X µ−
µ−

(X,A , µ)

f (fn)n∈R A X

R

µ x ∈ X, n→+∞ fn(x) = f(x)

g : X −→ R |fn(x) ≤
g(x)| µ X

f

n→+∞

∫

X

fn(x) dµ(x) =

∫

X

f(x) dµ(x).

�

Lp

p Ω ⊂ R
N p ∈ R 0 ≤ p < ∞ p

f : Ω→ R

∫

Ω

|f(x)|p dx <∞.



p

‖f‖Lp =

(∫

Ω

|f(x)|p dx
)1/p

∞ ∞ f

|f(x)| ≤ C Ω

∞

‖f‖L∞ = {C; |f(x)| ≤ C Ω}

1 < p < ∞ ϕ ∈ (Lp)′

u ∈ Lp′

〈ϕ, f〉 =
∫

uf f ∈ Lp

�

W 1,p Ω ⊂ R
N 1 ≤ p ≤ ∞

W 1,p

W 1,p(Ω) =























u ∈ Lp

∣

∣

∣

∣

∣

∣

∣

∣

∣

∃ g1, g2, g3, . . . , gN ∈ Lp(Ω)

∫

Ω

u
∂ϕ

∂xi
= −

∫

Ω

giϕ ∀ϕ ∈ C∞c (Ω) ∀i = 1, 2, . . . , N























W 1,p(Ω) 1 ≤ p <∞

‖u‖W 1,p =



‖u‖Lp +
n

∑

i=1

∥

∥

∥

∥

∂u

∂xi

∥

∥

∥

∥

Lp





1/p

.



p =∞

‖u‖W 1,∞ =
N
∑

i=1

{

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

≤ C Ω

}

Wm,p(Ω) m ≥ 2

Wm,p =

{

u ∈ Wm−1,p(Ω) :
∂u

∂xi
∈ Wm−1,p, ∀i = 1, 2, . . . , n

}

‖u‖Wm,p =





n
∑

i=1

∫

Ω

‖∇αu‖p dx





1/p

W 1,2(Ω) H1(Ω)

(u, v)H1 = (u, v)L2 +
N
∑

i=1

(

∂u

∂xi
,
∂v

∂xi

)

W 1,2(Ω)

1 ≤ p ≤ ∞ W 1,p 1 < p < ∞ W 1,p

H1

�

W 1,p
0 W 1,p

0 C1
0(Ω) W 1,p

W 1,p
0 W 1,p

H1
0 = W 1,2

0

Ω 1 ≤ p ≤ ∞
c

‖u‖Lp ≤ c‖∇u‖Lp u ∈ W 1,p
0 .

�



X Y F : X → Y

L

‖F (x1)− F (x2)‖Y ≤ L‖x1 − x2‖X x1, x2 ∈ X.

X U X

F : U ⊆ X → R h ∈ X u0 ∈ U

DF (u0) =
t→0

F (u0 + th)− F (u0)

t

F h ∈ X u0 ∈ U

F u0

L : X → R

F ′(u0)
h→0

F (u0 + h) + F (u0)− L(h)

‖h‖ = 0.

F : U ⊆ X → R u0

F DF (u0) = F ′(u0)

f [a, b]

f [a, b]

I0(f) = (b− a)f

(

a+ b

2

)

.



I(f) [a, b] m

H = (b − a)/m m ≥ 1

xk = a+ (2k + 1)H/2 k = 0, . . . ,m− 1

I0,m(f) = H

m−1
∑

k=0

f(xk).

f

x0 = a x1 = b

I1(f) =
b− a

2
[f(a) + f(b)].

I(f) m

f xk = a+kH k = 0, . . . ,m

H = (b− a)/m

I1,m(f) =
H

2

m−1
∑

k=0

(f(xk) + f(xk+1)), m ≥ 1.

f : Rn → R

x∈Rn
f(x)

x∗

R > 0

f(x∗) ≤ f(x) ∀x ∈ B(x∗, R),

f ∈ C1(Rn) f x

∇f(x) =
(

∂f

∂x1
(x), . . . ,

∂f

∂xn

)⊤

∂f
∂xi



w

∂f

∂w
(x) =

α→0

f(x+ αw)− f((x)

α
.

∂f
∂w
(x) = ∇f(x)⊤w

f ∈ C1(Rn) w ∈ R α ∈ R ξ ∈ (x, x+αw) f

f(x+ αw)− f(x) = α∇f(ξ)⊤w

f : Rn → R x∗

∇f(x∗) = 0.

x∗ ∈ R
n f : Rn → R f ∈ C1(B(x∗, R)) R > 0

x∗

x0 ∈ R
n x1, x2, . . . , xn

f(xk) < f(xk+m).

k ∈ {1, 2, . . . , n} m ∈ {1, 2, . . . , n− 1}
xk k ∈ {1, 2, . . . , n}

xk = xk−1 + αkwk

wk f αk

wk

α>0
f(xk + αwk)

α

wk



x0

x1

 

w k

θk
−∇fk

wk

wk = −B−1k ∇fk.

B

f wk −∇fk
π

2

dk∇fk = ‖dk‖ · ‖∇fk‖ θk < 0.



wk = −∇f(uk)

f : Rn → R

u∈Rn
f(u)

u∗

uk+1

uk+1 = uk + αk · wk

αk wk

f

f

−∇f(un)

wn = −∇f(un)

αk =
α>0

{f(yk + αwk)}.



f(un + αnwn)− f(un) −→ 0 n→∞

αn

s, ρ > 0 ρ ∈ (0, 1) σ ∈ (0, 1/2) αn ∈ {s, sρ, sρ2, · · · }

f(un)− f(un − αwn) ≥ +σα∇f(un)⊤ · wn

α∇f(uk) · wk

f(uk)

αk
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W 1,p
0 1 < p <∞

n
∑

i,j=1

aij(x, u,∇u)uxixj
+ b(x, u,∇u) = 0.

Ω ⊂ R
n u : Ω→ R aij = aji

n
∑

i,j=1

aij(x, u,∇u)χxi
χxj

= 0

χ

∇χ 6= 0



aij(x, z, p) (x, z, p) ∈ U{(x, z, p) : x ∈ Ω, z ∈ R, p ∈ R
n}

△p y ≡ ∇ ·
(

|∇y|p−2
)

∇y 1 < p <∞

Ω ⊂ R
n 1 < p <∞ y















−∇ ·
(

|∇y|p−2∇y
)

= f Ω

y = 0 ∂Ω

f ∈ W−1,p′(Ω) p′ =
p

p− 1
W−1,p′(Ω) W 1,p(Ω)

Ω f ∈ W−1,p′ y ∈ W 1,p
0

∫

Ω

|∇y|p−2(∇y,∇w) dx =
∫

Ω

fw dx w ∈ W 1,p
0

�

y ∈ W 1,p
0

∫

Ω

|∇y|p−2(∇y,∇v) dx =
∫

Ω

fv dx v ∈ W 1,p
0



J(y) =
1

p

∫

Ω

|∇y|p dx−
∫

Ω

fy dx

w

y∈W 1,p
0

J(y)

