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Abstract - In this part, similar to Part I of this paper, a new
two-level method for nonlinear optimal control of large scale
systems is introduced. This approach is based on Interaction
Balance Principle for coordination of large-scale systems. In the
first level, the optimization problems are solved for nonlinear
dynamics using a gradient method, and in the second level, the
coordination is done using the gradient of errors to improve the
convergence rate in compare to the classical Goal Coordination
method and obtain the overall optimal solution.

The efficacy and advantages of the new approach is shown
in an application example.

I. INTRODUCTION

In control of large-scale systems, two-level methods are
very attractive, because the control problem can be solved in
several subsystems and this leads to better distribution of
memory storage and faster computation. In the optimal
control problem for large-scale systems, the problem is to
minimize a cost function subject to the systems dynamics.

For using a two-level method the system should be
divided into several interconnected subsystems and the cost
function should be divided into several cost functions for
each subsystem. Minimization of these cost functions for
each subsystem leads to several sub-problems. For
coordination of these sub-problems two coordination
principles have been proposed by Mesarovic et al. [1],[2]
named Interaction Balance Principle and Interaction
Prediction Principle. In using these principles for control of
large-scale systems, these systems are decomposed into
several subsystems with interaction inputs from each other.
So, each subsystem solve its own optimization problem and
a high level controller coordinate these low level optimizers
to solve the overall problem.

In applying the Interaction Balance Principle, the high
level coordinator modifies the infimal performance function
for each subsystem; compare the optimal interaction inputs
computed by low-level subsystems by real interactions then
provide new modified performance function to decrease the
coordination error to zero.

Classical Goal Coordination method, based on Interaction
Balance Principle has been applied to linear and nonlinear
problems [3]-[5].

In this paper the Goal Coordination method is used for
coordination and a new coordination algorithm based on the
gradient of interaction errors is used to improve the
convergence rate of the solution [6]-[8].
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In the sequel, a brief description of Goal Coordination
and Interaction Balance Principle is given in section II.
Then, decomposition of the overall problem and the first-
level optimizations are described in sections Il and IV,
respectively. In section V, a new gradient-based coordinator
with high-speed convergence is postulated and finally, the
simulation results are shown followed by concluding
remarks in sections VI and VI, respectively.

Il. GOAL COORDINATION AND INTERACTION
BALANCE PRINCIPLE

As mentioned above, the two principles for coordination
of large-scale systems are Interaction Balance and
Interaction  Prediction  Principles. Since the Goal
Coordination based on Interaction Balance Principle is used
in this part of the paper, this principle is introduced in
continue.

Let B be a set such that each g in B specifies, for each
i=0,1,.,.N, a performance function G U, xZ; xY, 5>V
which is a modification of the original G;. Let the mapping
Oip be defined on U; x Z; in terms of P; and Gjg, as in (1)

Oy U xZ; >V

gi/s(ui:zi):Giﬂ(uinzinp(uivzi)) (1)

For each gin B, the infimal control problem is to find the
pair (0, 2i) in U; x Z; such that

giﬁ(ailzi)zmjggi(uilzi) )

Minimization is over both sets U; and Z; and the
interaction inputs are treated as free variables.

Let B in B be given; let 7 (B),---,Z,(B)be the
interaction inputs required by the infimal controllers to
achieve the local optimum, let z (f),---,z,(B) be the

interaction inputs that occur if the controls G, (5)---U,(5)

are implemented. The overall optimum is achieved if the
actual interaction inputs are precisely those obtained by the
local optimization for each subsystem; i = 1,..,N [1], so that

Z,(B)=z(p) €))

If the Interaction Balance Principle applies, the supremal
control action is to find Bin B such that ¢ =7 (8)-z,(8)=0



for all subsystems.
Fig. 1 shows the application of Interaction Balance
Principle for coordination of two sub-problems.
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Fig. 1 Application of Interaction Balance Principle for
coordination of two sub-problems

Now, the remainder is to decompose the overall
optimization problem into several sub-problems and
coordinate sub-problems to gain the overall answer.

Suppose we have a general nonlinear system described by
the following state space equation.

x(k+1) = f(x(k),u(k)) (4)
where X is the state vector, U is the control input vector
and f
vector function.

The problem is to find U which minimize the cost
function given by

is a continuously double differentiable analytical

n

(x(n+1)+ Gk(x(k) u(k)) ()

k=

J=

n+1

In this equation, Gy is a general nonlinear scalar function
of its arguments.

I1l. DECOMPOSITION OF THE OVERALL PROBLEM

Let assume that the overall system is a combination of N
interconnected subsystems and each subsystem has a state
space equation as below:

X (k+1) = £(x;(k),u; (K), 2; (K))

X;(0) = X, ©

where X; is the state vector, U; the input and Z; is the

interaction input of the ith subsystem that is assumed to be a
nonlinear function of the other subsystems state vector.

z,(k) = H; (x(k))

In Goal Coordination method, it is necessary for function

(7a)

H; to be separable, i.e.

