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Abstract— This paper develops a formal and general model I. INTRODUCTION
for an induction motor with periodic variations of the rotor slot;
this induction motor with induced saliencies is commonly used

}_“ Stetrr‘ls‘)”esf CP“tr;)Lﬁpp'lC?tions-d'” (irde_r (tjo otbtain the ”(‘j‘?f‘_je(;’ In the past and present decade, the control for Induction
b|rs_ € analysis of e stator and rotor Inguctances Modimed. \qiors M) without mechanical shaft sensors has led to
y induced saliencies is carried out; second, the electromagnetic .
and electomechanical equations in ABC frame are developed 'e€searchers and manufacturers to include sensorless vector

and third, the model is represented in the natural orthogonal drives.

a-b frames. The obtained model is suitable for control design  The main problem in the sensorless control of induction

and compatible with the classical ab model for induction motors . L
without saliencies. motors is around zero speed or zero excitation frequency.
Index Terms - Induction motor, induced saliencies, sensorless N order to solve the problem, several works have been
control. developed for modelling the phenomena in the stator and
e rotor slots; other ones more complexes, include a detailed

NOMENCLATURE tensor model of the IM; however, these approaches are

Variables something complex for control.

i . electrical current The design of high performance sensorless drives of
W, 1) : magnetic flux induction motors include an observer for the rotor/stator
F : magnetomotive force flux and one estimation function for the mechanical speed;
B : flux densities some problems have been reported and can be summarized
a, 0, : rotor angle, & = v6,) as: loss of observability around zero excitation frequency,
T : mechanical load torque incorrect flux/torque estimation induced by errors in the
T, : electrical torque estator and rotor resistances, steady-state inestability at low
Parameters speed, particularly under regeneration. About solving the loss
v : number of pole-pairs of observability at zero excitation frequency, one possible
R . electrical resistence alternative solution is the Induction Motor with Induced

L . electrical inductance SalienciedMIS .

M Eln_er_tlal mass The saliencies of thedM used for sensorless control

I - friction coefficient - have been classified as: slot harmonics, designed asymetry
Ho  the air magnetic permeability (induced saliencies), saturation and dynamic eccentricity.
l : the axial length of the machine _ The induced saliencies can be described as changes in the
r : mean radius at the air gap of the machingqior siots geometry.

Superscripts . .

) . . The sensorless control of tH&IS, for position tracking
ABC : conventional three-axis systems : . o . .

i . and speed control including both saliencies and input high
abh : orthogonal three-axis systems .

) : frequency signals, has been reported by Holtz [1], [2],
ab : orthogonal by-axis systems . . )
Subscripts Degner[3] and Jan_sen [4] with promising results; Quan[5]

S - refer to the stator frame has reported the high performa_nce near to zero sp_eed.
r - refer to the rotor frame In this paper only changes in the rotor slots width are
(.) . differentiation with respect to time considered, then for obtain the model, the flux variations

induced by the saliencies must be took into account; other
important assumptions are: a) the variation of the rotor slots
width can be represented for a periodical (with a pole pitch)
and sinusoidal permeance; b) the squirrel-cage motor is
approximated by an equivalent polyphase wound rotor with
_ _ the same pole number and equivalents turns Nr and resistance
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Rotor where,a; andas, are constants associated with a maximal
Wl bk . and minimal air gap equivalent (Fig. 3). The equivalent air
() "% gap is:
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Fig. 1. IM stator and rotor scheme 2l

Il. AIR GAP CORRECTION
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In Fig. 1. the slot rotor pitch (td) and the air-gap) (are

constants; in a) the rotor slot width is constant and in b) s ,\, : Tl
the rotor slot width is position dependebitz). Although the ‘ A ‘
permeability of the gap region is constant, it is bounded on ,
either side by iron surface which far from being smooth, is "® "‘z_% br .
indented with slots in the circumferential direction, introduc- e
ing variations in the air gap permeance[6]. It is possible to S
suppose that the actual slotted surface can be replaced by an 2
equivalent unslotted surface having the same cross-section e
but with modified “equivalent” air gapy K., where K. the as
so called Carter factor, is the relation between the equivalent

air gap permeance and the actual air gap permeance. Fig. 3. Scheme of the Induction Motor

Remark: In absence of the rotor slot modulatioty, =

— as/d =0, thend, = 6K, so, Ky = K. andds = 4.