J(y) =
1

p

∫

Ω

|∇y|p dx−
∫

Ω

fy dx

Ω ⊂ R
2 Ωh Ω

Ω
h
=

⋃

τ∈Th

τ T h Ωh

τ h

T h [0, 1]× [0, 1] [−1, 1]× [−1, 1]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

[0, 1]× [0, 1]
h = 1/11

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Solution of the Problem

[−1, 1]× [−1, 1]
h = 1/11



τ ∈ T h (xj, yj)

τ

(x1, y1)

(x3, y3)

(x2, y2)

T h

Sh =
{

χ ∈ C(Ωh
) : χ|τ τ ∈ T h

}

⊂ W 1,p
0 (Ωh).

yh∈Sh
J(y)

J(y) =
1

p

∫

Ωh

|∇y|p dx−
∫

Ωh

fyh dx

ϕ

ϕj(x, y) =









1 x y

1 xj+1 yj+1

1 xj+2 yj+2

















1 xj yj

1 xj+1 yj+1

1 xj+2 yj+2









∇ϕj(x, y) =
1

2|τ |

(

yj+1 − yj+2

xj+2 − xj+1

)

.

|τ |

Bh
S = {ϕ1, ϕ2, . . . , ϕn} Sh τ (xi, yi) i =

1, 2, 3. ϕ1, ϕ2, ϕ3

ϕj(xk, yk) = δjk, j, k = 1, 2, 3



y ∈ Sh

yh =
n

∑

i=0

yiϕi ∇hy =
n

∑

i=0

yi∇ϕi.

J(y) =
1

p
Ch − fh⊤−→y

Ch = (Ci)

Ci =
∑

τ∈Th

∫

τ

∣

∣

∣

∣

∣

∣

3
∑

k=1

ykϕk

∣

∣

∣

∣

∣

∣

p

dx i = 1, . . . , n

|∇yh| =

∣

∣

∣

∣

∣

∣

3
∑

k=1

yk∇ϕk

∣

∣

∣

∣

∣

∣

τ

∇h =

(

∂h1

∂h2

)

.

τ (x1, y1), (x2, y2) (x3, y3)

∂h1 =































∂ϕi

∂x1

∂ϕi

∂x2

∂ϕi

∂x3































∂h2 =































∂ϕi

∂y1

∂ϕi

∂y2

∂ϕi

∂y3































i = 1, 2, 3.

∇−→y h =















(

∂ϕi

∂
yi

)

(

∂ϕi

∂
yi

)















i = 1, 2, 3

= (x1, x2, x3) = (y1, y2, y3)



|∇yh|

ξ :R6 → R
3

ξ(u)k : = |(pk, pk+3)
⊤| k = 1, 2, 3.

∫

Ω
|∇y|p

∑

τ∈Th

∫

τ

|∇y|p dx =
∑

τ∈Th

∫

τ

ξ(∇y)p dx.

Ci =
∑

τ∈Th

∫

τ

ξ(∇y)p dx ≈
∑

τ∈Th

|τ |ξ(∇y)
p

2
i = 1, . . . , n.

fh = (fi)

fi =
∑

τ∈Th

∫

τ

fϕi(x) dx i = 1, · · · , n

τ (xc, yc)

(xc, yc)
 

(x1, y1)

(x3, y3)

(x2, y2)

∫

τ

fϕi dx ≈
1

6

(

x2 − x1 x3 − x1

y2 − y1 y3 − y1

)

f(xc, yc)



fi =
∑

τ∈Th

1

6

(

x2 − x1 x3 − x1

y2 − y1 y3 − y1

)

f(xc, yc)

yh∈Sh
J(yh)

J(yh) =

∫

Ωh

|∇yh|p −
∫

Ωh

fyh.

yn+1 = yn + αnwn n ∈ R
+

αn wn

wn

∫

Ωh

∇wn∇v = −J ′(yn)v = −
∫

Ωh

|∇yn|p−2(∇yn,∇v) +
∫

Ωh

fv

v ∈ Sh wn

−J ′(yn) Sh



Bhwn = Ahyn − fh

Bh = (bij)

bij =
∑

τ∈Th

∫

τ

(∇ϕi,∇ϕj), i, j = 1, . . . , n

Ah = (aij) aij |∇hy| ξ

aij =
∑

τ∈Th

∫

τ

ξ
(

∇hy
)p−2

(

∇ϕi,∇ϕj

)

dx i, j = 1, . . . , n

fh = (fj)

fj =
∑

τ∈Th

∫

τ

fϕj j = 1, . . . , n.

f τ

∫

τ

fϕj dx ≈
1

6

(

x2 − x1 x3 − x1

y2 − y1 y3 − y1

)

f(xc, yc)

Sh →֒ H1
0 (Ω

h)

| · |2yn =
∫

Ω

(ξ + |∇yn|p−2)|∇ · |2

wn

∫

Ωh

(ǫ+ |∇yn|p−2)∇wn∇v = −J ′(yn)v = −
∫

Ωh

|∇yn|p−2(∇yn,∇v) +
∫

Ωh

fv

ǫ

∇y = 0 wn

J ′(yn) Sh

wn



Bhwn = Ahyn − fh

Bh = (bij)

bij =
∑

τ∈Th

∫

τ

(

ǫ+ ξ(∇hy)p−2
)

(∇ϕi,∇ϕj), i, j = 1, . . . , n

Ah fh

xn

wn xn+1

wn

α>0
J(yn + αwn)

α

s, ρ > 0

ρ ∈ (0, 1) σ ∈ (0, 1/2) α ∈ {s, sρ, sρ2, · · · }

J(yn)− J(yn − αwn) ≥ −σαJ ′(yn)v · wn



s, ρ, σ y0 J1 = J(y0) n = 0

y = y0

arm

α = sρ1/n y = y + αwn

arm = J1 − J(y)

y0 n = 0

wn

αn

y = y + αnwn

202 (h = 1/20) p = 1, 5

yh∈Sh
J(yh)



J(yh) =

∫

Ωh

|∇yh|p −
∫

Ωh

fyh.

f

f(x1, x2) = (πx1) · (πx2)

y0















− △ y0 = (πx1) · (πx2) [0, 1]× [0, 1]

y0 = 0 ∂([0, 1]× [0, 1])

y = y0 error =

1 ξ = 1× 10−4 w0

∫

Ωh

(ǫ+ |∇y0|−0.5)∇w0∇v = −
∫

Ωh

|∇y0|−0.5(∇y0,∇v) +
∫

Ωh

fv

wn

∫

Ωh

(ǫ+ |∇yn|−0.5)∇wn∇v = −
∫

Ωh

|∇yn|−0.5(∇yn,∇v) +
∫

Ωh

fv

error = |J ′(y)w| =
∣

∣

∣

∣

−
∫

Ωh

|∇y|−0.5(∇y,∇w) +
∫

Ωh

fw

∣

∣

∣

∣

error ≤ 1× 10−4

α

J1 = J(y) ρ = 0.8 σ = 1 × 10−4 arm = 1 × 106, s = 0.7

|J ′(y)v|

×10−4

yh



yh



302 (h = 1/30) p = 9

yh∈Sh
J(yh)