2,(K) = H (x()) = iH (x,00) (7b)

The interaction relations, which can be shown as
z(k)=H(x(k)) are considered to be constraints for

optimization problem (5), so we can define the Lagrangian
as

L=G,,,(x(n+1)) ZG x(k),u(k))
n+1 (8)
+ 287 (020 - H(x())

In this equation, s are the Lagrange multipliers which

are used as coordination parameters in Goal Coordination
method.

Lagrangian (8) can be change
Lagrangian for each subsystem. i.e.

into N separated

L =G, (x(n+1),z(n+1)+ iGik (x,(€),u, (K),Z, (K))

In each subsystem, the problem is to solve the following
problem with known /£ coming from the high level

coordinator
min L =G, (5(1+2,2,1+2)+ 3G, b500.,6.2,(0)

k=0

n+l N (10)
+z[gj (02,00 =8, (H, (x <k>)]
k=0 j=1

st xk+)=1f,(x).u,K).2,)

and in the second level the problem is to update the
coordination parameters, /3, such that the interaction errors;

z;(k) = H, (x(k)), become zero [1].

IV. OPTIMIZATION OF THE FIRST LEVEL

In the first level the problem is to solve the optimization
problem described in (10), by assuming constant known

values of S from the second level. So by adding the
following term

A7 (0l (k+D) - f(x,(K),u, k), 2, ()]
(11)
to the Lagrangian, the new Lagrangian can be written as

L =G, (x(n+1),z,(n+1))+ Zn:Gik (x; (K), u; (k). 2, (k)

i
N

+”§(g Wz.00-2.4"

-1

B (0H ;(x; (k))J

34700 K+ - 1, (.00, (0.2,00)
12)



To solve this problem, an algorithm based on optimality
necessary conditions can be used as below [10]:

1. Choose initial values for U;(0)to u;(n), and
2;(0)to z;(n+1).
2. Use known X;, and values for U, (k) and z; (k)

to compute the values of X;(1) to Xx,(n+1),

using system’s state space equations.
3. Calculate A, (K) for k=n,n-1,...,0 backward in time,
by using the following necessary conditions:

0G; (x(n+1),z,(n+1))

&i(n):_
0%(n+1) (132)
NOH (n+D) Y
Tl N
+zl( 5Xi(n+1)] B,(n+1)
4xk—n=—§ﬁié%§%§£éﬁﬁ
NEEHOMN of (W)Y
+§[0zi(k)] éj(k“{a;l(k)} 4,0
k=nn-1--,0
(13b)
4. caleulate, 1 and L1 using x, (k) and

ou; (k) 0z; (k)

4; (k).
5. Update,U;(k) and z;(k)by relations given
bellow:
oL,
00 1y — Oy i
ui (k) =u;" (k) pagi(k) (14a)
oL,
(+1) 0 i
2, 7K =z;"(K)—-p——
z; (k) =z;"(k) pa;i(k) (14b)
6. If &| oL 2*2 oL 2<8 stop the algorithm,
=010z (k) im0)|0u; (k)

else go to step (2).

V. COORDINATION USING THE GRADIENT OF ERRORS
In the second level the goal is to update /3, in order to
decrease the interaction errors defined as

&; (k) = 2, (k) - H; (x(k)) (15)

In old methods of coordination, gradient of overall
performance function was used for coordination [3],[4]. In
this paper, gradient of interaction error is used for
coordination. This method first proposed by Sadati [6]-[8],
has faster convergence rate than previous ones.

Because the gradient of interaction error is used for
coordination, we should find the gradient of interaction error
related to the coordination parameters.

Let X;(k),u;(k),z;(k) and A (k) be the optimum

values provided by the first level with previous . These

values satisfy the necessary optimality conditions at the first
level. i.e.

oL o dl aL o
7T

(16)

Now the necessary conditions in (16), can be shown by
the following equation

oL (w;, B)
— = = -0 17a
ow, B (A7)
where
X;
o B,
w—gi B=| i=12--N
Wz, AT | (17b)
By
A
and
X1 (0) [ uu(0) [ z,(0) ]
Xy (1) uy @) z,(1)
X - xl(rj+1) U - u,l;(n) z,- z,l(rj+l) (170)
Xin,, (0) Uy, (0) z;,, (0)
Xin,, (n +1)7 u '(n) | Zin,, fn +1)7
2:1(0) ] B (0)
2, @) Au@)
A, - lil:(n) B, - ﬂil(r;'+1) (l7d)
A, (0) B, (0)
A () o (n+1)