A ' B I1l. WINDING INDUCTANCES
Stator \ /,\H //// L i A. Stator Inductances
\ I// . R The currents in balanced and steady state conditions are
/ . \\E\H // ia =2l cos(wat + ¢4(0))
/ ip = /2Icos(wyt — 27/3 + ¢5(0)) (3)
/ o ic = /2I,cos(wat + 27/3 + ¢5(0))

respectively:

Fa =1iaN;cos(vos)

Fo =icNscos(vps + 2m/3)

Then the magnetomotive forces by the stator windings are

Fp = ipNgcos(vops — 2m/3) (4)

Fig. 2. IMIS stator and rotor scheme. Using the Amper’s Law and the new air gap factor, the

phase air gap flux densities are:

For the IMIS, the periodical variation of the rotor slot - Fi N,
width, superpose a new space variation on the air gap fAuxPA s 0r) = Ho5 ey = 5506, o0y 0a cos(vs)
density (Fig. 2). It is possible to consider a new correction N
factor for the sinusoidal modulation of the slot wide rotor, Bp(ves,0r) = %13 cos(ves — 2m/3) (5)
called “Corrected Carter Factor” and it is denoted here as
K. Bo(vés,0r) =5 ‘(‘g 5 )zc cos(vos + 2m/3)




The phase flux and flux linkages are:

Laax = (2v0,.)
Vea(V6a, 0:) = [0 B, (v€, 0,)rlde 6) = L.- AL, cos(2y9)
So, for the others inductances in the stator
Voo, 0r) = v [ Nos)sr(v6s, 0,)dors Lpp = L, = AL, cos(2vf, = 2r/3)
= V[N [ tem/w we.0,) () Lee = Ls— ALgcos(2v0, + 27/3)
1 ; LN TS Lip = %— — AL cos(2v0, — 27/3)
rldgdps Lic = —?S—AL s cos(2v0, + 27/3)
where the sub index “x” is for thed, B or C' windings; Lpc = —% —ALscos(2v0,)
“I" and “r" are respectively, the axial length and the mean Leca = Lac
radius at the air gap of the maching;* is the integration Lep = Lo
variable andN,(¢s) represents the sinusoidal distributed finally:
winding. '
Laa Lap Lac
So, to the phase A, tss= {La L Lpc
Lea Les Lec
U4 = v[Na(os) f¢ss+ﬂ/u Ba(v€, 0, )rldedo, B. Rotor Inductances
—  _NZugviarl f:;ry/u sin(ves)- @® Assuming wound symmetrical currents in the rotor:
s+m/v
Sy cos(v) ,
s ia = V2I, cos(w,t + ¢,(0))
: - 2 s or déd s .
{51 52005 V((b )} 5 ¢ iy _ \/ijr COS(’(UTt _ 27T/3 + (br(o)) (11)
The total phase flux linkages are: i. =+/2I, cos(w,t + 27/3 + ¢,.(0))

Wherew, is the angular speed in the rotor.
\IJA - LosiA + \IJSA
Up = Losip+¥sp ©) The direct and quadrature axis components of the “a”
Ve = Losic + ¥sc phase rotoric current are:

Neglecting the phase leakage inductanég ), the stator igd = ia coS(WB,) | iaq = —ia sin(v,)
inductances are: _ )
0, is the angle between the “A” stator phase axis and “a”

rotor phase axis.

Laa = COS(2V9 )} The flux linkage, created by a direci, ) and quadrature
L = — % COS(Q 0, — %ﬂ)} (10)  (iaq) components are respectively:
Lee = cos(21/9 +Z)}

. 1/)2 =iqdLaa ; U); - iaqLaq
The mutual inductances are calculated following the same _ _ )
procedure; the mutual flux linkages are: Assuming non saturation, the total flux linkage for a rotor

phase "a” is the addition of the flux linkages,; y v,

Waly, = —v 2" Nosin(ve,): Ura = Lagia = 1 cos(vhy) — ¥ sin(v6,)
f(iﬁﬂ/” poNsip cos(vé — E)rl
{61 — b2 cos2v (€ — HT)}dﬁdqﬁs

. . L
Therefore, the mutual inductances for stator windings are: “*

and,
y cos(v0,) =y sin(v,)

7
tadlad Cos(uaer)fiaqLaq sin(v0,.)
i

LAB (2 0 — 2?77) ~ dgcos(v0,)Laa Cos(u@r)fia sin(v0,)Lag sin(v6,)
Lic = (20, + 3F) = Lgqcos®(vh,) + Laq;en2 (v0,)
Lpe = (2v6,.) = Lypq — ALpgcos(20v0,)
andLBA:LAB.LCA:LAC.LCB:LBC. with
If Lra = %(Lad + Laq) ; ALra = %(Laq - Lad)
N2 Similarly, to the other phases,
L, = v ALy = 5=muorlds