J(yh) =

∫

Ωh

|∇yh|9 −
∫

Ωh

fyh

f

f(x1, x2) = 10

y0















− △ y0 = 10 Ωh

y0 = 0 ∂(Ωh)

y = y0 error =

1 ǫ = 1× 10−4 w0

∫

Ωh

∇w0∇v = −
∫

Ωh

|∇y0|7(∇y0,∇v) +
∫

Ωh

fv

wn
∫

Ωh

∇wn∇v = −
∫

Ωh

|∇yn|7(∇yn,∇v) +
∫

Ωh

fv

error = |J ′(y)w| =
∣

∣

∣

∣

−
∫

Ωh

|∇y|7(∇y,∇w) +
∫

Ωh

fw

∣

∣

∣

∣

error ≤ 1× 10−4

α

J1 = J(y) ρ = 0.5 σ = 1 × 10−4 arm = 1 × 105, s = 0.5



|J ′(y)v|

×10−4

yh

error



4

Z ∈ R
n x ∈ Z

t y(x, t) x Z

ρ(x, t)

∂ρ

∂t
+∇ · (ρy) = 0

ρ
∂y

∂t
= −∇p+ ρf



ρ = c c

∇ · y = 0

S = −∇p+∇ · σ

σ

σ

ρ
∂y

∂t
= ρf +∇ · σ

τ

N/m2

τ

E
∆y

∆x

E = ∆y

∆x

∆



σ = µ

(

∆y

∆x

)

µ

µ 6= 0



σy

σy

x
F

y



dx

Fdx A

B

σy

n > 1

n < 1

Od =
σy
cL

L σy c

c = −dp
dy

L

c = −dp
dy



σy σ

σ = σy + µE

µ E
V = cL2

µ

Od =
σy
cL

0 ≤ Od ≤ 0.5



















σij =
Od

E Eij + Eij si |σij| > Od

Eij = 0 si |σij| ≤ Od

E σij

√
σ =

√
σy +

√

KcE

Kc

σ = σy +
[

Kc +
√

σyKc|E|−
1

2

]

E

V =
cL2

Kc























σij =
Od

E Eij +
[

1 + 2

(

Od

E

)1/2
]

Eij si |σij| > Od

Eij = 0 si |σij| ≤ Od



σij Eij

L

L/2 Od =
σ

c · L

σ = σy +KH |E|n−1E

σy E KH

c = −dp
dy

V = L

(

cL

KH

)

1

n

R
3



















σij =
Od

E Eij + Et
n−1Eij si |σij| > Od

Eij = 0 si |σij| ≤ Od

σij Eij Od E
n

n = 1



∂y

∂t
=∇ · σ + f

∇ · y =0

σ

∇ · σ + f = 0

x1x2x3

x3 = 0 x3 = L L

L

x1

x2

x3

c

p(x3) = 0 x3 = 0

p(x3) = −cL x3 = L

y = (0, 0, y)
∂y

∂x3
= 0



y = y(x1, x2)

y = y(x1, x2)

E = 1

2

















0 0
∂y

∂x1

0 0
∂y

∂x2
∂y

∂x1

∂y

∂x2
0

















f



















































∂p

∂x1
= 0

∂p

∂x2
= 0

∂p

∂x3
=
∂σ31
∂x1

+
∂σ32
∂x2

p = −cx3

c =
∂σ31
∂x1

+
∂σ32
∂x2

,

σ3,i = Od
E3,i

|E3,1 + E3,2|
+ |E3,1 + E3,2|n−1E3,i i = 1, 2 Ω,

y = 0 Γ.



y y ∈ W 1,n+1

0

a(y, v − y) +Od j(v)−Od j(y) ≥ (c, v − y) v ∈ W 1,n+1

0

a(y, v) =

∫

Ω

| ▽ y|n−1(∇y · ∇v) dx

j(y) =

∫

Ω

|∇y(x)|dx

(c, v − y) = c

∫

Ω

(v − y)dx

(v − y) ∈ W 1,n+1

0

∫

Ω

∇ · (σ3,1, σ3,2)T (v − y)(x) dx = −c
∫

Ω

(v − y)(x)dx v ∈ W 1,n+1

0

∫

Ω

(σ3,1, σ3,2)
T∇(v − y)(x) dx = −c

∫

Ω

(v − y)(x)dx v ∈ W 1,n+1

0

σ3,1 =
(

|E3,1 + E3,2|n−1E3,1(y)
)

+
Od E3,1(y)

|E3,1(y) + E3,2(y)|

σ3,2 =
(

|E3,1 + E3,2|n−1E3,2(y)
)

+
Od E3,2(y)

|E3,1(y) + E3,2(y)|



∫

Ω



E3,1(y)
(

|E3,1(y) + E3,2(y)|n−1 +
Od

|E3,1(y) + E3,2(y)|

)

, |E3,1(y) + E3,2(y)|T

·
(

E3,2(y)|n−1 ·+E3,2(y) +
Od E3,2(y)

|E3,1(y) + E3,2(y)|

)



 · (∇(v − y)(x))dx

∫

Ω

(

E3,1(y), E3,2(y)
)

·
(

|E3,1(y) + E3,2(y)|n−1 +
Od

|E3,1(y) + E3,2(y)|

)T

· (▽(v − y))(x)dx

v ∈ W 1,n+1

0

∇y = E3,1(y) + E3,2(y)

∫

Ω

(

|∇y|n−1(∇y) +Od
∇y
|∇y|

)

· (∇(v − y))dx

∫

Ω

(

|∇y|n−1(∇y)
)

·(∇(v−y)(x))dx+
∫

Ω

(

Od
∇y
|∇y|

)

·(∇(v−y)(x))dx = c

∫

Ω

(v−y)(x)dx

v ∈ W 1,n+1

0

∫

Ω

(

Od
∇y
|∇y|

)

· ∇(v − y))(x) dx



∫

Ω

(

Od
∇y
|∇y|

)

· ∇(v − y)) = Od

∫

Ω

( ∇y
|∇y| ,∇v

)

dx−Od

∫

Ω

( ∇y
|∇y| ,∇y

)

dx

≤ Od

∫

Ω

|∇y||∇v|
|∇y| dx−Od

∫

Ω

|∇y| dx

∫

Ω

(

Od
∇y
|∇y|

)

· (∇(v − y)) ≤ Od

∫

Ω

|∇v|dx−Od

∫

Ω

|∇y|dx

∫

Ω

(

|∇y|n−1(∇y)
)

· (∇(v− y)(x))dx+Od
∫

Ω

|∇v|dx−Od
∫

Ω

|∇y|dx ≤ c

∫

Ω

(v− y)(x)dx

a(v, y) =

∫

Ω

|∇y|n−1(∇y · ∇v) dx

j(y) =

∫

Ω

|∇y(x)|dx

(c, v − y) = c

∫

Ω

(v − y)dx

a(y, v − y) +Od j(v)−Od j(y) ≥ (c, v − y) v ∈ W 1,n+1

0 .

