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Abstract— In this paper, the nonlinear mathematical model
with five DOFs (degrees-of-freedom) of a magnetic levitation
system is developed and analyzed. Then a second order sliding
mode controller is proposed to regulate the levitation to a desired
position, stabilize the other 4 DOFs in the nonlinear system and
compensate the unknown increments on the load. Simulation
results are presented to show the effectiveness of the proposed
controller.

I. INTRODUCTION

The transport of material or products is a major problem
in the manufacturing automation industry. As it currently
stands transport specifications can be so variable from process
within a single plant that each operation might require its
own transport. Using magnetic levitation (maglev), a carrier
can be partially or totally levitated or suspended by magnetic
fields generated along the guiding tracks. This allows the
carrier to move with little or no contact to the guiding
tracks, thus greatly minimizing the problems of environmental
contamination. Of course, such contact-free levitation has to
be enforced for all DOFs of the rigid body.

Maglev systems offer many advantages such as frictionless,
low noise, the ability to operate in high vacuum environments
and so on. Previous works in this area span many fields.
Some well known fields include maglev transportation [1],
microrobotics [2], photolitography [3], positioning [4], launch
systems [5] and so on.

In general a maglev system can be classified, based on the
levitation forces, as an attractive system or a repulsive one,
each type having various kinds of possible arrangements. Most
of the maglev systems discussed in the literature are attractive,
where attractive forces are applied between the moving car-
riage and fixed guide tracks. On the other hand, the repulsive
maglev systems use repulsive forces to push the moving
carriage above the fixed guide tracks. However, a magnetic
levitation system is highly nonlinear and unstable, and a
feedback control is necessary to achieve a stable operation.
Many works have developed linear controllers, and the control
laws have been based on traditional control methods and only
local stability is guaranteed. These developed controllers may
not meet the precision control purpose for maglev systems,
because these systems are naturally under the influence of
many uncertainties. On the other hand, the works that use
nonlinear mathematical models [6] only control 2 DOFs and
consider the other DOFs stables.

To overcome this problem, a new approach called “second
order sliding mode (SOSM)” has been proposed [7], [8], [9].

CINVESTAV-IPN, Department of Electrical Engineering, Av. IPN
No. 2508, Col. San Pedro Zacatenco, 07360 Mexico, D.F., Mexico
ejalvare,jalvarez,rcastro@cinvestav.mx

This approach has the main advantages of the standard sliding
mode control technique, the chattering effect is eliminated and
a high order precision is provided.

In this paper the kind of maglev system is a repulsive
one, using an arrangement of a permanent magnet levitated
above an electromagnet. The control design proposed here is
based on SOSM control technique for the nonlinear maglev
mathematical model; this controller is robust when different
loads are put on the carrier and guarantees stabilization and
precision positioning.

The organization of this paper is as follows. In section
II, the maglev system is described, some magnetics formulas
will be reviewed and the mathematical model is obtained. In
section III a SOSM controller is designed using the nonlinear
system obtained. Section IV presents numerical simulations
results that show the robustness of the controller designed.
Finally conclusions are given in section V.

II. SYSTEM MODELING

In this section, the mechanical structure of a Maglev system
will be described. Its analytical model of 5 DOFs will be
derived and analyzed. The 6th DOF, propulsion in the y
direction, will be analyzed and controlled in a future work.
The overall system is shown in Fig.1.

A. The maglev system

Basically, the maglev system proposed here is a multi-input
multi-output (MIMO) system. Here, the states are the lateral
and vertical displacement, x and z respectively, and the three
rotations θ, ψ and φ. The outputs are x, θ, z, ψ and φ while
the inputs are the currents applied to coils into the levitation
guiding tracks. The dynamics of the maglev system can be
divided into a stable part and an unstable one. The stable part
consists of the dynamic of z, while the unstable part consists
of the dynamics of x, θ, ψ and φ.

In order to control 3 DOFs in rotational displacement and
2 DOFs in lateral displacement, i.e., a total of 5 DOFs of
the carrier separately, a four-track design, shown in Fig.2,
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Fig. 1. 3D view of maglev system
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is sufficient to supply such 5-DOFs control. The guiding
tracks together must provide a levitation force to counteract
the carrier weight. On the other hand, to provide a uniform
magnetic field along the guiding tracks, an oblong coil is
necessary.

