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Abstract—This paper presents a sliding mode control us-
ing only output information. The robustness conditions come
from a linear matrix inequality (LMI). This LMI permits
to use output feedback to stabilize the system with matched
and unmatched disturbances and uncertainties. The controller
synthetized consists of two components. One component of
linear output feedback regulates the system and rejects the
unmatched disturbance. Other components of nonlinear output
function provide robustness to the overall system. Robustness
conditions are given. Simulations results using Simulink Matlab
to simulate several nonlinear systems are presented.

Index Terms—Linear Matrix Inequality, Sliding Mode Con-
trol, robustness control.

to provide robustness to the system, rejecting the matched
disturbances. The linear output feedback controller can re-
ject, sometimes, the unmatched disturbances and permits to

regulate the system.

[l. PROBLEM STATEMENT
Consider the nonlinear system described by:

X(t) = Az(t) + BU(t) + (¢, X, U) 1)
Y (t) = CX(t)

X(t) € R™ is the state vector

U(t) € R™ is the input vector
I. INTRODUCTION Y (t) € R? is the output vector
Sliding mode control is one the most importantA € R™*", B € ™™, C € RP*" are know matrices with
approaches to control nonlinear systems with uncertainties < p <n; B andC are full rank.
and disturbances. The power and electromechanical systems,

and systems with high number of states and nonlinearities Uy (t, X)
like friction, backlash, etc, are appropriate to apply this L, X U) = [ Uy (t, X,U) ] (2)
technique. This approach could give robustness to the
system [1]. Robustness could decrease if only some states o1(t, X)
of the system are used to feedback. The answer of the Pa(t, X, U) = [ Ba(t, X, U) ] )
question: can a linear system be controlled using only ) )
output feedback?. is very important the answer can be given/AP0Ut this functions only know:
in terms of feasibility of a LMI [2]. A linear system with | Ty (t, X) || < Wio || X(2) || (4)
linear output feedback can be posed how a LMI [3]. If this
LMI is feasible the output feedback gain can be find and I 61(t, X) 1< 610 | X (2) | (5)
the system can be controlled. -

[ 2(t, X, U) <70 | UQ®) [| +a(t,Y) | (6)

There are several algoritms and software to solve feasi-
bility problems of some LMIs (i.e. Matlab LMI toolbox and ~ Where ¢ (t, X) € R"™™; ¢o(t, X,U) € R™, ¥1q, d10,
LMI tool from SCILAB) [4], [5]. These programs are used(0 < 79 < 1 are known positives constants angd(¢,Y) is
to calculate the linear output feedback controller gain anknow positive function.
to obtain a positive defined matrix that permit to prove the
robustness of the controlled system. Some nonlinear systemsThe system is in regular form [6] with:
with uncertainties and disturbances can be written as the

addition of a known linear system and an unknown function B= [ 0 ]
. . . . B
of disturbances and uncertainties [6]. Some information )
about this function is required (i.e. highest value and its limits 0
). This function can be divided in two parts: one matched By = [ Dy ]

and one unmatched. The matched one can be rejected easily. . .
On these systems sliding mode and linear output feedbadihere B, € RP*™, D, € R™*™ and D3 is non singular.

controllers can be designed. Sliding mode controller permitdnd
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The system is transformed into a new state:

Xi(t) ]
W(t) = = TX(t
0= ¥ 0 o
Where X (t) € R"?, Y(t) € RP, with
1 0
e ]
o I 0
= [ —cy'0 ¢yt ]
The new system is:
W(t) = AW (t) + BU(t) + Q(t, W, U) (10)
With
— A, A
A—T-1 AT = | 2411 A12 ]
o [ Aoy Agp
én =A - A1202_101
Ao = A1202_1

521 =C1A11 + CoAs — CIAIQCQ_ICI — 02A2202_101
Agy = C1A15C5 + CaAg Oyt

(11)
The below LMI must be feasible:
A, + T Ay < 0,7, =07 >0 (12)

This property is key a for robustness. Many systems carry

out it (power systems and electromechanical systems):

Ez[i];EQZCQBQERP_Tn (13)
By
re) _ lIll(ta W)
QL W, U) = [ Couy (6, W) + Colo (e, WUy | A9
Uy (t, W,U) = Bala(t, W,U) (15)
where(, (¢, W, U) is a matched disturbance.
[ G, W, U) [|[=m | U@) || +a(t.Y) (16)

Where therank(By) = m, 0 < v < 1 is a positive
constanta(t.y) is a known nonnegative function.