�



y∈W 1,n+1

0

J(y)

J(y) =

(

1

n+ 1

)∫

Ω

|∇y|n+1dx+Od

∫

Ω

|∇y|dx− c

∫

Ω

y dx

J : W 1,n+1

0 −→ R

J(y) =
1

n+ 1

∫

Ω

|∇y|n+1dx+Od

∫

Ω

|∇y|dx− c

∫

Ω

y dx

W 1,n+1

0

J

J

J : W 1,n+1

0 −→ R

u, y ∈ W 1,n+1

0 n ≥ 1 λ ∈ [0, 1]

J(λy + (1− λ)y) =
1

n+ 1

∫

Ω

|∇(λu+ (1− λ)y)|n+1 dx+Od

∫

Ω

|∇(λu+ (1− λ)y)| dx

− c

∫

Ω

(λu+ (1− λ)y) dx



|∇(λu+(1−λ)y)| ≥ 0 |∇(λu+(1−λ)y)|n+1

R
+ n > 0

J(λu+ (1− λ)y) ≤
(

1

n+ 1

)[∫

Ω

|∇(λu)|n+1 dx+

∫

Ω

|∇((1− λ)y)|n+1 dx

]

+

+Od

[∫

Ω

|∇λu|+
∫

Ω

|(1 + λ)∇y| du
]

− c

[∫

Ω

(λu) dx+

∫

Ω

(1− λ)y dx

]

λ ≤ 1 (1− λ) ≤ 1 λ ≥ λn+1 (1− λ) ≥ (1− λ)n+1

J(λu+ (1− λ)y) ≤
(

1

n+ 1

)[

λ

∫

Ω

|∇u|n+1 dx+ (1− λ)

∫

Ω

|∇y|n+1 dx

]

+

+Od

[

λ

∫

Ω

|∇u|+ (1 + λ)

∫

Ω

|∇y| dx
]

− c

[

λ

∫

Ω

(u) dx+ (1− λ)

∫

Ω

y) dx

]

≤ λ

[

(

1

n+ 1

)∫

Ω

|∇u|n+1dx+Od

∫

Ω

|∇u|dx− c

∫

Ω

u dx

]

+

+ (1− λ)

[

(

1

n+ 1

)∫

Ω

|∇y|n+1dx+Od

∫

Ω

|∇y|dx− c

∫

Ω

y dx

]

≤ λJ(u) + (1− λ)J(y)

J J J

W 1,n+1

0 �

W 1,n+1

0

J

J : W 1,n+1

0 → R



u, y ∈ W 1,n+1

0 n ≥ 1 λ ∈ (0, 1)

J(λy + (1− λ)y) =
1

n+ 1

∫

Ω

|∇(λu+ (1− λ)y)|n+1 dx+Od

∫

Ω

|∇(λu+ (1− λ)y)| dx

− c

∫

Ω

(λu+ (1− λ)y) dx

|∇(λu+(1−λ)y)| ≥ 0 |∇(λu+(1−λ)y)|n+1

R
+ n > 0

J(λu+ (1− λ)y) ≤
(

1

n+ 1

)[∫

Ω

|∇(λu)|n+1 dx+

∫

Ω

|∇((1− λ)y)|n+1 dx

]

+

+Od

[∫

Ω

|∇λu|+
∫

Ω

|(1 + λ)∇y| du
]

− c

[∫

Ω

(λu) dx+

∫

Ω

(1− λ)y dx

]

λ < 1 (1− λ) < 1 λ > λn+1 (1− λ) > (1− λ)n+1

J(λu+ (1− λ)y) <

(

1

n+ 1

)[

λ

∫

Ω

|∇u|n+1 dx+ (1− λ)

∫

Ω

|∇y|n+1 dx

]

+

+Od

[

λ

∫

Ω

|∇u|+ (1 + λ)

∫

Ω

|∇y| dx
]

− c

[

λ

∫

Ω

(u) dx+ (1− λ)

∫

Ω

y) dx

]

< λ

[

(

1

n+ 1

)∫

Ω

|∇u|n+1dx+Od

∫

Ω

|∇u|dx− c

∫

Ω

u dx

]

+

+ (1− λ)

[

(

1

n+ 1

)∫

Ω

|∇y|n+1dx+Od

∫

Ω

|∇y|dx− c

∫

Ω

y dx

]

< λJ(u) + (1− λ)J(y)

J �



J(y) =

(

1

n+ 1

)∫

Ω

|∇y|n+1dx+Od

∫

Ω

|∇y|dx− c

∫

Ω

y dx

J1(y) =

(

1

n+ 1

)∫

Ω

|∇y|n+1dx

J2(y) = Od

∫

Ω

|∇y|dx− c

∫

Ω

y dx

J J1 J2

J

u ∈ W 1,n+1

0

J ′1(u) · (y − u) + J2(y)− J2(u) ≥ 0

J1

1

n+ 1

(∫

Ω

| ▽ y(x)|n−1
)′

(u) dx =

∫

Ω

|∇y|n−1(∇y,∇u) dx

J2 u ∈ W 1,n+1

0

∫

Ω

|∇y|n−1(∇y,∇v) dx+Od

∫

Ω

|∇y|dx−Od

∫

Ω

|∇u|dx ≥ c

∫

Ω

y dx− c

∫

Ω

u dx



5

J

y∈W 1,n+1

0

J(y)

J(y) =
1

n+ 1

∫

Ω

|∇y|n+1 dx+Od

∫

Ω

|∇y| dx− c

∫

Ω

y dx

J



ψγ : R
n −→ R

ψγ : ∇y −→ ψγ(∇y) =



























Od|∇y| − Od2

2γ
si |∇y| > Od

γ

γ

2
|∇y|2 si |∇y| ≤ Od

γ

Od γ

−2 −1 0 1 2
−2

0
2

0

0.5

1

1.5

−2
−1

0
1

2

−2

0

2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

ψ | · |
γ ψ | · |

ψγ w ∈ R
n

ψγ
|w|→Od

γ

ψ



|w| > Od
γ

|w|→Od
γ

+
ψγ(w) =

|w|→Od
γ

Od|w| − Od2

2γ

=
Od2

γ
− Od2

2γ

=
Od2

2γ

|w| ≤ Od
γ

|w|→Od
γ

−

ψγ(w) =
|w|→Od

γ

γ

2
|w|

=
γ

2
·
(

Od

γ

)2

=
Od2

2γ

|w|→Od
γ

ψγ ψγ
Od
γ

ψγ ε > 0

|ψγ(w + h)− ψγ(w)− L(w)h| ≤ |h|ε,

h→0

|ψγ(w + h)− ψγ(w)− L(w)h|
|h| = 0

L(w)h =



























Od
(w, h)

|h| si |w| > Od

γ
,

γ(w, h) si |w| ≤ Od

γ
.

|w| ≤ Od

γ

h→0

|ψγ(w + h)− ψγ(w)− L(w)h|
|h| =

h→0

∣

∣

γ
2
|w + h|2 − γ

2
|w|2 − γ(w, h)

∣

∣

|h|



(w + h,w + h) =(w,w + h) + (h,w + h)

=(w,w) + (w, h) + (h,w) + (h, h)

=(w,w) + 2(w, h) + (h, h).