Also, due to the nature of lateral instability of a repulsive
system, stabilizers are needed inside.The stabilizers can con-
trol the lateral position of a levitating NdFeB magnet whereas
the levitator can control the vertical (up-down) position of a
levitating NdFeB magnet.

The four stabilizing coils are grouped into two sets: inner
guiding tracks and outer guiding tracks. Then, the principle
shown in Figs.3 and 4 to control the rotation of the carrier
about a vertical axis and its lateral translation can be used.

In order to obtain the magnetic force in z and x is
necessary to analyze some magnetic formulas. According to
Biot-Savart’s law and Ampere’s circuit law [10] the magnetic
flux density in any point around an infinitely long current-
carrying straight wire at a point (x,z) can be obtained as

B =
µ0I

2π

[ −z
x2 + z2

î+
x

x2 + z2
k̂

]
(1)

where µ0 is the permeability of free space, I is the input
current, î and k̂ are the unit vector in the Cartesian coordinate.

If we deal with a permanent magnet as a single dipole
moment, the expression of the Lorentz force F exerted on the
permanent magnet by an external magnetic field B can be
characterized by the following vector equation

F = (u · ∇)B (2)

where u is the dipole moment of the permanent magnet.
Assuming that the dipole lies in the z direction, useful scalar
equations of the force components can be derived from (2) as

Fx =
µ0Iuz

2π

(
z2 − x2

)
(x2 + z2)2

(3)

Fz =
µ0Iuz

π

−xz
(x2 + z2)2

(4)

B. Nonlinear model

Consider a carrier represented by an uniform box-shaped
object with the center of mass coincident with the center
of geometry. The principle of linear momentum leads to the
following equations:

Fx = mẍ, Fz = mz̈ (5)

where Fx and Fz are the resultant forces acting on the carrier
along the x-axis and z-axis, respectively, and m is the mass
of the carrier.
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Fig. 2. Front view of the maglev system
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Fig. 4. Destabilizing and stabilizing forces

By the same token, the principle of angular momentum
leads to torque equations for the rotational coordinates

Tz = Jzθ, Ty = Jyψ, Tx = Jxφ (6)

where Tz ,Ty and Tx are the external torques, Jz , Jy and Jx

are the principal moments of inertia and θ, ψ and φ are the
three angular rotation of the rigid body.

To understand the dynamics of the maglev system it is
necessary to describe an arbitrary orientation of the carrier in
space. This orientation can be obtained using the Euler angular
description yaw(θ)-roll(ψ)-pitch(φ) given by the following
rotation matrix

R =


 cθcψ cθsψsφ− sθcφ cθsψcφ+ sθsφ
sθcψ sθsψsφ+ cθcφ sθsψcφ− cθsφ
−sψ cψsφ cψcφ


 (7)

where c and s represents cos and sin respectively. The
position of the levitation magnets on the carrier are

A (−b1, a, 0) B (b1, a, 0)
C (−b2,−a, 0) D (b2,−a, 0)

where A, B, C and D denote the center position of these
magnets and a, b1 and b2 are known dimensions. If one
assumes small pitch, roll and yaw angle for the carrier, in
additional to x and z translation, the position of the magnets
on the carrier can be calculated as

b(x,y,z)a =


 −b1 − aθ + x

a− b1θ
b1ψ + aφ+ z




b(x,y,z)b =


 b1 − aθ + x

a+ b1θ
−b1ψ + aφ+ z




b(x,y,z)c =


 −b2 + aθ + x

−a− b2θ
b2ψ − aφ+ z






b(x,y,z)d =


 b2 + aθ + x

−a+ b2θ
−b2ψ − aφ+ z


 (8)

In similar form, the positions of the magnets into the guiding
tracks, are obtained as

 xa,b

ya,b

za,b


 =


 −aθ + dlψ + x

a− dlφ
aφ+ dl + z





 xc,d

yc,d

zc,d


 =


 aθ + dlψ + x

−a− dlφ
−aφ+ dl + z


 (9)

Before formulating equations of motion, some notations on
force and distances are explained in the following: the force
subscript has two letters, the first means the label of the
magnet, and the second the magnetic force type, d for
destabilizing, s for stabilizing and l for levitation, e.g. Fad

is the destabilizing force applied to the magnet A caused by
the levitation coil A . The position of the magnets, denoted by
b, has a subscript with two letters, the first means the direction
of the distance and the second the label of the magnet, e.g.
bxa is the distance in the x direction from the carrier center
to the center of the magnet A.