The new system can be written as:

Xi(t) = A Xt + AV (t) + Wi (t, W)
Y (t) = A1 X1 (t) + Ag2Y (t) + BU(t) + C1¥1(t, W)
+C5B(a(t, Y, U) a7

The sliding mode control problem can be established as:

" To design a dliding Mode Controller that only uses
output feedback to stabilize the system described by
(17) and provides it robustness’.

The controller comprises a linear output feedback to
regulate the system and overcome unmatched disturbances (it
is possible), and a nonlinear controller to reject the matched
disturbance.

[1l. SLIDING MODEL SURFACE
The sliding mode surface chosen was:
z(t)=2ZY(t)=0
Z =10 Zs]

Zy € R™™ nonsingular, Z must be chosen as
ZCyBy = A € R™™ nonsingular diagonal matrix.

(18)

The sliding surface dynamic is:
(t) = ZY (t) = ZAn X1 (t) + ZA3Y (t)
+AU(t) + ZC191(t, X) + Al (t, X)

V. CONTROLLERDESIGN

The proposed controller is:

U(t) = Ui(t) + Un(t)

Ui(t) = —KY (1)
Un(t) = —p(t,Y)A™!

(19)

20
0 (20)
T=(OT

Wherez(t) # 0, K € R™? Feedback gain.

p(t,Y) =0 + 01 | Y(?) | +02(t, ) (21)

do 1—_% 7 positive constant.
[AZAzo —AK|[+T10 || ZC ||+ [IAII K]
1—m

Al
1-m

(AVARAVARLY

2

V. ROBUSTNESSANALYSIS
The nonlinear control component comes from the below
sliding condition [6]:

V(z) <= =) | (22)

V(z) = =W=0) is a Lyapunov function. The< gain of
linear control component satisfies the LMI:

(A—BKC)TP+ P(A—BKC) +2¢P <0

(23)

P = PT > ( positive define.

[Py 0
P_[ 0 Po

ey = Lo I TN (I Pl + 1 PG )

]; Py, =PL >0; Py, =P, (24)

(25)
)\'rnin(P)
If m < p, Pas must satisfy:
Poo11 Paaio
— 26
b2z [ Pooo1 Pagao ] (26)
With Pao12 = —Pasiihiz = Phyy € RPT™*M ) Pyooy >
hi5Ps211h1a.
Tog = Pagos — hiyPasi1hia (27)



Amin (F22

It is necesary that: > 7.

——

max (F22

From (23):

(Aga — EQK)TPQQ + Pyy(Azr — B2K) <0 (28)

Agore = Agy — BoK

Asor. Can be chosen with all its eigenvalues with
negative real part.

It must satisfyrank ([Az2 — Aszre Bz]) =m.

VI. EXAMPLES
A. Example 1
Consider the system:
#1(t) = xa(t)
ig(t) = —4$1(t) — 3$2(t) + $3( )
#3(t) = 2w3(t) + 3cos(w1(t))ua (t) + x3(t)sin(z4(t))
Z4(t) = x1(t) — 3w (t) + 324(t) — 2.5c08(x2(t))ua(t)
+a4(t)cos(x1(t))
(29)
yi(t) = z5(t)
p2(t) = 2a(t) (30)

This example corresponds to a system nonlinears with

matched uncertainties. There is the restriction:

< <@ <

w|=|

1< 55 —

eoln
eoln

Identifying the basic structure described by (1) the values

aren =4; m =2; p=2 and:

X:[xl To T3 $4]TER4
Y=[$3 $4]TER2 (31)
Uz[ul UQ]TERQ
0 1 0 0]
-4 -3 1 0 «
A= 0 02 0 € rR* (32)
1 -3 0 3
0 0]
B= g 8 € R™? 33)
0 —2.5 |
001 0 .
C:[0001]6R24 (34)

The rank condition is fullfiledrank(B) = 2; rank(C) = 2.