(w, h) =
|w + h|2 − |w|2 − |h|2

2

h→0

|ψγ(w + h)− ψγ(w)− L(w)h|
|h| =

h→0

∣

∣

∣

γ
2
|w + h|2 − γ

2
|w|2 − γ |w+h|2−|w|2−|h|2

2

∣

∣

∣

|h|

=
h→0

γ
2
|h|2
|h|

=0

|w| ≤ Od
γ

ψγ

L(w)h

L(w)h |w|−→Od
γ
L(w)h

|w|−→Od
γ

+
L(w)(w) =Od

(w,w)

|w|

=
|w|−→Od

γ

+
Od

(|w|2
|w|

=
Od2

γ

|w|−→Od
γ

−

L(w)(w) =γ(w,w)

=
|w|−→Od

γ

−

γ|w|2

=
Od2

γ

|w|−→Od
γ
L(w)h L(w)h

ψγ �

ψγ



f : X → R

f(u) ≥ f(v) + f ′(v)(u− v), ∀u, v ∈ X

f

ψγ

u, v ∈ R
n |v| > Od

γ
| · |

ψ′γ(v)(u− v) = Od
(v, u− v)

|v|

= Od
(v, u)

|v| −Od
(v, v)

|v|

≤ Od
|v| · |u|
|v| −Od

|v|2
|v|

≤ Od|u|+ Od2

2γ
−Od|v| − Od2

2γ

ψ′γ(v)(u− v) ≤ ψγ(u)− ψγ(v)

ψγ(u) ≤ ψγ(v) + ψ′γ(v)(u− v),

ψγ |v| > Od
γ

|v| ≤ Od
γ

ψ′γ(v)(u− v) = γ(v, u− v)

= γ(v, u)− γ(v, v)

(u− v, u− v) = (u, u)− 2(u, v) + (v, v)



(u, v)

ψ′γ(v)(u− v) =
γ(u, u)

2
+
γ(v, v)

2
− γ(u− v, u− v)

2
− γ(v, v)

ψ′γ(v)(u− v) ≤ γ(u, u)

2
− γ(v, v)

2

≤ γ|u|2
2

− γ|v|2
2

ψγ(u) ≤ ψγ(v) + ψ′γ(v)(u− v),

ψγ |v| ≤ Od
γ

ψγ �

J Od

∫

Ω

|∇y| dx
∫

Ω

ψγ(∇y) dx

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|n+1 dx+

∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

γ→+∞

∫

Ω

ψγ(∇y(x)) dx = Od

∫

Ω

|∇y| dx

x ∈ Ω

γ→+∞
ψγ(∇y(x)) = Od|∇y(x)|;

g : Ω −→ R γ

|ψγ(∇y(x))| ≤ g(∇y(x))

∫

Ω
ψγ(∇y(x)) dx

∫

Ω

ψγ(∇y(x)) =
∫

Aγ

ψγ(∇y(x)) dx+
∫

Iγ

ψγ(∇y(x)) dx



Aγ = {x ∈ Ω : γ|∇y(x)| ≥ Od} Iγ = Ω \ Aγ Aγ

⋂

Iγ = ∅
ψγ(∇y(x)) Aγ

γ→+∞
ψγ(∇y(x)) =

γ→+∞

[

Od|∇y(x)| − Od2

2γ

]

=
γ→+∞

Od|∇y(x)| −
γ→+∞

Od2

2γ

=Od|∇y(x)|.

ψγ Aγ

g : w(x) −→ g(w(x)) = Od|w(x)|

x ∈ Ω |∇y(x)| > Od
γ

ψγ(∇y(x)) =Od|∇y(x)| −
Od2

2γ

≤Od|∇y(x)|
≤g(∇y(x)).

ψγ(∇y(x)) Iγ

γ→+∞
ψγ(∇y(x)) = 0 γ → +∞ |∇y(x)| → 0

0 ≤
γ→+∞

ψγ(∇y(x)) =
γ→+∞

γ

2
|∇y(x)|2

≤
γ→+∞

γ

2

Od2

γ2

≤0.

γ→+∞
ψγ(∇y(x)) = 0 g

g

g : w(x) −→ g(w(x)) =
Od2

2γ



ψγ(∇y(x)) =
γ

2
|∇y(x)|2

≤γ
2

Od2

γ2

≤Od
2

2γ

≤g(∇y(x))

ψγ Ω

γ→+∞

∫

Ω

ψγ(∇y(x)) dx = Od

∫

Ω

|∇y| dx

�

ψγ
γ→∞

ψγ(∇y) = Od|∇y| Jγ(y) −→ J γ → ∞

y∈W 1,n+1

0

Jγ(y)

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|n+1 dx+

∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

Jγ v ∈ W 1,n+1

0

J ′γ(y)v =

∫

Ω

|∇y|n−1 (∇y,∇v) dx+Od

∫

Aγ

(∇y,∇v)
|∇y| dx+

∫

Ω\Aγ

γ (∇y,∇v) dx

− c

∫

Ω

v dx

Aγ = {x ∈ Ω γ|∇y(x)| ≥ Od} ψ

J ′γ(y)v =

∫

Ω

|∇y|n−1 (∇y,∇v) dx+Od

∫

Ω

γ (∇y,∇v)
(Od, γ|∇y|) dx− c

∫

Ω

v dx



Jγ : W
1,n+1

0 −→ R

J ′γ(y)v =

∫

Ω

|∇y|n−1 (∇y,∇v) dx+Od

∫

Ω

γ (∇y,∇v)
(Od, γ|∇y|) dx− c

∫

Ω

v dx,

W 1,n+1

0

J

J

Jγ : W
1,n+1

0 −→ R

u, y ∈ W 1,n+1

0 n ≥ 1 λ ∈ [0, 1]

Jγ(λv + (1− λ)y) =
1

n+ 1

∫

Ω

|∇(λv + (1− λ)y)|n+1 dx

+

∫

Ω

ψγ(∇(λu+ (1− λ)y)) dx− c

∫

Ω

(λv + (1− λ)y) dx

=
1

n+ 1

∫

Ω

|∇(λu) +∇((1− λ)y)|n+1 dx

+

∫

Ω

(λψγ(∇u) + (1− λ)ψγ(∇y)) dxc
∫

Ω

λv − c

∫

Ω

(1− λ)y dx

≤ 1

n+ 1

∫

Ω

|λ∇v|n+1 + |(1− λ)∇y|n+1 dx

+

∫

Ω

λψγ(∇u) +
∫

Ω

(1− λ)ψγ(∇y) dx− c

∫

Ω

λv − c

∫

Ω

(1− λ)y dx

≤
(

1

n+ 1

)∫

Ω

λ|∇v|n+1 + (1− λ)|∇y|n+1 dx

+ λ

∫

Ω

ψγ(∇u) + (1− λ)