By substituting the positions of the levitation magnet (9)
into the magnetic force equations (3) and (4) one can get
the forces exerted on each levitation magnet. Next, one can
substitute these force equations into the dynamics of the
carrier, and then the equations of motion can be obtained as

mtẍ = FadIa + FasIs1 + FbdIb + FbsIs1

+FcdIc + FcsIs2 + FddId + FdsIs2

Jz θ̈ = −byaFadIa − byaFasIs1 − bybFbdIb

−bybFbsIs1 + bycFcdIc + bycFcsIs2

+bydFddId + bydFdsIs2

mtz̈ = FalIa + FblIb + FclIc + FdlId

+Fp −mtg

Jyψ̈ = bxa (FalIa − wa) − bxb (FblIb − wb)
+bxc (FclIc − wc) − bxd (FdlId − wd)
−bzaFadIa − bzaFasIs1 − bzbFbdIb

−bzbFbsIs1 − bzcFcdIc − bzcFcsIs2

−bzdFddId − bzdFdsIs2

Jxφ̈ = bya (FalIa − wa) + byb (FblIb − wb)
−byc (FclIc − wc) − byd (FdlId − wd)

(10)

where g is the acceleration due to gravity, mt is the mass of
the carrier and load, J represents the moment of inertia of
the carrier, w represents the weight above each magnet, Is1

is the current in the inner stabilizer whereas Is2 is the current
in the outer stabilizer. Ia, Ib, Ic, Id represent the currents in
the levitators corresponding to the levitation magnets A, B, C
and D respectively. Fp represents the damping force produced
by the levitation coils and can be modeled as Fp = −Kdamż,
where Kdam is a positive constant.

III. CONTROLLER DESIGN

In this section , a control scheme is presented for the
levitation an stabilization dynamics of the magnetic system
described in section 2. The aim is to control the height z
while the lateral and rotational displacements are tried to be
kept near to zero. For doing this a SOSM proposed in [7]
is applied to the nonlinear model (10). For symplicity, the
currents in the levitation coils A and B are set to be same,
thus Iab = Ia = Ib. One also defines the state vector ρ =[
x ẋ θ θ̇ z ż ψ ψ̇ φ φ̇

]T

together with the input vector u =

[Iab Ic Id Is1 Is2]
T and the output vector y = [x θ z ψ φ]T .

The nonlinear model (10) can then be rewritten in the state
space form

ρ̇ = f (ρ) + ∆f (ρ) +
5∑

i=1

[gi (ρ) + ∆gi (ρ)]ui

y = h (ρ) (11)

where

f (ρ) = col

[
ẋ, 0, θ̇, 0, ż,

(
−g − Kdamż

mt

)
,

ψ̇, 0, φ̇, 0
]

∆f (ρ) = col [0, 0, 0, 0, 0,∆f6 (ρ), 0, 0, 0, 0]

g1 (ρ) =




0
Fad+Fbd

mt

0
Fal+Fbl

mt

0
−byaFad−bybFbd

Jz

0
bxaFal−bxbFbl−bzaFad−bzbFbd

Jy

0
byaFal+bybFbl

Jx




g2,3 (ρ) =




0 0
Fcd

mt

Fdd

mt

0 0
Fcl

mt

Fdl

mt

0 0
bycFcd

Jz

bydFdd

Jz

0 0
bxcFcl−bzcFcd

Jy

bxdFdl−bzdFdd

Jy

0 0
−bycFcl

Jx

−bydFdl

Jx






g4,5 (ρ) =




0 0
Fae+Fbe

mt

Fce+Fde

mt

0 0
0 Fce+Fde

mt

0 0
−byaFae−bybFbe

Jz

bycFce+bydFde

Jz

0 0
−bzaFae−bzbFbe

Jy

−bzcFce−bzdFde

Jy

0 0
0 0




∆gj (ρ) =




∆g1j (ρ)
...