_ 0 1 2%2
A = - 4 _3]61%
A12 — (1) 8 :| c RQ*Q
"0 0 (35)
2%2
Aoy = 1 -3 ] €ER
2 0 2%2
Aoy = _ 0 3 :| €R
_ 3 0 2%2
B2—|:_2 _5:|ER (36)
Ci = 8 _8 :| S R?*2
1 0 (37)
— 2%2
Cy = 0 1 ] €R
In accordance with abovel' = I,.4; A = A; B =
B, C=C
The LMI (12) is satisfied:
Uy (t,X)=0
B (cosxy — 1)uq(t) + xzsinxy/3
Ua(t2,U) = [ (cosxa — 1)ua(t) — x4cosx1/2.5
(38)
Uo(t, X, U) = 6(X) + (X, U)
(X, U) = GX)U(t)
5(X) = x3§zn(x4)/3
x48in(x1)/2.5
(39)
G (X) = cos(zy) — 1 0
2 0 cos(xa) — 1
[ 6(X) [|< aY) = |as|/3+ 24| /2.5
[ C(X,U) 1< Co [[UQ) | (40)
Ca0 = max{|1 — cos(x1)],|1 — cos(x2)|}
With the restriction onzq, ws:
Y1 = 0) 5
G20 <0.5 (41)
The parameters are:
1.33 0
E=1"9 _32 (42)

p(Y) =348 Y1) [ +3a(Y)

The system was simulated in Simulink/Matlab and the
results are shown below in the figures 1 to 6.

B. Example 2
Consider the system:

il(t) = xg(t)
Bo(t) = —x1(t) — 222(t) + z3(t) (1 + 0.5sin(1021))
t3(t) = —x1(t) + 3x2(t)(1 + z3(t)sin(x2))+
(3 + 1. 25m xgxg
(43)
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Fig. 1. State X1 as a function of time
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Fig. 2. State X2 as a function of time

X
Y = [352 xg]T € R?
U

(44)

(45)

(46)

(47)

(48)

The rank condition is fulfilledrank(B) = 1; rank(C) = 2.
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4. State X4 as a function of time

— 0 1 2%2.,
[ 3]

— c RQ*I

3
_ 0 21
Cy = 0:| € R
— Lo 2%2
Cy = 0 1 :|ER
0; Ca22 =1

In accordance with above:

T=1I33 A=A, B=B; C=C

The LMI (12)

is satisfied.

(49)

(50)

(51)
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Fig. 6. Control signal U2 as a function of time
Uy(t,X)=0
B 0.5238in(10z1)
Pa(t, X, u) = [ 3xoxsgsineg + 1.2sin(voxs)u(t) ]
(52)
(X, u) = G(X)u(t)
5(X) = [ 0.17x352@(10x1) ] (54)
LoXL381tNIT2
IM < 017lag| + faa oo

[ 0. 45m (zow3)

With «(Y') = 0.17|z3] + |22 * |z3], 72 = 0.5, (20 < 0.5.

The parameters are:

K=[133 1]

p(Y) =2+ 15 [ Y (1) (3)

| +5a(Y)
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Fig. 7. State X1 as a function of time
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Fig. 8. State X2 as a function of time

VIlI. CONCLUSIONS

In this paper a sliding mode controller with output
feedback only was shown and the conditions for overall
robustness of the system were given.

It is important to annotate that only some systems fulfill
the required conditions introduced here. But several practical
systems can fit in this category.

Systems with the propiertyn = p ( square systems) are
easier to control than systems with < p.

If the conditions given here are not satisfied, local
stability can be guaranteed and the controller will stabilize
the system into a part of state space.
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