Ly, = L,— AL, cos(2v6, +27/3)
then, L.. = L,—AL,cos(2v0, + 47/3)



The mutual inductances,;, L.., and L;. are calculated 1V. ELECTROMAGNETIC CIRCUITS EQUATIONS

in the same way, The three-phase induction motor model with distributed
windings, in the estator frame, is
a L, ABC _ R ;ABC | \yABC
Ly = Ya_ —5 — DLy cos(206, + 4/3) VI = Reiy 7m0 (15)
1q . . T
. Veo _ _Lr _ \1 cosot, +20)3) VAPE = R 7€ 4 W7EC (16)
ca — . = 5 r COS(2V0y s . . .
ia 2 R, and R, are diagonal matrices iR3, VABC and
Lye = dfbc _ L AL, cos(2v6,) VABC are column vectors describing the stator and rotor
la 2 voltages respectively.
and . .
The flux linkage equations are:
Laa La Lac
B b YABC  _ y _jABC Ly jABC (17)
ber=1Loa Lov Lic ABC “TABC ., .ABC
Lca ch Lcc \IJT = (LSF) ls +erlr (18)

The rotor expressions are referred to the stator frame,
using the appropriated transformation.
In phase “a” the magnetomotive force in the equivalent

C. Stator-Rotor Mutual Inductance

V. ELECTROMECHANICAL EQUATIONS

winding is:
F, = Nyigcos(véy) The electromechanical equations are:

Mvw, =-—-fwu+T,—-1T 19

Considering the new factok, and the initial condition 6, = w, (19)
¢s(0) = 0, the phase “a” flux density distribution is: The electrical torqué, is:
. . T .

Ba(l/fbr,@r) = Lo 55(55“79?) = 65(55[’79?) eracos(wbr) (12) T, = %(Z?iC) %L;;Z?BC : 0)

(iABC) aal'?ir jABC 4 %(ifBC) 661';:, jABC

The mutual flux between stator phase “A” and rotor phase
“a” is then: VI. ORTHOGONAL FRAME EQUATIONS
Due to the polyphasic model complexity, is normal to
von/2w make simplifications using methods of transformation [8].;
YaaVor,0r) = [” B (v€, 0r)rldg (13)  the basic Concordia transformation replaces the symmetrical
_ o ) i . three-phase variablésnto symmetrical bi-phase equivalent
Assuming that the wlndlng_s have a sinusoidal OIIStrIbUtIOnVariables. It is denominated the ortoghonal or “ab” mdadel
the total mutual flux linkage is,

1 —1/2 -1/2
Vaalvdy b,) = —v 27/ Nosin(vo,) o = T = V2 vE ﬁg _1\//\5//52 o
¢s+7/v .
o, 5060 Nria cos(Ver) - (1a) _
~Tld§d¢5 where:

- NSUNT pomiarl (861 + %2) cos(v0,)

z4B¢ _ three-phase variables; and

and, %" — orthogonal bi-phase variables.
Laa =%+ = Ly, cos(v0,) So, the variables transformations can be expressed accord-
h ing to the relationships in Table 1.
where, NN 5 Consequently, the mathematical expressions of stator and
[ pEAL AL " (51 + §2> rotor voltages and flux linkages are:
1%
The other mutual inductances are obtained following the Vet = Rgi®® 4 w2 (21)
same procedure for calculating,, . 0 = R 4+ pab (22)
- ror T
o o) o) W = Lss(2v6,)i% + Lsr” (16,)i% (23)
cos(a cos(a + 27 cos(a — 27 b .ab .ab
Lor = Lor [cos(a —27/3) cos(a) cos(a + 2#/3)] v? = Lsr(vé,)il” + Lrr(2v6, )iy (24)
cos(a +2m/3)  cos(a —27/3) cos(a) 1Defined as a set of equal amplitud sisusoidal which are displaced by

120 degress.
a=vb, 2Also referenced as “dqo”, we use the “abh” to distinguish of others
references frames



TRANSFORM

TABLE |
ATION RELATIONSHIPS

Stator

Rotor

abh =T, ZABC
abh =T, ,UABC
\I,abh =T, \I,ABC

s
ABC — chlv‘tszb

ABC = Te 71Z-abh

abh =T, ZABC
abh =T, ,UABC
\I,abh =T, \I,ABC
Z-fBC _ Tc—ligbh
h ABC _ _—1,abh

\I,ABC_ To—lyabh \I,T;ch_ 71\£gbh
where
R = RJI eR?
R, = RI e®
Lss(2v6,) = Tcb, Tt
= LJ-ALUT(206,)1
Lrr(2v6,) = Tk, T *
= LI-ALUT2uv6,)I~
Lsr(vf,) = L., U(vb,)
Lsr” (v0,) = L,UT,)