∆g10j (ρ)


 j = 1, . . . , 5

h (ρ) = [ρ1 ρ3 ρ5 ρ7 ρ9]
T

∆f (ρ) and ∆gj (ρ) represent modeling uncertainties associ-
ated to the magnetic system. Equation (11) can also be written
in a more condensed form as

ρ̇ = f (ρ) + ∆f (ρ) + [G (ρ) + ∆G (ρ)]u
y = h (ρ) (12)

where

G (ρ) = [g1 (ρ) . . . g5 (ρ)]
∆G (ρ) = [∆g1 (ρ) . . . ∆g5 (ρ)]

The goal is to make the output y (ρ) in system (12) follow a
desired trajectory yd (t). The control strategy should be robust
enough to handle the modeling uncertainties ∆f and ∆G. The
upper bounds of these equations are assumed to be

|∆f6 (ρ)| ≤ σ (ρ)
|∆gij (ρ)| ≤ αij (ρ) i = 1, . . . , 10

j = 1, . . . , 5 (13)

When the modeling uncertainties are not considered, this is
∆f (ρ) = 0 and ∆G (ρ) = 0, one has the exact model

ρ̇ = f (ρ) +G (ρ)u
y = h (ρ) (14)

for which one can easily verify, in accordanace to [11] that it
has a (vector) relative degree [r1, r2, r3, r4, r5] = [2, 2, 2, 2, 2]
at a point ρ0 = 0. In particular the decoupling matrix A (ρ)
is given by

A (ρ) =



a11 · · · a15

...
. . .

...
a51 · · · a55




(15)

where

aij = LgjLfhi = g(2i)j (ρ) i, j = 1, . . . , 5

which is nonsingular at ρ = 0. One can also verify that, for
the uncertain system (12),

∆f (ρ) and

∆G (ρ) ∈ Ker
[
dhi, dLfhi, . . . , dL

ri−2
f hi

]
(16)

for i = 1, . . . , 5. This is, the so-called matching condition is
achieved. Thus the uncertainties ∆f and ∆G do not appear
in the time derivatives of yi of order less than ri = 2
and the (vector) relative degree is unchanged. Besides, since∑5

i=1 ri = 10, system (12) has no unobservable internal
dynamics. Following [7], a SOSM strategy that allows to
have reference output tracking despite the presence of the
uncertainties can be obtained by setting

ṡj + z0sj = ėj + cj1ej + cj0

∫
ej j = 1, . . . , 5 (17)

where sj = ṡj = 0 represents the jth sliding surface and
ej = yj − yjd is the jth tracking error, with yjd being the
jth component of the desired output yd. The constant real
coefficients cj0 and cj1 are chosen in such a way that the
polynomial π2 + cj1π + cj0 = 0 is Hurtwitz. z0 is also a
constant real coefficient.

By choosing a Lyapunov function candidate as

Vj =
1
2

(
ṡT ṡ+ ω2

ns
T s

)
for j = 1, . . . , 5 (18)

where s = [s1, . . . , s5]T and ωn is a real coefficient, one has
that, the Lyapunov stability criterion leads to the condition

ṡT
(
s̈+ ω2

ns
) ≤ 0 (19)

which is known as the attractivity condition towards s = ṡ =
0. By setting

s̈ = −Ksgn (ṡ) − ω2
n (20)

where K is a real positive number different from zero and
sgn (ṡ) = [sgn (ṡ1) , . . . , sgn (ṡ5)]

T , one can assures the
fulfillment of condition (19). From this last equation and
considering the exact model (14) one has the sliding control
u = us given by

us = −A−1 (ρ)
[
F (ρ) + CE − y

(r)
d − z0ṡ

]
−A−1 (ρ)

[
Ksgn (ṡ) + ω2

ns
]

(21)

where

F (ρ) =



L2

fh1

L2
fh2

L2
fh3

L2
fh4

L2
fh5


 =




0
0

−g − Kdam

mt
ρ6

0
0




CE =



c10e1 + c11ė1

...
c50e5 + c51ė5




yr
d = [ÿd1 . . . ÿd5]

T



For the uncertain system (12) (this is ∆f �= 0 and ∆G �=
0), when the sliding control us is substituted into (19), the
attractivity condition takes the form

ṡT
[−K (

I + ∆A (ρ)A−1 (ρ)
)
sgn (ṡ)

+∆A (ρ)A−1 (ρ) (v̂ − F (ρ)) + ∆F (ρ)
]

< 0
(22)

where

∆A (ρ) =



L∆gjLfh1

...
L∆gjLfh5


 j = 1, . . . , 5

∆F (ρ) =



L∆fLfh1

L∆fLfh2

L∆fLfh3

L∆fLfh4

L∆fLfh5


 =




0
0

∆f6
0
0




v̂ = yr
d − CE + z0ṡ− ω2

ns

One can notice that ṡT sgn (ṡ)≥‖ṡ‖, thus
−KṡT sgn (ṡ)≤−K ‖ṡ‖, and (22) can be reiterated using
vector norms obtaining

−K +K
∥∥∆AA−1sgn (ṡ)

∥∥
+

∥∥∆AA−1 (v̂ − F )
∥∥ + ‖∆F‖ ≤ −µ (23)

where µ > 0. This last expression leads to the following

K ≥
∥∥∆AA−1 (v̂ − F )

∥∥ + ‖∆F‖ + µ

1 − ‖∆AA−1sgn (ṡ)‖ (24)

were it is assumed that
∥∥∆AA−1sgn (ṡ)

∥∥ < 1.