∫

Ω

ψγ(∇y)− c

∫

Ω

λv − c

∫

Ω

(1− λ)y dx

≤ λJγ(v) + (1− λ)Jγ(y)

Jγ(y) Jγ(y)

�



Jγ

Jγ : W
1,n+1

0 −→ R

u, y ∈ W 1,n+1

0 n ≥ 1 λ ∈ (0, 1)

Jγ(λv + (1− λ)y) =
1

n+ 1

∫

Ω

|∇(λv + (1− λ)y)|n+1 dx

+

∫

Ω

ψγ(∇(λu+ (1− λ)y)) dx− c

∫

Ω

(λv + (1− λ)y) dx

=
1

n+ 1

∫

Ω

|∇(λu) +∇((1− λ)y)|n+1 dx

+

∫

Ω

(λψγ(∇u) + (1− λ)ψγ(∇y)) dxc
∫

Ω

λv − c

∫

Ω

(1− λ)y dx

Jγ(λv + (1− λ)y) <
1

n+ 1

∫

Ω

|λ∇v|n+1 + |(1− λ)∇y|n+1 dx

+

∫

Ω

λψγ(∇u) +
∫

Ω

(1− λ)ψγ(∇y) dx− c

∫

Ω

λv − c

∫

Ω

(1− λ)y dx

<

(

1

n+ 1

)∫

Ω

λ|∇v|n+1 + (1− λ)|∇y|n+1 dx

+ λ

∫

Ω

ψγ(∇u) + (1− λ)

∫

Ω

ψγ(∇y)− c

∫

Ω

λv − c

∫

Ω

(1− λ)y dx

< λJγ(v) + (1− λ)Jγ(y)

Jγ : W
1,n+1

0 −→ R �

Jγ

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|n+1 dx+

∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx



J1(y) =
1

n+ 1

∫

Ω

|∇y|n+1dx

J2(y) =

∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

J1 J2 u ∈ W 1,n+1

0 Jγ(u) =

y∈W 1,n+1

0

Jγ(y)

J ′1(u) · (y − u) + J2(y)− J2(u) ≥ 0

u ∈ W 1,n+1

0

∫

Ω

|∇y|n−1(∇y,∇v) dx+
∫

Ω

ψγ(∇y) dx−
∫

Ω

ψγ(∇u) dx ≥ c

∫

Ω

y dx− c

∫

Ω

u dx

y ∈ W 1,n+1

0

y∈W 1,n+1

0

Jγ(y)

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|n+1 dx+

∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

Ωh Ω Ω
h ≡

⋃

τ∈Th

τ



Ωh

T h

Sh =

{

χ ∈ C
(

Ω
h
)

χ|τ τ ∈ T h

}

⊂ W 1,n+1

0

(

Ωh
)

yh∈Sh
Jγ(y

h)

Jγ(y
h) =

1

n+ 1

∫

Ωh

|∇yh|n+1 dx+

∫

Ωh

ψγ(∇yh) dx− c

∫

Ωh

yh dx.

Jγ(y
h) =

1

n+ 1

∫

Ωh

|∇yh|n+1 dx+

∫

Ah
γ

(

Od|∇yh| − Od2

γ

)

dx

∫

Ωh\Aγh

γ

2
|∇yh|2 dx− c

∫

Ωh

yh dx

Ah
γ = {xh ∈ Ω, γ|∇yh| ≥ Od} T h

1 ⊂ T h Ah
γ

ϕ (xk, yk)

ϕj(xk, yk) = δjk, j, k = 1, 2, 3



ϕj(x, y) =









1 x y

1 xj+1 yj+1

1 xj+2 yj+2

















1 xj yj

1 xj+1 yj+1

1 xj+2 yj+2









∇ϕj(x, y) =
1

2|τ |

(

yj+1 − yj+2

xj+2 − xj+1

)

j, k |τ |

Sh

Bh
S := {ϕ1, ϕ2, · · · , ϕn}

n = dim(Sh) τ (xi, yi) i = 1, 2, 3.

ϕ1, ϕ2, ϕ3 yh ∈ Sh

yh =
n
∑

i=0

yiϕi ∇yh =
n
∑

i=0

yi∇ϕi.

∇h

∇h =

(

∂h1

∂h2

)

τ (x1, y1), (x2, y2) (x3, y3)

∂h1 =































∂ϕi

∂x1

∂ϕi

∂x2

∂ϕi

∂x3































∂h2 =































∂ϕi

∂y1

∂ϕi

∂y2

∂ϕi

∂y3































i = 1, 2, 3



∂h1 , ∂
h
2 ∈ R

3×3 ∇yh

∇yh =















(

∂ϕi

∂
yi

)

(

∂ϕi

∂
yi

)















i = 1, 2, 3

ξ : R6 → R
3 τ

ξ(u)k := |(pk, pk+3)
⊤| k = 1, 2, 3.

Jγ(y
h) =

1

n+ 1
Kh +Dh − ch−→y

Kh = (ki)

ki =
∑

τ∈Th

∫

τ

|∇hy|n+1
i i = 1, . . . , n

ki =
∑

τ∈Th

∫

τ

ξ(∇hy)n+1
i i = 1, . . . , n

ki ≈
∑

τ∈Th

|τ |ξ(∇y
h)n+1

i

2

|τ | Dh = (di)

di = Od
∑

τ∈Th
1

∫

τ

(

|∇yh|i −
Od2

γ

)

+
γ

2

∑

τ∈Th\Th
1

∫

τ

|∇yh|2i i = 1, . . . , n.

di = Od
∑

τ∈Th
1

∫

τ

(

ξ((∇yh)i)−
Od2

γ

)

+
γ

2

∑

τ∈Th\Th
1

∫

τ

ξ(∇yh)2i i = 1, . . . , n.



∑

τ∈Th
1

∫

τ

(

ξ(∇hy)− Od2

γ

)

≈
∑

τ∈Th
1

|τ |
2

(

ξ(∇hy)− Od2

γ

)

∑

τ∈Th\Th
1

∫

τ

ξ((∇yh)i)2 ≈
∑

τ∈Th\Th
1

|τ |
2
ξ((∇yh)i)2

di ≈ Od
∑

τ∈Th
1

|τ |
2

(

ξ((∇yh)i)−
Od2

γ

)

+
γ

2

∑

τ∈Th\Th
1

|τ |
2
ξ((∇yh)i)2 i = 1, . . . , n.

ch = (ci)

ci =
∑

τ∈Th

∫

τ

cϕi(x) dx i = 1, . . . , n

∫

τ

cϕi(x) dx ≈
1

6

(

x2 − x1 x3 − x1

y2 − y1 y3 − y1

)

c

ci ≈
∑

τ∈Th

1

6

(

x2 − x1 x3 − x1

y2 − y1 y3 − y1

)

c

chy

chy = (ci)
′ ∗ y

J(y)

yh∈Sh
Jh(y

h)