Since each L, is independent of W ; s, for i # ], weget

oL (w;, B) .
Tow, 0 i ] (18)
SO
oL(w,B) ~
ow L,(w,8)=0 (19)
where
w;
w=| 7 (20a)
Wy
and
L{w, £)= 2L (w, B) (20b)

i=1

Now, by consideration of small variations in W and /3,
the following equations result from (19)



aL, (w, oL, (w,
(. 5) SW+ (% f) 5p=0 (21)
ow op =
or
L dW+L,,68=0 (22)
Now if & and OW become very close to zero, W can
Lot o
be written as bellow
ow
= —L’l w, B)L. . (w,
op w(W, )L, (W, B) (23)
Our goal is to calculate 9€ , where € is the interaction
op
error resulted by
€
€, *
e=|". |:e=2-2 (24)
En
The interaction error vector can be defined as
e; (k) =z, (k) - H;(x(k)) (25a)
where
Z, Z,
z=| : .z =] (25b)
Zy Zy
and
N
20 =H (%00, %, () =D Hy[x, ) (250)
i=1
oe .
Now, — can be written as follows
op
ce oz _or ox 2
8,8 op ox op (26)
, oz ~= can be easily calculated
op op
from Ow . For a detailed calculation of L, wp and Ly - ONE
aﬁ’

can refer to [8].
The sum-squared error is also given by

SE = %QT e @7)

So, the coordination parameter, £, can be updated by the
following equation

(;)T e

(1+1) m _
B =p op

(28)

In this equation, 77 is the step length and | is the iteration
index.

Now by using the following algorithm, optimization of
large-scale dynamic systems using Interaction Balance
Principle and gradient-based coordinator is possible.

1. Start with initial values for coordination parameters.

2. Solve the first level optimization problems with

these known coordination parameters using gradient

method and calculate X; , U;, Z; and 4, .

3. Calculate the interaction errors and the gradient
matrix by (25a) and (23).
Update £ by (28).
Calculate the sum-squared error. If it is smaller than
a desired value terminate the algorithm, else go to
step (2).

This two-level algorithm can be shown as block diagram

in Fig. 2.

VI. SIMULATION RESULTS
As a system for simulation, similar to Part I, a system
composed of 4 connected water tanks is chosen [9]. This
system is shown in Fig. 3.
Choosing [n, h,]" as h; and [, h,J" as h,, the
discrete time state space equations for this system can be
given as

hy(k +1) = h, (k) + A fh (k) + Bu,(k) +Cz (k) (29a)
hy(k+D=h,(K) + A\h,(K) + BU,(K) +Coy2,(K)  (29D)

The unknown parameters of the above equations are
listed bellow :

Gradient Based Coordinator
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Fig. 2 Two-level Coordination based on gradient of interaction error



Coordination error

z=[o 1]h, z,=[0 1h, 2= )y [} + 2.0 -h [}
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e 2l h, =h,, {J L Uy =Uy, =4.4294x107°
Sy.4 5274
C, = l:r“ S“:IMT C, = {r“ S } J2gT This problem is solved by the proposed two-level method
0 0 using both the old and the new methods of coordination.
r.or 08 0.2 For comparison of the two coordination methods (old
{2‘1 23}:{ } method and the new coordination method based on the
. Ns] [02 08 gradient of errors), sum-squared of interaction errors is
10° 10° 10° 10° computed and shown in Fig. 4. As it can be seen, the new
S=|. 6 6 6 T =50 sec approach has faster convergence rate than the classical
10° 10° 10° 10 method.
u u Optimal inputs and states, computed by this new two-
Lo |—[X1 [81—| | 2 level method, are shown in Figs. 5 and 6, which also show
2 g the stability of the system.
h , h, For showing the capability of the new two-level method,
2 ‘ the problem is also solved by a centralized approach. The

differences between the solutions are depicted in Fig. 7. The
small values of errors show the capability and optimality of
the new two-level method.

II— —|| VII.

o g CONCLUSION
In this paper, a new two-level method has been used for
h . | h optimal control of large-scale systems. In this approach, the
1 | 3 first level optimization problems are solved using an
1 f iterative gradient based method and in the second level, a

coordinator uses the gradient of coordination errors to update
the coordination parameters. As it is seen, the new approach

Now, the goal is to move the water height of all the tanks  has faster convergence rate than the classical Goal
to 1m., so that a cost function like (30) is minimized. Coordination approach.

Fig. 3 Connected 4 water tanks
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Fig. 2 Coordination errors for both coordination methods (solid:
New gradient based approach, dashed: Classical coordination method) Fig. 5 Optimal inputs computed by the new two-level method
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Fig. 6 Optimal states responses using the new goal coordination approach
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Fig. 7 comparison of errors using the new coordination approach and the centralized solution
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