IV. SIMULATION RESULTS

In this section, a series of simulation are proposed for the
maglev system using the SOSM controller designed in the
previous section. The simulation parameters are listed in table
I, these values are proposed usign the real dimensions of the
permanent magnets that will be used in the maglev prototipe
that is being built in our laboratory. The desired values for
all states are equal to zero, this means that the permanent
magnets are regulated at the center of the guiding tracks
whereas the carrier is located in the center of the system.
To avoid the discontinuity, a saturation function sat (dots) is
replaced instead of sgn (dots) as follows

sat (ṡ) =




1 ṡ > ε
ṡ
ε −ε ≤ ṡ ≥ ε
−1 ṡ < −ε


 (25)

The first simulation was made with no load perturbations and
with the initial conditions x (0) = 2 mm, θ (0) = 25 mrad,
z (0) = −8 mm, ψ (0) = 35 mrad and φ (0) = −25 mrad.
Figures 5 and 6 show that all the states converge to zero as
t goes to infinity. Figures 7 and 8 show the levitation and
stabilization control currents, respectively. In Fig.8 one can
notice that the stabilization control currents have a zero value
at steady state, this means that permanent magnets are located

at the center of the guiding tracks, where the destabilizing
forces are equal to zero.

The second simulation tests the capability of load distur-
bance rejection. The load disturbance is applied on the carrier
over each levitation magnet (see figures 3 and 4) after the
carrier reaches a steady-state. Disturbances of 0.25 Kg are
introduced at 0.3s, 0.6 s, 1 s and 1.5 s. In this case, the initial
conditions were x (0) = 2 mm, θ (0) = 2.5 mrad, z (0) =
−8 mm, psi (0) = 3.5 mrad and φ (0) = −2.5 mrad.
Figures 9 and 10 show the response of the maglev system
when a load disturbance is applied on the carrier. One can
observe that all the states go to equilibrium points when the
load disturbance increases. Fig.11 shows the changes in the
levitation control currents due to different load disturbances;
one can observe the increments or decrements in the current
magnitude after the load disturbance increases. Fig.12 shows
that the currents in both stabilizers do not present any change,
this is because the load does not affect the x translation and
the θ rotation.

V. CONCLUSIONS

In this paper a nonlinear mathematical model for a maglev
system has been derived. A repulsive maglev system with four
guiding tracks is adopted here. There, the maglev system has
been treated as a MIMO system, and a SOSM controller for
a nonlinear 5 DOFs maglev system has been designed here.
From the simulation results, the feasibility and effectiveness
of the designed controller have been clearly shown. The
desired performances of levitation and lateral and rotational
stabilization have been achieved.
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TABLE I

SYSTEM PARAMETERS

Mass m 1.0536 Kg
Carrier dimension 405 x 205 x 6 mm

NdFeB Size 13.91 x 31.62 x 25.4 mm
NdFeB Br 1.19 T

Turns of levitator 240 turns
Turns of stabilizer 120 turns

a, b1, b2 70, 81, 175 mm
de, dd, dl 12, 15, 17 mm

c10, c20, c30, c40, c50 2,2,1,2,2
c11, c21, c31, c41, c51 50,40,40,50,50

K ,Kdam 170, 27
ωn, z0 75, 0.7
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Fig. 5. Carrier motion in x and z without load disturbances
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Fig. 6. Carrier rotations θ, ψ and φ without load disturbances
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Fig. 7. Levitation currents A, C and D without load disturbances
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Fig. 8. Stabilization currents 1 and 2 without load disturbances

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−8

−7

−6

−5

−4

−3

−2

−1

0

1

2

time (s)

dis
tan

ce
 (m

m)

x 

z L
1

L
2

L
3 L

4

Fig. 9. The carrier motion with load disturbances
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Fig. 10. Carrier rotations with load disturbances
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Fig. 11. Behavior of the levitation A, C and D currents
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Fig. 12. Behavior of the stabilization 1 and 2 currents