Jγ(y
h) =

1

n+ 1

∫

Ωh

|∇yh|n+1 dx+

∫

Ωh

ψγ(∇yh) dx− c

∫

Ωh

yh dx



y ∈ Sh

yn+1 = yn + αnwn

yn αn wn

wn ∈ Sh

∫

Ωh

∇wn∇v = −J ′γ(y)v = −
∫

Ωh

|∇y|n−1 (∇y,∇v) dx−Od
∫

Ωh

γ (∇y,∇v)
(Od, γ|∇y|) dx+

∫

Ωh

cv dx

v ∈ Sh wn J ′γ(y)

wn

wn

J ′(v)w = −‖J ′(v)‖∗, ‖w‖ = 1

‖ · ‖∗

‖J ′(v)‖∗ =
y∈Sh

|J(v)y|
‖y‖ .

y yn ∈ Sh

yn+1

yn+1 = yn + αnwn

wn y = yn

wn −J ′(yn) Sh

‖wn‖Sh = ‖J ′(yn)‖∗



v = wn

∫

Ωh

∇wn∇wn = −J ′(yn)wn

‖wn‖2 = −J ′(yn)wn

∫

Ωh ∇wn∇wn = ‖wn‖2

J ′(yn)wn = −‖J ′(un)‖∗‖wn‖Sh

wn �

Bhwn = Ah−→y +Dh−→y − ch

Bh = (bij)

bij =
∑

τ∈Th

∫

τ

(∇ϕi, ϕj), i, j = 1, . . . , n

Ah = (aij)

aij =
∑

τ∈Th

∫

τ

∣

∣

∣∇hy
∣

∣

∣

n−1
(

∇ϕi,∇ϕj

)

dx i, j = 1, · · · , n,

ξ

aij =
∑

τ∈Th

∫

τ

ξ(∇hy)n−1
(

∇ϕi,∇ϕj

)

dx i, j = 1, · · · , n,

Dh = (dij)

dij =
∑

τ∈Th

Od

∫

τ

γ
(

∇ϕi,∇ϕj

)

(

Od, γ
∣

∣∇yh
∣

∣

) i, j = 1, · · · , n

dij =
∑

τ∈Th

Od

∫

τ

γ
(

∇ϕi,∇ϕj

)

(

Od, γξ(∇yh)
) i, j = 1, · · · , n



ch = (cj)

cj =
∑

τ∈Th

∫

τ

cϕj(x) dx j = 1, . . . , n

∫

τ

cϕj(x) dx ≈
1

6

(

x2 − x1 x3 − x1

y2 − y1 y3 − y1

)

c

Sh →֒ H1
0 (Ω

h)

‖ · ‖2yn =
∫

Ω

(ξ + |∇yn|p−2)|∇ · |2.

wn

∫

Ωh

(ǫ+ |∇yn|n−1)∇wn∇v = −
∫

Ωh

|∇y|n−1 (∇y,∇v) dx

−Od

∫

Ωh

(∇y,∇v)
(Od, |∇y|) dx+

∫

Ωh

cv dx

ǫ ∇yn = 0

wn J ′γ(y) Sh

wn

J ′(v)w = −‖J ′(v)‖∗, ‖w‖ǫ = 1

v ∈ Sh ‖ · ‖∗

‖J ′(v)‖∗ =
y∈Sh

|J(v)y|
‖y‖ .

y yn ∈ Sh

yn+1

yn+1 = yn + αnwn



wn α wn −J ′(yn)
Sh

‖wn‖ǫ = ‖J ′(yn)‖∗

‖ · ‖ǫ v = wn

∫

Ωh

(ǫ+ |∇y|n−1)∇wn∇wn = −J ′(yn)wn,

‖wn‖2ǫ = −J ′(yn)wn

J ′(yn)wn = −‖J ′(un)‖∗‖wn‖ǫ

wn �

Bhwn = Ah−→y +Dh−→y − ch

Bh = (bij)

bij =
∑

τ∈Th

∫

τ

(

ǫ+
∣

∣

∣∇hy
∣

∣

∣

n−1
)

(∇ϕi,∇ϕj), i, j = 1, . . . ,

ξ

bij =
∑

τ∈Th

∫

τ

(

ǫ+ ξ(∇yh)n−1
)

(∇ϕi,∇ϕj), i, j = 1, . . . , n

Ah = (aij) D
h = (dij) ch = (ci)

aij =
∑

τ∈Th

∫

τ

ξ(∇yh)n−1
(

∇ϕi,∇ϕj

)

dx i, j = 1, · · · , n,

dij =
∑

τ∈Th

Od

∫

τ

γ
(

∇ϕi,∇ϕj

)

(

Od, γξ(∇hy)
) i, j = 1, · · · , n

cj =
∑

τ∈Th

∫

τ

cϕj(x) dx j = 1, . . . , n

∫

τ

cϕj(x) dx ≈
1

6

(

x2 − x1 x3 − x1

y2 − y1 y3 − y1

)

c



τ

αn

J(yn + αnwn) =
α≥0

J(yn + αwn)

J

s, ρ > 0 ρ ∈ (0, 1) σ ∈ (0, 1/2) α ∈ {s, sρ, sρ2, · · · }

Jγ(yn)− Jγ(yn − αwn) ≥ −σαJ ′γ(yn)v · wn

s, ρ, σ J1 = J(y) n = 0

arm

α = sρ1/n y = y + αwn

arm = J1− Jγ(y)

Jγ ∈ C1 xk wk αk



k→∞
J ′γ(xk) = 0

Jγ ∈ C1

xk wk αk

k→∞
J ′γ(xk) = 0

y0 n = 0

wn

αn

y = y + αnwn



6

c = 1

y0















− △ y = c Ωh

y = 0 ∂Ωh

γ =

100 error ≤ 0.0007

[−1, 1]× [−1, 1]
Ωh Sh



n = 0.75

y∈Sh
J(y)

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|0.75+1 dx+

∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

∫

Ω

∇wn∇v = −
∫

Ω

|∇y|0.75−1 (∇y,∇v) dx−Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx+ c

∫

Ω

v dx

error

error =

∣

∣

∣

∣

∫

Ω

|∇y|0.75−1 (∇y,∇v) dx+Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx− c

∫

Ω

v dx

∣

∣

∣

∣

α

Od = 0 Od = 0.2

Od = 0.4

|J ′(y)v| Aγ Iγ

×10−5
×10−4
×10−4

n = 0.75

|J ′(y)v| Aγ

Od

Od



n = 0.75

Od = 0

− △p u = f

Od = 0.2 Od = 0.4



y Od

n = 0.75 Od = 0.2



Od = 0 Od = 0.2 Od = 0.4

n = 0.75 Od

Od Od = 0

Od

Od = 0.2 Od = 0.4

Jγ(y) =

∫

Ω

ψγ(∇y) dx

Od



Od = 0 Od = 0.2

−1 1
−1

1

Od = 0.4

Od

n = 0.75 Od = 0

n = 0.75



error

error Od = 0 error Od = 0.2

error Od = 0.4

error n = 0.75 Od

error Od = 0



n = 3

n = 3

y∈Sh
J(y)