P,(0,,w) =P(0,,w)/Det,
Qd(oﬁw) - Q(oTaw)/DetU
U = o wh,) v

Again, the electromechanical equation is given by (19),
and the transformed torque equation is:

T. = —vciLg (1% ) JI-U(2v6, )

2ALU(200,) + AL T]i

—VALyer Ly, (000) JT-U (206, Web
ab\ T

+re(1%°) -

{L,UT(16,)3 + 2AL,IT-U(3v6,)} U2

+ve AL () JT-U(306,)ie

(29)

B. Equivalence among models

If it is considered the case of the “clasicalM, i.e,
without “induced saliencies”, the parametetd.; and AL,
are adjusted to zero; in this particular situation it is possible
to probe that théMIS converge to théeM model doing the
factorsA; in the IMIS equal to zero.

The electromechanical equation is given by (19), and the
transformed torque equation is:

_ 1T OLss jabh
R
abh\T Y5sr opn | L abhT YHrr g,
(g Gt 4 3 (igth)
with
Lgs _
8%(TctssTgl) = 889 = 20AL,UT(206,)I"J
) L,
8‘2 (T, T = 38 ; = 2vAL,UT(206,)I"J
0 . ) A "
8—07,(TCLSTTC ) = 89T I/LSTU (VGT)J
T, = wvcAL(i® )TUT(2y9 N
+velLg,(i9%) UT(V9 )Jiab
+vcAL, (i) UT(2I/9T)I Jiab

A. State Space Model

Considering the stator currerit® and the rotor fluxwab

(25)

i |aL=ar,—0 = —7i? +n{al — vwI}UT(v6,)Web
‘/Sab

O’JLS
—a¥ + bU(V9 )iab

Te |AL,=AL,—0 = VLL (i2%) UT(V9 )Jwab
0, = w

" ab
U |AL,=AL,=0

Which is the classicakb model found in the induction
motors literature[8].

VIl. CONCLUSIONS

A new general model to théMIS was developed which
is computed in natural orthogonal components. The model is
suitable for control design and compatible with the classical
ab model for induction motors without saliencies. A similar
model for control by signals injection at high frequencies
was reported by Jansen et al.[4], but the model for I¥ES
presented here is more general.

It is observed a complexity in the components of the

as state variables, the model in the natural reference frangélrrents by the presence of tha; variations and their
is calculated. From (24),

i = Lrr (2v

Replacing (26) in (22)
¥ = R, Lrr !

(200,

0,) {web —

)[LSTU(Vor)ilslb - \Ijgb]

To obtaini??, replacing (26) in (24) and calculating

i = —P,(6,,w)i® —

Q, (0, w)Wet + Uab

L, U®,)it*} (26)

(27)

(28)

implicit dependence with the rotor positiorf,.. Note
that the rotor position dependence in the model can not
be avoided by rotor variables transformations{ 5 model).

Current work is to research the stability and observability
properties of this model, analyze the induced harmonics in
the torque and currents, among others.
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APPENDIX
Definitions and properties
Det
U = cos(:)  sin(+) o
—sin(-) cos(+)

Lrr—1(2v0,)

1 0
To thelM,
L2
i 1 _ ST
7 L.L,
a = R,/L,
. R, R, L%
T T Ty, 12L,0,
T Lo,
b = alLg,
To thelMIS,

L = er+qu
Lyg = L,— AL,
qu = Lr + ALT
L = Lsd+qu
AL _ Li>Lu

s - 2
Lsd = Ls — ALS
Ly, = Ls+ AL
erqu = L% - L%q
LSdLSq Lg — qu
C1 - Lsr/(erqu)
Ly, = Ls—c1Lg L,

LL - Ls - ClLsrLr - Ls -

Lsr
7LSTLT

rddirq

{Rs+ A(L2 + AL?)R,}1

2L, AL UT (40,)T

—2vw(ALI + 2¢1 Ly, AL U (206,.))
UT(2v6,)J1~

—Reci (L)(LF + ALY U (v6,)
—2R,3(Lg,) 'L, AL UT(300,)I~
+vwle L, UT (v6,)T

+3¢1 AL UT(306,)J17]

LI+ AL, UT(200,.)I~
Detg{ Li+ (2v,)

+c1 L, AL UT (41/(%)1}

(Lp)?> — AL%? — 312 AL?
—2¢1 Lg, AL ALycos(2v6,.)

LI+ AL UT(200,)I-
Fo (T AL U 20)1)