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|4 dx+
∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

∫

Ω

∇wn∇v = −
∫

Ω

|∇y|2 (∇y,∇v) dx−Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx+ c

∫

Ω

v dx

error

error =

∣

∣

∣

∣

∫

Ω

|∇y|2 (∇y,∇v) dx+Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx− c

∫

Ω

v dx

∣

∣

∣

∣

α

Od = 0 Od = 0.2 Od = 0.4

|J ′(y)v| Aγ Iγ

×10−4
×10−4
×10−4

|J ′(y)v| Aγ

Od

n = 3



Od = 0 Od = 0.2 Od = 0.4

Od = 0 Od = 0.2

Od = 0.4

n = 3



Od = 0 Od = 0.2

Od = 0.4

n = 3



Od = 0.2 Od = 0.4

Od

n = 3

Od

Od = 0

Od = 0.2 Od = 0.4

Od = 0.2 Od = 0.4

Od

Od

c



Od = 0 Od = 0.2

−1 1
−1

1

Od = 0.4

Od n =

3 Od = 0

n = 3



Od

n = 3

error Od = 0 error Od = 0.2

error Od = 0.4

error n = 3

error n = 3 error

Od = 0

Od = 0.2 Od = 0.4



n = 0.75

Od = 0.2 error < 2× 10−5

|J ′(y)v| Aγ νk

×10−4

×10−4
×10−4
×10−5
×10−5
×10−5
×10−5

Od = 0.2

νk

νk =
|J ′(yk)v|
|J ′(yk−1)v|

,

νk νk

|J ′(yk)v| |J ′(yk−1)v|
|J ′(yk−1)v| |J ′(yk)v|

|J ′(y)v|
Aγ



ǫ = 1× 10−4

n = 0.5

y∈Sh
J(y)

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|1.5 dx+
∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

∫

Ω

(ǫ+(∇y)0.5−1)∇wn∇v = −
∫

Ω

|∇y|0.5−1 (∇y,∇v) dx−Od
∫

Ω

(∇y,∇v)
(Od, |∇y|) dx+c

∫

Ω

v dx

error

error =

∣

∣

∣

∣

∫

Ω

|∇y|−0.5 (∇y,∇v) dx+Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx− c

∫

Ω

v dx

∣

∣

∣

∣

α

Od = 0 Od = 0.2 Od = 0.4

|J ′(y)v| Aγ Iγ

×10−4
×10−4
×10−4

|J ′(y)v| Aγ

Od



Od = 0 Od = 0.2 Od = 0.4

Od = 0 Od = 0.2

Od = 0.4

n = 0.5

Od = 0

Od = 0.2

Od = 0.4



Od = 0 Od = 0.2

Od = 0.4

n = 0.5

Od = 0



n = 0.5

Od Od = 0

Od = 0.2 Od = 0.4

Od = 0.2 Od = 0

Od Od



−1 1
−1

1

Od

Od

Od



error

error Od = 0 error Od = 0.2

error Od = 0.4

error n = 0.5

n = 0.5 Od

ǫ



n = 9

y∈Sh
J(y)

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|10 dx+
∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

∫

Ω

(ǫ+ (∇y)8)∇wn∇v = −
∫

Ω

|∇y|8 (∇y,∇v) dx−Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx+ c

∫

Ω

v dx

error

error =

∣

∣

∣

∣

∫

Ω

|∇y|8 (∇y,∇v) dx+Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx− c

∫

Ω

v dx

∣

∣

∣

∣

α

Od = 0 Od = 0.2 Od = 0.4

|J ′(y)v| Aγ Iγ

×10−5
×10−4
×10−4

|J ′(y)v| Aγ

Od = 0 Od = 0.2

Od



Od = 0 Od = 0.2

Od = 0.4

n = 9

Od = 0

Od = 0.2

Od = 0.4



y Od

Od = 0 Od = 0.2

Od = 0.4

n = 9



Od = 0 Od = 0.2 Od = 0.4

Od

Od Od = 0

Od

Od = 0.2 Od = 0.4

Od



Od = 0 Od = 0.2

−1 1

−1

1

Od = 0.4

Od n =

0.75 Od = 0

n = 9



Od = 0 Od = 0.2

Od = 0.4

n = 0.9

Od = 0.2 Od = 0.4



n = 0.75

Od = 0.2 ǫ = 1 × 10−4

error < 2× 10−5

|J ′(y)v| Aγ Aγ νk

×10−4
×10−4
×10−4
×10−4
×10−5
×10−5
×10−5
×10−5
×10−5
×10−5

Od = 0.2

νk

νk =
|J ′(yk)v|
|J ′(yk−1)v|

νk νk

k − 1

νk



Aγ

error n = 0.75 Od = 0.2

n = 0.75 Od = 0.2

ǫ

ǫ |J ′(y)v| Aγ Iγ νk

×10−4
×10−4
×10−4
×10−4
×10−4
×10−4
×10−4

Od = 0.2



Aγ

ǫ |J ′(y)v|
ǫ ǫ = 1× 10−4

n = 0.75

y∈Sh
J(y)

Jγ(y) =
1

n+ 1

∫

Ω

|∇y|0.75+1 dx+

∫

Ω

ψγ(∇y) dx− c

∫

Ω

y dx

error =

∣

∣

∣

∣

∫

Ω

|∇y|0.75−1 (∇y,∇v) dx+Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx− c

∫

Ω

v dx

∣

∣

∣

∣

∫

Ω

∇wn∇v = −
∫

Ω

|∇y|0.75−1 (∇y,∇v) dx−Od

∫

Ω

(∇y,∇v)
(Od, |∇y|) dx+ c

∫

Ω

v dx

∫

Ω

(ǫ+(∇y)0.75−1)∇wn∇v = −
∫

Ω

|∇y|0.75−1 (∇y,∇v) dx−Od
∫

Ω

(∇y,∇v)
(Od, |∇y|) dx+c

∫

Ω

v dx

ǫ = 1× 10−4

α

error < 7× 10−4



|J ′(y)v| Aγ νk

×10−5
×10−5

n = 0.75 Od = 0

n = 0.75 Od = 0

Aγ

2.571 × 10−5

|J ′(y)v| Aγ νk

×10−4
×10−4

n = 0.75 Od = 0.2

n = 0.75 Od = 0.2

Aγ

2.535×
10−4



n = 0.75 Od =
0

n = 0.75 Od =
0

n = 0.75 Od = 0 n = 0.75 Od = 0

Aγ

n = 0.75 Od = 0

Aγ

n =
0.75 Od = 0



n = 0.75 Od =
0.2

n = 0.75 Od =
0.2

n = 0.75 Od = 0.2 n = 0.75 Od = 0.2

Aγ

Iγ
n = 0.75 Od = 0.2

Aγ

Iγ
n = 0.75 Od = 0.2
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n = 0.5

n = 0.75

n = 0.5

Od

n = 0.75

Od



n = 0.75



p

p



p



p


